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= (X", %) is [CN]
= [CN] is atopological property.

Theorem (4.7): The topological space (X, t) is [CN]-space iff every subspace of
(X, 1) iIs [N]-space.

Definition (4.7): (T 5 - Spaces)

We say that (X, t) is T - space if is T;-space and [CN].

Definition (4.8): (Completely Regular Spaces) Uiy dlals e eladl)

We say that (X, 7) is complete regular space denoted by [CR] if satisfies the
following axiom:

yelosed < X,V x € X,x € F,3 continuous function f:X — [0,1] such that
fF)={1}, f(x) =0

Definition (4.9): (T31 — Spaces (Tychonoff Space) ) Agisd sliad
2
We say that (X, ) is Tychonoff space denoted by T,1 -space if (X,7) is T;-
2

space and [CR].

Theorem (4.9):
(1) The property [CR] is hereditary.
(2) The property [CR] is a topological property.
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Proof:
(1) Let (X, 1) be [CR]
We need to show that (X*, %) is [CR]
Letx € X* and F* c X* be closed such that x & F*
Since X* c X
= 3Jclosed F c X suchthat F* = FNX*
Now,x e X* x ¢ F* = x&F
Since X is [CR]
3 continuous function f: X — [0,1] such that f(F) = {1}, f(x) =0
= f*: X" - [0,1] which defined as
f*(x) = f(x), Vx € X" iscontinuous and satisfies
ffE)={1} ff(x) =0
= (X*,77)is [CR]
= [CR] is a hereditary property.
(2)Let f: X = X* be a homeo.
Let (X, 1) be [CR]
We need to show that (X*, %) is [CR]
Let x* € X* and F* < X* be closed such that x* ¢ F*
Since f is continuous
= f~1(F*) = F c X is closed
Since f is onto
=> 3dxeX, f(x)=x"
Since f~1is (1-1), x* ¢ F*
= [ EfTIFE) > x€F
We have F c X isclosed and x & F but (X, 1) is [CR]
= 3 continuous function g: X — [0,1] such that g(F) = {1}, g(x) =0

We have
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-1
xSx g0

= gof 1 X* - [0,1]
gof ~1 is continuous (The composite function of two continuous functions

IS continuous)
Now, (gof "D (F") = g(f*(F)) = g(F) = {1}
a (gof THFY) = {1}
(Gof D) =g(f'(x)) =g(x) =0
2 (gof TH(X) =0
= (X*,t")is [CR].
= [CR] is atopological property.

Metric
Space
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