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Stochastic Processes (2):

Lecture 1: Initial Distribution and Probability Distribution

(1-1) Initial Distribution and Probability Distribution:
Let the stochastic vector: p(® = [péo)pl(o) ) ] with

the state space S =1{0,1,2, ...}, denote the initial probability
distribution or the distribution when the process.is. begins,

where:
Pixo=i}=p”; i=012,..
Then, after the first n steps we have:

pM = lp() ™ (”) ] denote the nt* step probability

distribution with:
Pix,=1i}= pl.(") 1 =0,1,2, ..., where:

p(n) — p(n_l)_P
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Theorem (1):

Let P be the transition matrix of a M.C., and let p(® be

the initial probability distribution of the process, then:

p™ = p@pn s the probability distribution of the process

after n-steps.

Proof:

p™ = p(=Dp then:

pM = pOp (prob. dist. after one-step)
p(Z) — p(l)P = p(O)P.P = p(O)PZ, (prob. dist. after two-steps)
p(3) — p(2)p — p(O)pz_P = p(O)P3, (prob. dist. after three-steps)

pM = p=1) p =5@pn=-1 p = nOI P (rob. dist. after n-steps)

Example (1.1):

If we have a M.C. with state space S = {4, B, C} and the
initial distribution of the system is: p(® = [0 0 1], with the

transition matrix:

0O 1 O
p=(9 0 ; find: p@,p?,p® p{x; = B} .
2 2
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Solution:

) pW =p@p=1[0 0 1]
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— lplg )plg )pé ) , then: "B.{x3 = B} = pg’) =

Example (1.2):

If we have the state space S = {1,2,3,4}, and transition matrix:

_O l l 0_
20 2
1«0 0 O
P =
19 o 1
2 2
-0 0 1 O-

with initial distribution p® =[1 0 0 0].
Find the probability distribution after two-steps.
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Solution:
[0 1 1 ollo 1 1 0]
2 2 2 2
L0 o |2 o o %
2 2 2 2
0 0 1 o0it0 0 1 O
_E 0 0 l_
4 4
0 = = 0
— 2 2
o = 2 9
4 4
1 9 o 1
_2 2_
Then the probability distribution after two-steps is:
_E O 0 l_
4 4
@ = y(p = () p2 0 3 3 9 .
p:pP=pP=[1OOO]Ol§O=[ZOOZ]
4 4
1 0 o 1
_2 2_

Example (1.3): H:W.

If we have.a M.C. with state space S = {1,2,3}, and the

following- transition matrix:

1
2
ol with the initial distribution:
0

Find: p(z),p%),sz),Pr{xs =2},py
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