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Chapter Three

Juadll Sl
The Separation Axioms

Definition (3.1): (T, — Space (Kolmogorov Space)) i s salsS sl
We say that (X, ) is Ty-space iff Vx,y € X (x # y),3°P™ G € T containing
one of the points and not the other.
Example (3.1): Let X = {a,b} and t = {@, {a}, X}
Then (X, 1) is Ty-space. Fora,b € X,a # band G = {a} 3 a, {a} ? b.
Example (3.2): The discrete topological space (X, ) is Ty-space.
ForV x,y € X,x # y we have {x} is open and contains x but not y
Also, {y} is open and contains y but not x
Example (3.3): Let X = {a, b} and t = {@, X} is not T,,-space
Fora,b € X, a # b, A°P°™ G € t containing one of the point but not the other.
Example (3.4): Let X = {a,b,c} and T = {@,{a}, {b, c}, X}
The space (X, ) is not Ty-space for b # ¢ and V°Pe"G 3 b, G 3 c also
= (X, 1) isnot T, —space.
Theorem (3.1):
(1) The property “(X, 1) is T,-space” is hereditary.
(2) The property “(X, 1) is T,-Space” is a topological property.
Proof:
(1) Let (X, 7) be a topological space
Let (X*, ") be a topological subspace of (X, 7)
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We need to show that (X*, t*) is Ty-space
Letx,y e X", x#y
=> x,VEX, X *Yy
Since (X, t) is T,-space
= IP"Ger,sayx €G,y &G
Wehavet* = {G* = GNX":G € 1}
XEGXEX" > x€EGCGNX" 2 x€EG ET”
YVEGYEX = yEGNX" > y¢gG et
= FPNGTETHXEGL,YEGT Vx,yEX " (x #Y)
= (X", ") is T,-space.
= T,-space is a hereditary property.

(2) Let f: X = X* be a homeo.
Let (X, 1) be T,-space
We need to show that (X*, t*) is T,,-Space
Letx*,y* € X", x* +y*
Since f is onto
Ax,yeX,x" =f()ANy" =f()
Since f is (1-1) and f(x) # f(y)
> XFY
= x,y €X (x #y) and (X, 1) is T,-space
= 3P"Get (say) x€EGYEG
Since f is open
= f(G) =G"isopenin (X*,1%)
Now,x €G = f(x) e f(G) = x"€G”

yEG = f)e&fG) > y ¢G”

= J3oPen G* € %5 x* € G*,y* ¢ G*
= (X*,t") is T,-space.

= Ty-space is a topological property.
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Theorem (3.2):

The topological space (X,7) is T,-space iff Vx,y € X (x vy = {x} # {y}).
Proof:

Letvx,yEXx#y = {x} #{y}

Since {x} # {y}

= 3 z € X belong to one of them and not belongs the other
Assume z € {x}, z & {y}

If x € {y}

=> (x} <)

> W=}

= ze{y} ClI

Sox ¢ {y}

=>x€{y_}c

Since {y} is closed then {y}€ is open.

Thus we obtain an open set contains x and does not contains y

= (X, 1) is Ty-space

Conversely,

Let (X, 1) is T,-space,

WehaveVx,ye X (x #y),3P"Ger,x€Gandy ¢ G

Thus G€isclosed, y € G¢and x & G°

By definition of {y} (the intersection of all closed subsets contains {y})
Thus y € {y}

Butx ¢ {y}since x ¢ G¢

- W=D

Definition (3.2): (T, —Space (Fréchet space)) 4 b sliad

We say that (X, 1) is T{-space iff Vx,y € X (x # y),3°P¢"™ G, H € 1 such that
XEG,YyEG Ny€eEHxx¢&H.
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