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Stochastic Processes (2)

Lecture 5: Stationary Distribution of Markov Chain

(5-1) Definition:
Consider an irreducible positive recurrent and aperiodic

M.C. (i.e., ergodic chain), then the probahility
distribution {m;} is called the stationary distribution of
this chain if the system of this linear equation:
mj = NjesTjPjj » JES
where:
Yjesmi =1 and m; =0
has a solution: I ={m; m, -+ |
Is exist solution and there is one solution, and:
m; = lim p;; ™
Theorem (2):
The stationary distribution II is verify the equation:

(I —P) =0

where I is an identity matrix.
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Proof:

From Chapman-Kolmogorov equation, we have:
pM = p p-1)

Since:

1 = lim P™ | then:

n—->0oo

1= lim P Dp

n—>00

MN=I0.P = II-II.P =0, then:
(I —P)=0 ,thisis proofof theorem.
Example (5.1):

Let a Markov chain with state space {0,1,2} and

transition matrix.is:

o

I
NIR NIRO
O niRr NIR

NiRr OoNTR

If the chain is ergodic, find the stationary distribution.
Solution:
Since the stationary distribution is verify the equation:

(I —P) =0 ,then:
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B 1 1
100 [0 3 3
[my mp, m3]| |0 1 O|—]% o 2]]=[0 0 O]
001 |11,
I
[77:1 [[%) 7T3] —% 1 —% = [0 0 0]
211y
2 2 -
1 1
5] _ET[Z _57'[3 =0 (1)
1 1
_577:1 + 1, —57'[3 =0 (2)
1 1
—omM =My +m3 =0 ..(3)
5] +7T2+7T3=1 (4)

Multiply equation (1),(2).and (3) by 2, we have:
2T, — My — T3 =0 .. (1)
—my + 21, =13 =0 ..(2)
—mp—1, +2m3 =0 ...(3)
m+m,+ny =1 .. (4)
Subtract eq.(3) from eq.(2), we have:
3, —3n3=0 = mw,—m3=0

= T[Z - 77,-3 (5)
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Put (5) in (1), we have:
27T1—7T2—7T2:0 $2T[1—27T2:O

= My = My ...(6)

1

s I = [1 z —] , the stationary distribution:
— 3 3 3

Example (5.2):

Find the stationary distributien.for this ergodic Markov

chain with state space {1,2,3}.and transition matrix:

0.3 0.5 0.2

P=106 004

0 04 06
Solution:

Since: II(I —P) =0, then:

1 0 0] [03 05 0.2
[m, m, m3]||0 1 0|—]06 0 04|]|=[0 0 0]
001l lo 04 06

(0.7 —05 —0.2
[y m, 7T3]< —06 1 —0.4‘> =[0 0 O]

L0 — 0.4 0.4

4



Stochastic Processes (2) \ Statistics & Informatics dep.\Fourth class. (2023-2024)

Assistant prof. Dr. Muthanna Subhi Sulaiman \University of Mosul.

0.7m; — 0.6, =0 .. (1)

—0.5m; + 1, — 0.413; =0 ..(2)

—0.2ny — 041, + 045 =0 ...(3)

m+mn,+n;=1 ..(4)
From eq.(1), we have:

m = 0_7 (%) (5)

put (5) in (2), we have:
0.6
—0.5 (5) Ty + 11y — 0.4 775 = 0

—0.42 [[%) + Ty, — 0.4 T3 = 0

0.58
T3 = HT[Z (6)

put (5)-and(6) in (4), we have:
0.6 0.58
ETL’Z +7T2 +0_47T2 =1
o 7'[2 = 03

then:

my =22(0.3) = 0.26
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and:

1y = 222(0.3) = 0.44

Then: 1 =1[0.26 0.3 0.44] the stationary distribution.

Remark: The relation between the stationary distribution

of the states and the mean recurrent time is;

u—l or mw;=—
J = 7 Ay

This Is means that;

1)If pj; = o then the recurrent state is said to be null

recurrent;
T = é = 0 (non —stationary)
2)If u;; <o then the recurrent state is said to be

positive.recurrent;

1

T = > 0 (stationary)
7]



