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Solution:
(1) Let G* 3 f(x) = a be any point
voPer G 3 x,f(G) ={a} 3 aand f(G) c {a}
= JP¢" G 3 x,such that f(G) c {a}
= f is continuous
(2) fisopen,since f(x) ={a}, VE c X
= f(G) = {a}isopen, VP G c X
= f isopen
(3) We have f(x;) = f(x,) = a while x; # x,
fO) =f(x2) # % =x,
= fisnot (1-1)
(4)Also £ is not onto

= f is not homeo.

dngled  dda
Definition (1.3): We say that a property P is a topological property if P carried

by a topological homeomorphism.

Theorem (1.3): The property perfect set is a topological property.
Proof: Let f: (X,7) = (X*,7") be a homo.

Let E c X be a perfect set

We need to show f(E) c X* is perfect

Since E is perfect

= E isdense in itself and closed

Since E dense in itself and f is continuous and (1-1)
= f(E)isdenseinitself ... (1)

Now, since E is closed

= E€isopen

Since fis (1-1) & onto
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= f(E) = (f(B))
Since f is open
= f(E€) isopen
= (f(E)) isopen
= f(E)isclosed  ...... (2)
From (1) and (2), we get
f(E) is dense in itself and closed
= f(F) is perfect.
The perfect set is a topological property.
Theorem (1.4): The property locally compact is a topological property.
Proof: Let f: (X,1) = (X*,7") be a homo.
Let E c X be locally compact
We need to show f(E) < X™ is locally compact
Let x* € f(E) be any point
Since f is onto
= Ax € E;x* = f(x)
Since E is locally compactand x € E
= 3 acompact nbhd N (x), since f is continuous and N (x) is compact
= f(N(x)) is compact and x* € f(N(x)), therefore 3 a compact nbhd
f(N(x))ofx*,Vx* € f(E)
Hence f(E) is locally compact.

~ The locally compact is a topological property.
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Definition (1.4): We say that the set E is an isolated set iff ENd(E) = ©.

Example (1.3): Let (R, d) be the usual metric space, and the set

1 1 1 .
VS T T }. Is E isolated set?

n’n+1’

E={1,

N |-
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Solution:
We have d(E) = {0} and ENd(E) = @.

= E is isolated set.

Example (1.4): Let X = {a, b, c,d, e} and

T = {@,{a},{b},{a, b}, {a,c},{a, b,c}{ac,d} {a b,c,d}, X} which of
following subsets of X isisolated E; = {b,d}, E, = {a, b}

Solution: We have

d(E;) =d({b,d}) = {e}and E;Nd(E;) = Q.

= E; isisolated set.

We have d(E,) = d({a,b}) = {c,d,e}and E,Nd(E,) = @.

= E, isisolated set.

Theorem (1.5): The property isolated set is a topological property.
Proof: Let f: (X,t) = (X*,7") be a homo.
Let E c X be an isolated set

We need to show f(E) c X™ is isolated

Since f is onto

= Jx € E suchthat x* = f(x)

Since E is isolated and x € E

= x € d(E)

= 3P G 3 x;(GNE)\{x} =0

Since f is open and (1-1)

= 37" f(G) 3 x7; FI(GNE)\{x}] = f(9)
3P £(G) 3 x5 F(GNFENTF ()} =0
3PN £(G) 3 %% F(G)NFE\{x"} = @
x* & d(f(E)), Vx" € f(E)
fENA(f(E)) =@

=
=
=
=
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