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Stochastic Processes (1) 

Lecture 3: Examples 

Example (1.4): 

 Let 𝑋 be a Bernoulli variate 𝑝𝑘 where: 

𝑝𝑘 = 𝑃𝑟{𝑋 = 𝑘} = 𝑝𝑘(1 − 𝑝)1−𝑘 ,   𝑘 = 0, 1 , find the p.g.f of 

𝑋, and the mean and variance of it. 

Solution: 

The p.g.f. of Bernoulli distribution is: 

𝑃(𝑆) = ∑ 𝑝𝑘𝑆𝑘∞
𝑘=0   

         = ∑  𝑝𝑘(1 − 𝑝)1−𝑘 𝑆𝑘1
𝑘=0  

         = ∑  (𝑝𝑆)𝑘(1 − 𝑝)1−𝑘 1
𝑘=0  

         = (𝑝𝑆)0(1 − 𝑝)1−0 + (𝑝𝑆)1(1 − 𝑝)1−1  

         = (1 − 𝑝) + 𝑝𝑆 ,     since: 𝑞 = 1 − 𝑝 

         = 𝑞 + 𝑝𝑆   , the p.g.f. of Bernoulli distribution. 

Then the mean and variance of 𝑋 is: 

𝐸(𝑋) = 𝑃′(1)   

          = 𝑝|𝑆=1 = 𝑝    , the mean of 𝑋. 

𝑣𝑎𝑟(𝑋) = 𝑃′′(1) + 𝑃′(1) − [𝑃′(1)]2  
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𝑃′′(1) = 0|𝑆=1 = 0  

Then: 

𝑣𝑎𝑟(𝑋) = 0 + 𝑝 − 𝑝2 = 𝑝(1 − 𝑝) = 𝑝𝑞  , the variance of 𝑋. 

 Example (1.5):  

 Suppose that 𝑋 be a random variable distributed as 

Geometric distribution with probability function: 

𝑝𝑘 = 𝑃𝑟{𝑋 = 𝑘} = 𝑞𝑘−1𝑝 ,   𝑘 = 1,2 , … , find the p.g.f of X, 

and the mean and variance of it. 

Solution: 

The p.g.f. of Geometric distribution is: 

𝑃(𝑆) = ∑ 𝑝𝑘𝑆𝑘∞
𝑘=0   

         = ∑ 𝑞𝑘−1𝑝 𝑆𝑘∞
𝑘=1  

         = 𝑝𝑆 ∑ (𝑞𝑆)𝑘−1 ∞
𝑘=1  

Let 𝑢 = 𝑘 − 1 , then: 

𝑃(𝑆) = 𝑝𝑆 ∑ (𝑞𝑆)𝑢 ∞
𝑢=0   , since   ∑ 𝑋𝐾∞

𝑘=0 =
1

1−𝑋
 , 

𝑃(𝑆) =
𝑝𝑆

1−𝑞𝑠
   , the p.g.f. of Geometric distribution. 
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Then the mean and variance of X is: 

𝐸(𝑋) = 𝑃′(1)   

          =
(1−𝑞𝑆)𝑝−𝑝𝑆(−𝑞)

(1−𝑞𝑆)2 |
𝑆=1

  

          =
𝑝−𝑝𝑞𝑆+𝑝𝑞𝑆

(1−𝑞𝑆)2 |
𝑆=1

=
𝑝

(1−𝑞𝑆)2|
𝑆=1

=
𝑝

(1−𝑞)2 =
𝑝

𝑝2 =
1

𝑝 
    , 

the mean of X. 

𝑣𝑎𝑟(𝑋) = 𝑃′′(1) + 𝑃′(1) − [𝑃′(1)]2  

𝑃′′(1) = −2𝑝(1 − 𝑞𝑆)−3(−𝑞)|𝑆=1  

           =
2𝑝𝑞

(1−𝑞𝑆)3|
𝑆=1

=
2𝑝𝑞

𝑝3 =
2𝑞

𝑝2  

Then: 

𝑣𝑎𝑟(𝑋) =
2𝑞

𝑝2 +
1

𝑝 
− (

1

𝑝 
)

2
=

2𝑞+𝑝−1

𝑝2    

              =
2(1−𝑝)+𝑝−1

𝑝2 =
2−2𝑝+𝑝−1

𝑝2 =
(1−𝑝)

𝑝2 
=

𝑞

𝑝2 
   ,  

the variance of X. 
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Example (1.6): (H.W.) 

 Let 𝑋 has a Zero-truncated Poisson distribution with zero 

class missing: 

𝑝𝑘 = 𝑃𝑟{𝑋 = 𝑘} =
(𝑒𝑎−1)−1𝑎𝑘

𝑘!
 , 𝑘 = 1,2, …  

Show that: 

1. 𝑃(𝑆) = (𝑒𝑎 − 1)−1(𝑒𝑎𝑠 − 1) 

2. Verify that: 𝑃(1) = ∑ 𝑝𝑘
∞
𝑘=1 = 1 

3. 𝐸(𝑋) =
𝑎𝑒𝑎

(𝑒𝑎−1)
 

Example (1.7): 

Let 𝑋 be a r.v. with p.g.f. 𝑃(𝑆), find the p.g.f of the r.v. 

(𝑌 = 𝑚𝑋 + 𝑛), where 𝑚 and 𝑛 are integers and 𝑚 ≠ 0.  

Solution: 

Let 𝑃𝑥(𝑆) and 𝑃𝑦(𝑆) be the p.g.f. of 𝑋 and 𝑌 respectively, 

then: 

𝑃𝑦(𝑆) = 𝐸(𝑆𝑌) = 𝐸(𝑆𝑚𝑋+𝑛)  

          = 𝐸(𝑆𝑛. 𝑆𝑚𝑋) = 𝑆𝑛𝐸(𝑆𝑚)𝑋  

          = 𝑆𝑛. 𝑃𝑥(𝑆𝑚) 


