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Stochastic Processes (2)

Lecture 4: Examples of classification (Chan & states)

Example (4.1):

Classify the states of this Markov chain.

, S =1{1,23,4}

0.5
%5
0.5
.5

1. Probability. distribution of the first passage for the state is:

Solution:

State (1):

Fiy = 2021 1(1n)
(1) _
M =05
") = 0.5 x 0.5 = (0.5)2

3
1(1) =0.5x 0.5 x 0.5 =(0.5)3



Stochastic Processes (2) \ Statistics & Informatics dep.\Fourth class. (2023-2024)

Assistant prof. Dr. Muthanna Subhi Sulaiman \University of Mosul.

™) = 0.5% 0.5 % 0.5 x 0.5 = (0.5)*

= 0.5+ (0.5 + (0.5 + (0.5)* + - =——=1

Since the prob. dist. of the first passage of state (1)

(F;1 = 1), then the state (1) is recurrent state.
2. The mean recurrent time of the state (1) is:

P11 = Xp=1 f(n)

= 1(0.5) + 2(0.5)% + 3(0.5)3 +

=Yy n (05"

Since the mean recurrent time (u,;) is exist, then the state (1)

IS positive recurrent.

3. Since t' =1, return to state (1) in one step, then the state (1)
is aperiodic.
4. Since the state (1) is positive recurrent with aperiodic state,

then the state (1) is ergodic.

And also, state (2) is ergodic.
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State (3):

1. Probability distribution of the first passage for the state is:

F3=Z7°10 1f(n)

W _ g
D=1x1=1
® _ g
@ _ g

Fyy = (1)_|_f(2)_|_f(3)_|_f(4)
"0F33=0+1+0+O+'“=1

Since the prob. dist. of the first passage of state (3)

(F33 = 1), then the state (3) is recurrent state.
2. The mean recurrent time of the state (3) is:

U333 = Z?f=1nf(n)

=10)+2()+3(0)+:=2< o
Then the state (3) is positive recurrent.

3.3) > (4) =), t=2
Sincet > 1, return to state (3) in two steps, then the state
(3) is periodic with period (t = 2).

3
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4. Since the state (3) is positive recurrent with periodic state,

then the state (3) is not ergodic.
And also, state (4) is not ergodic.
Example (4.2):

If we have a Markov Chain with this transition diagram:
a) Classify the chain.
b) Classify all the states of this chain.

Solution:
a) Classify the.chain.

1. Closed set are: C; = {a, b,c,d}.

2. Since'there is one closed set, then the chain is irreducible.

3. No absorbing state, because no closed set has one state.

4. States {a,b,c,d} are accessibility because pi(}‘) > 0, for
some n = 0.

5. No communicate states in this chain.
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b) Classify all the states of this chain.

State (a)
1- Probability distribution of the first passage for the state is:

Fpo = S0, f9
1 2
a(a) =0, a(a) =0
) _ g

3) _ 1_1 (4) _
aa_1X1X§_§ aa_o’ aa

(6) _ 2 112
aa —1><1><3><1><1><3—3(3)

aa —1><1><§><1><1><§><1><1><§_ (-)
(12) _ 1(2\3

=505

Faa - a(a) + fa(a) + fa(a) + fa(a) +

Qa=0+0+§+0+0+§G)+0+0+§Gf+~o
(4 @R+

_ <1>_1

—__2 —

3\1-2/ " 3
13

where Yt oa"=1+a+a’+-=—

Since the prob. dist. of the first passage of state (a) is
(F,q = 1), then the state (a) is recurrent state.
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2- The mean recurrent time of the state (a) is:

Haa = Z;?:ln a(ZLl)

= 1(0) + 2(0) + 3 (%) +4(0) + 5(0) +

o))+ 492 +-
-3)(1+2() +3()'+ )

00 n _ 2 34 ... =2
Where };_yna™ =a+ 2a°+3a° + oo

multiply by g and divide by % , we have:

=332 42 4

3 2\ 3 2 1
(oe) 3 - —
= - E nil- = - = = 9 o0
2&n 1 (3) 2 1 <

@37 )

Then the state (a) is positive.recurrent because pg, < .

3- periodic or aperiodic.of the state (a):
(@) » (b)=(d) = (a), t=3
(@) > (B) > (@) ->()>B)>d)-(a) t=6

Since it returns to state (a) at (t =3, 6, 9,...) steps, then the
state (a) is periodic.

4- ergodic of state (a):

Since the state (a) is positive recurrent with periodic state,
then the state (a) is not ergodic.

And also, state (c), (have the same transition).
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State (b)
1- Probability distribution of the first passage for the state is:
Zn 1f(n)
(1) _ () _
=0, fop =0

) = 1 x1 xr+u<x1—1

@) _ ﬂ”_o

5 Fyp = f, (1) f(Z) f(3) f(4)

Since ‘the prob. dist. of the first passage of state (b) is
(F,, .= 1), then the state (b) is recurrent state.

2- The mean recurrent time of the state (b) is:
Hpp = Xp=1 f(n)
=1(0) + 2(0) + 3(1) + 4(0) + 5(0) + -
=3<

Then the state (b) is positive recurrent because y;, < «.
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3- periodic or aperiodic of the state (b):
(b) » (d) » (@)~ (b), t=3
(b)=>(d)»>(c)- (), t=3

Since it returns to state (b) at (t = 3) steps, then the state
(b) is periodic.

4- ergodic of state (b):

Since the state (b) is positive recurrent with periodic state,
then the state (b) is not ergodic.

And also, state (d), (have the same transition).



