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Stochastic Processes (1) 

Lecture 5: Examples 

Example (1.10):  

 If 𝑋1 , 𝑋2 , . . . , 𝑋𝑛 be 𝑛-independent Poisson distribution 

with parameters 𝜆𝑖  , 𝑖 = 1,2, . . , 𝑛  , then the sum 𝑆𝑛 = ∑ 𝑋𝑖
𝑛
𝑖=1   

is a Poisson distribution with parameter  ∑ 𝜆𝑖
𝑛
𝑖=1  , and  

𝐸(𝑆𝑛) = 𝑣𝑎𝑟(𝑆𝑛) = ∑ 𝜆𝑖
𝑛
𝑖=1  . 

Solution: 

Since 𝑋𝑖 ∼ 𝑝𝑜𝑖(𝜆𝑖)  , then the p.g.f. of  𝑋𝑖 is : 

𝑃𝑋𝑖
(𝑆) = 𝑒𝜆𝑖(𝑆−1) , 𝑖 = 1,2, … , 𝑛  

Then the p.g.f. of 𝑆𝑛 = ∑ 𝑋𝑖
𝑛
𝑖=1  is : 

𝑃𝑆𝑛
(𝑆) =  ∏ 𝑃𝑋𝑖

(𝑆) 𝑛
𝑖=1 = 𝑃𝑋1

(𝑆)  𝑃𝑋2
(𝑆) … 𝑃𝑋𝑛

(𝑆)   

                                                                  , [from theorem (1)] 

             = 𝑒𝜆1(𝑆−1)  𝑒𝜆2(𝑆−1) … 𝑒𝜆𝑛(𝑆−1) 

           = 𝑒∑  𝑛
𝑖=1 𝜆𝑖(𝑆−1) 

            = 𝑒𝜆(𝑆−1)   ,   𝜆 = ∑ 𝜆𝑖
𝑛
𝑖=1   , the p.g.f. of  𝑆𝑛 . 

Then the distribution of 𝑆𝑛 is a Poisson dist. with parameter 

𝜆 = ∑ 𝜆𝑖
𝑛
𝑖=1  . 
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𝐸( 𝑆𝑛) = 𝑃𝑆𝑛

′ (1) = ∑ 𝜆𝑖
𝑛
𝑖=1 𝑒∑ 𝜆𝑖(𝑆−1) 

 |
𝑆=1

  

             = ∑ 𝜆𝑖
𝑛
𝑖=1    , the mean of 𝑆𝑛 . 

𝑣𝑎𝑟(𝑆𝑛) = 𝑃𝑆𝑛

′′ (1) + 𝑃𝑆𝑛

′ (1) − [𝑃𝑆𝑛

′ (1)]2 

𝑃𝑆𝑛

′′ (1) = (∑ 𝜆𝑖
𝑛
 𝑖=1 )2 𝑒∑    𝜆𝑖(𝑆−1)|

𝑆=1
  

    = (∑ 𝜆𝑖
𝑛
 𝑖=1 )2 

Then:  

𝑣𝑎𝑟(𝑆𝑛) = (∑ 𝜆𝑖
𝑛
 𝑖=1 )2 + ∑ 𝜆𝑖

𝑛
 𝑖=1 − (∑ 𝜆𝑖

𝑛
 𝑖=1 )2  

               =  ∑ 𝜆𝑖
𝑛
 𝑖=1   , the variance of  𝑆𝑛 . 

Example (1.11):  

Let 𝑋1 and 𝑋2 be two independent random variables, 

each has the same Geometric distribution, with: 

𝑝𝑘 = 𝑞𝑘𝑝 , 𝑘 = 0,1,2, … , 𝑛 , find the p.g.f. of  𝑍 = 𝑋1 + 𝑋2 , 

and the mean and variance of  𝑍.  
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Solution: 

Since 𝑋𝑖 is a geometric distribution with p.g.f.: 

    𝑃𝑋𝑖
(𝑆) =

𝑝

1−𝑞𝑆
  , 𝑖 = 1,2 

Then: 

 𝑃𝑧(𝑆) = [𝑃𝑋 
(𝑆)]

𝑛
, the same parameters [theorem (2)]. 

           = [𝑃𝑋 
(𝑆)]

2
  

           = [
𝑝

1−𝑞𝑆
 ]2  

           =
𝑝2

(1−𝑞𝑆)2  , the p.g.f. of (𝑍 = 𝑋1 + 𝑋2). 

The mean and variance of 𝑍 is: 

𝐸(𝑍) = 𝑃𝑍
′ (1) = −2𝑝2(1 − 𝑞𝑆)−3(−𝑞)|𝑆=1  

          = 2𝑝2𝑞 (1 − 𝑞)−3 = 2𝑝2𝑞𝑝−3 

          = 2
𝑞

𝑝
   , the mean of  𝑍 . 

𝑣𝑎𝑟(𝑍) = 𝑃𝑍
′′(1) + 𝑃𝑍

′ (1) − [𝑃𝑍
′ (1)]2 

 𝑃𝑍
′′(1) = −6 𝑝2𝑞(1 − 𝑞𝑆)−4(−𝑞)|𝑆=1 = 6𝑝2𝑞2(1 − 𝑞)−4 

             = 6𝑝2𝑞2𝑝−4 = 6
𝑞2

𝑝2   
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Then:  

 𝑣𝑎𝑟(𝑍) = 6
𝑞2

𝑝2 + 2
𝑞 

𝑝 − (2
𝑞 

𝑝 )
2

= 6
𝑞2

𝑝2  + 2
𝑞 

𝑝 − 4
𝑞2

𝑝2 

                   = 2
𝑞2

𝑝2  + 2
𝑞 

𝑝 = 2
𝑞 

𝑝 (
𝑞 

𝑝 + 1) = 2
𝑞 

𝑝 (
𝑞 +𝑃

𝑝 ) 

                   = 2
𝑞 

𝑝 (
1 

𝑝 ) = 2
𝑞 

𝑝 2    , the variance of 𝑍 . 

Example (1.12): 

If 𝑋1 and 𝑋2  be two independents r.v.’s with the same 

Geometric distribution and (𝑝 =
2

3
 ). find the p.g.f. of  𝑌 =

∑ 𝑋𝑖
2
𝑖=1  , and find the mean and variance of  𝑌 . 

Solution: 

Since 𝑋𝑖 is a geometric distribution with the same p.g.f.: 

𝑃𝑋𝑖
(𝑆) =

𝑝

1−𝑞𝑆
  , 𝑖 = 1,2  , where 𝑝 =

2

3
 , 𝑞 =

1

3
 . 

Then the p.g.f of  𝑌 = 𝑋1 + 𝑋2 is: 

𝑃𝑌(𝑆) = [𝑃𝑋𝑖 
(𝑆)]

𝑛
 , [from theorem (2)] 

𝑃𝑌(𝑆) = [𝑃𝑋𝑖 
(𝑆)]

2
= [

𝑝

1−𝑞𝑆
  ]2 =

𝑝2

(1−𝑞𝑆)2   , the p.g.f. of 𝑌 . 
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The mean and variance of 𝑌 is: 

 𝐸(𝑌) = 𝑃𝑌
′ (𝑆) = −2𝑝2(1 − 𝑞𝑆)−3(−𝑞)|𝑆=1 

           =
2𝑝2𝑞

(1−𝑞𝑆)3|
𝑆=1

=
2𝑝2𝑞

(1−𝑞)3 = 2
𝑞 

𝑝 = 2
1 3⁄

2 3⁄
= 1  , the mean 

of 𝑌 . 

 𝑣𝑎𝑟(𝑍) = 𝑃𝑌
′′(1) + 𝑃𝑌

′ (1) − [𝑃𝑌
′ (1)]2 

 𝑃𝑌
′′(1) = −6 𝑝2𝑞(1 − 𝑞𝑆)−4(−𝑞)|𝑆=1 = 6𝑝2𝑞2(1 − 𝑞)−4 

             = 6𝑝2𝑞2𝑝−4 = 6
𝑞2

𝑝2   

Then:  

 𝑣𝑎𝑟(𝑌) = 6
𝑞2

𝑝2 + 1 − (1)2 = 6
𝑞2

𝑝2 

               = 6
(1 3⁄ )2

(2 3⁄ )2 = 6 (
1

4
) =

3

2
    , the variance of 𝑍 . 

 


