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Stochastic Processes (2): 

Lecture 1: Initial Distribution and Probability Distribution  

(1-1) Initial Distribution and Probability Distribution: 

Let the stochastic vector:  𝑝(0) = [𝑝0
(0)

𝑝1
(0)

𝑝2
(0)

…  ] , with 

the state space  𝑆 = {0,1,2, … }, denote the initial probability 

distribution or the distribution when the process is begins, 

where: 

𝑃𝑟{𝑥0 = 𝑖} = 𝑝𝑖
(0)

  ;    𝑖 = 0,1,2, …  

Then, after the first 𝑛 steps we have: 

𝑝(𝑛) = [𝑝0
(𝑛)

𝑝1
(𝑛)

𝑝2
(𝑛)

… ] denote the 𝑛𝑡ℎ step probability 

distribution with: 

𝑃𝑟{𝑥𝑛 = 𝑖} = 𝑝𝑖
(𝑛)

  ;    𝑖 = 0,1,2, … , where: 

𝑝(𝑛) = 𝑝(𝑛−1). 𝑃  

        = [𝑝0
(𝑛−1)

𝑝1
(𝑛−1)

𝑝2
(𝑛−1)

… ] [
𝑝00   𝑝01    𝑝02    …
𝑝10   𝑝11    𝑝12    …
⋮        ⋮        ⋮         

]  
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Theorem (1): 

Let 𝑃 be the transition matrix of a M.C., and let  𝑝(0)  be 

the initial probability distribution of the process, then: 

𝑝(𝑛) = 𝑝(0)𝑃𝑛 , is the probability distribution of the process 

after 𝑛-steps. 

Proof:   

𝑝(𝑛) = 𝑝(𝑛−1)𝑃 , then: 

𝑝(1) = 𝑝(0)𝑃 ,                                            (prob. dist. after one-step) 

𝑝(2) = 𝑝(1)𝑃 = 𝑝(0)𝑃. 𝑃 = 𝑝(0)𝑃2,          (prob. dist. after two-steps) 

𝑝(3) = 𝑝(2)𝑃 = 𝑝(0)𝑃2. 𝑃 = 𝑝(0)𝑃3,      (prob. dist. after three-steps) 

𝑝(𝑛) = 𝑝(𝑛−1). 𝑃 = 𝑝(0)𝑃𝑛−1. 𝑃 = 𝑝(0)𝑃𝑛, (prob. dist. after n-steps) 

 

Example (1.1): 

 If we have a M.C. with state space 𝑆 = {𝐴, 𝐵, 𝐶} and the 

initial distribution of the system is: 𝑝(0) = [0   0   1] , with the 

transition matrix: 

𝑃 = [

0     1      0
0      0      1
1

2
      

1

2
     0

]  , find: 𝑝(1), 𝑝𝐴
(2)

, 𝑝𝐶
(2)

, 𝑃𝑟{𝑥3 = 𝐵} . 
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Solution: 

1) 𝑝(1) = 𝑝(0)𝑃 = [0   0   1] [

0     1      0
0      0      1
1

2
      

1

2
     0

] = [
1

2
      

1

2
     0]  

2) 𝑝(2) = 𝑝(1)𝑃 = [
1

2
      

1

2
     0] [

0     1      0
0      0      1
1

2
      

1

2
     0

] = [0    
1

2
     

1

2
 ] 

= [𝑝𝐴
(2)

 𝑝𝐵
(2)

 𝑝𝐶
(2)

]  , then:      𝑝𝐴
(2)

= 𝑃𝑟{𝑥2 = 𝐴} = 0 

3) 𝑝𝐶
(2)

=
1

2
 

4) 𝑝(3) = 𝑝(2)𝑃 = [0    
1

2
     

1

2
 ] [

0     1      0
0      0      1
1

2
      

1

2
     0

] = [
1

4
    

1

4
     

1

2
 ] 

= [𝑝𝐴
(3)

𝑝𝐵
(3)

𝑝𝐶
(3)

]  ,  then:    𝑃𝑟{𝑥3 = 𝐵} = 𝑝𝐵
(3)

=
1

4
  

Example (1.2): 

If we have the state space 𝑆 = {1,2,3,4}, and transition matrix: 

𝑃 =

[
 
 
 
 

 

0     
1

2
      

1

2
    0 

1     0      0     0 
1

2
    0      0     

1

2
 

0     0      1     0 ]
 
 
 
 

  

with initial distribution 𝑝(0) = [1   0   0   0]. 

Find the probability distribution after two-steps. 
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Solution: 

𝑃(2) = 𝑃2 = 𝑃. 𝑃 =

[
 
 
 
 0     

1

2
      

1

2
    0

1     0      0     0
1

2
    0      0     

1

2

0     0      1     0]
 
 
 
 

[
 
 
 
 0     

1

2
      

1

2
    0

1     0      0     0
1

2
    0      0     

1

2

0     0      1     0]
 
 
 
 

  

                             =

[
 
 
 
 
 
3

4
     0      0     

1

4

0     
1

2
      

1

2
     0

0    
1

4
      

3

4
     0

1

2
     0      0     

1

2]
 
 
 
 
 

  

Then the probability distribution after two-steps is: 

𝑝(2) = 𝑝(1)𝑃 = 𝑝(0)𝑃2 = [1   0   0   0]

[
 
 
 
 
 
3

4
     0      0     

1

4

0     
1

2
      

1

2
     0

0    
1

4
      

3

4
     0

1

2
     0      0     

1

2]
 
 
 
 
 

= [
3

4
   0   0   

1

4
]  

Example (1.3): H.W 

If we have a M.C. with state space 𝑆 = {1,2,3}, and the 

following transition matrix: 

𝑃 = [

0     
1

2
      

1

2
1

2
      

1

2
      0

0      1      0

],      with the initial distribution:   

𝑝(0) = [
2

3
   0   

1

3
]  

Find: 𝑝(2), 𝑝13
(2)

, 𝑝3
(2)

, 𝑃𝑟{𝑥3 = 2}, 𝑝1
(4)

. 


