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Theorem (4.2): Every T;-space is T,-space.

Proof: Let (X, T) be T;-space

We need to show that (X, t) is T,-space

Letx,yeX,x#y

Since (X, t) is T;-space  (since T5-space)

= {y}isclosed in X

=> {y}=FcXandxeX,x&F

Since (X, 1) is [R]

= 3J disjointopensets G, HwWith Fc GAx € H

SinceyeF = yeG

= 3 disjoint opensets G,H withy e G Ax e H

= (X, 1) is T,-space

Definition (4.3): (Normal Space) sall sladl)

We say that (X, t) is normal space denoted by [N] if V disjoint closed sets
F,, F, in X, 3 disjoint open sets G, H with F;, c G A F, c H.

Example (4.3): Let X = {a, b, c}, T = {®,{a}, {b, c}, X}. Discuss whether (X, 7)
is [N] or not.

Solution: The closed sets are: X, {b, c},{a}, @

F, ={b,c} and F, = {a}, we have G = {b,c} and H = {a} are disjoint open set
withF, cGAF,cH

= (X,7)is [N]

Theorem (4.3): The property (X, t)-[N] is a topological property.

Proof: Let f: (X, 1) — (X*,t") be a homeo.

Let (X, 1) is [N]

Let ', F; disjoint closed subset for X*
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Since f is onto
= 3F,F, cX,st.F = f(F)and F; = f(F,)
Since f is continuous
= F = f"YF), F, = f~1(F,) are closed sets in X
Since fis (1-1)
= FNF, = f~YFEHNfH(EF)
=fYFNF) =fH(@) =0
Since (X, 1) is [N]
3 disjointopensets G,Hst. F;,cGAF,cH
Since f is open
= G = f(G)and H* = f(H) are open in X*
G'NH* = f(G)Nf(H)
=f(GNH) =f(@) =0

Now, F, € G = f(F,) c f(G) = F; c G*

F,cH=f(F,)cf(H)=>F, cH"
= V disjoint closed sets F}, F; in X*,

3 disjoint open sets G*, H* with Fj € G* A F; c H*

= (X*,t%)is [N]

Definition (4.4): (T 4- Space)

We say that (X, 7) is T4-space if (X, 1) is T,-space and [N].

Example (4.4): Let X = {a, b}, T = {0, {a}, {b}, X}. Discuss whether (X, 1) is
T,-space or not.

Solution: The closed sets are: X, {b},{a}, @
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F, ={b}and F, = {a}, we have G = {b} and H = {a} are disjoint open set with
FFcGAF,cH

= (X,7)is [N]

Also, (X, 1) is T,-space, because For a,b € X, a # b and 3°P°" ¢ = {a}, H =
{b};a€G,b&G N a¢HbeEH

= (X, 1) Is T,-space

Theorem (4.4): Every T,-space is T5-space.

Proof: Let (X, t) be T,-space

We need to show that (X, 7) is T5-space

letFcXandx ¢ F

Since (X, 1) is T;-space

= F; = {x}is closed

Since F,F;cXand FNF;, =@

Thus, we have F, F; c X are disjoint and (X, ) is [N]

= 3J disjointopensets G,H withFc G Ax € H

= (X,7t)is[R]and (X, 1) is T;-space = (X, 1) is T5-Space.

Lemma (4.1): (Urysohn’s Lemma) O gty 2 Auad
A topological space (X, t) is [N] iff v disjoint closed sets F;, F, in X, V closed
interval [a, b] € R, 3 f is continuous function as follows:

f:X = [ab]st f(F) ={a}, f(F) ={b}.

Definition (4.5): (Tietze's Axiom) il duguas
V separable sets A, B, 3 two disjoint open sets G, H suchthat A c G AB c H.
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Definition (4.6): (Completely Normal Spaces) gl AalS il pliadl
We say that (X, ) is complete normal space denoted by [CN] if satisfies

Tietze’s axiom.

Example (4.5): Let X ={a,b,c} and t = {0, {a}, {b, c}, X}. Discuss whether
(X, 1) is [CN]-space or not.
Solution: Since A = {a}, B = {b, c} are closed and open
= A, B are separable
3 two disjoint open sets ¢ = {a}, H = {b,c}suchthatAc G B c H
= (X,7)Is [CN]
Theorem (4.6): The property (X, t)-[CN] is a topological property.
Proof: Let f: (X,7) = (X*,7") be a homeo.
Let (X,7) is [CN]
Let A*, B* are disjoint separable subset for X*
Since f is continuous and (1-1)
= 3 A, B are disjoint separable subset for X s.t. A* = f(A) and B* = f(B)
Since (X, 1) is [CN]
= 3 two disjoint open sets G, H suchthat Ac G ABc H
Since f is open
= G = f(G)and H* = f(H) are open in X~
G*NH* = f(G)Nf(H)
=f(GNH) = f(@) =0

Since f (1-1)
AcG = f(Acf(G) = A cG”
BcH = f(B)cf(H) = B*"cH"”
= V disjoint separable subset A*, B* for X*

3 disjoint open sets G*, H* with A* € G* AB* c H”
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