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Chapter Three  

 

The Separation Axioms 

 

Definition (3.1): (𝑻𝟎 – Space   (Kolmogorov Space))     فضاء كولموغوروف 

We say that (𝑋, 𝜏) is 𝑻𝟎-space iff ∀ 𝑥, 𝑦 ∈ 𝑋 (𝑥 ≠ 𝑦), ∃𝑜𝑝𝑒𝑛 𝐺 ∈ 𝜏 containing 

one of the points and not the other.  

------------------------------------------------------------------------------------------------- 

Example (3.1): Let 𝑋 = {𝑎, 𝑏} and 𝜏 = {∅, {𝑎}, 𝑋}  

Then (𝑋, 𝜏) is 𝑇0-space. For 𝑎, 𝑏 ∈ 𝑋, 𝑎 ≠ 𝑏 and 𝐺 = {𝑎} ∋ 𝑎, {𝑎} ∌ 𝑏. 

------------------------------------------------------------------------------------------------- 

Example (3.2): The discrete topological space (𝑋, 𝜏) is 𝑇0-space. 

For ∀ 𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦 we have {𝑥} is open and contains 𝑥 but not 𝑦 

Also, {𝑦} is open and contains 𝑦 but not 𝑥 

------------------------------------------------------------------------------------------------- 

Example (3.3): Let 𝑋 = {𝑎, 𝑏} and 𝜏 = {∅, 𝑋} is not 𝑇0-space  

For 𝑎, 𝑏 ∈ 𝑋, 𝑎 ≠ 𝑏, ∄𝑜𝑝𝑒𝑛 𝐺 ∈ 𝜏 containing one of the point but not the other. 

------------------------------------------------------------------------------------------------- 

Example (3.4): Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝜏 = {∅, {𝑎}, {𝑏, 𝑐}, 𝑋}  

The space (𝑋, 𝜏) is not 𝑇0-space for 𝑏 ≠ 𝑐 and ∀𝑜𝑝𝑒𝑛𝐺 ∋ 𝑏, 𝐺 ∋ 𝑐 also 

⇒  (𝑋, 𝜏) is not 𝑇0 −space. 

------------------------------------------------------------------------------------------------- 

Theorem (3.1):  

(1)  The property “(𝑋, 𝜏) is 𝑇0-space” is hereditary. 

(2)  The property “(𝑋, 𝜏) is 𝑇0-space” is a topological property. 

Proof: 

(1) Let (𝑋, 𝜏) be a topological space  

Let (𝑋∗, 𝜏∗) be a topological subspace of (𝑋, 𝜏) 

 بديهيات الفصل
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We need to show that (𝑋∗, 𝜏∗) is 𝑇0-space  

Let 𝑥, 𝑦 ∈ 𝑋∗, 𝑥 ≠ 𝑦 

⇒  𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦 

Since (𝑋, 𝜏) is 𝑇0-space 

⇒  ∃𝑜𝑝𝑒𝑛 𝐺 ∈ 𝜏, say 𝑥 ∈ 𝐺, 𝑦 ∉ 𝐺 

We have 𝜏∗ = {𝐺∗ = 𝐺⋂𝑋∗: 𝐺 ∈ 𝜏} 

𝑥 ∈ 𝐺, 𝑥 ∈ 𝑋∗  ⇒  𝑥 ∈ 𝐺⋂𝑋∗  ⇒  𝑥 ∈ 𝐺∗ ∈ 𝜏∗ 

𝑦 ∉ 𝐺, 𝑦 ∈ 𝑋∗  ⇒  𝑦 ∉ 𝐺⋂𝑋∗  ⇒  𝑦 ∉ 𝐺∗ ∈ 𝜏∗ 

⇒  ∃𝑜𝑝𝑒𝑛 𝐺∗ ∈ 𝜏∗; 𝑥 ∈ 𝐺∗, 𝑦 ∉ 𝐺∗   ∀ 𝑥, 𝑦 ∈ 𝑋∗ (𝑥 ≠ 𝑦) 

⇒  (𝑋∗, 𝜏∗) is 𝑇0-space. 

⇒   𝑇0-space is a hereditary property. 

(2)  Let 𝑓: 𝑋 → 𝑋∗ be a homeo. 

Let (𝑋, 𝜏) be 𝑇0-space  

We need to show that (𝑋∗, 𝜏∗) is 𝑇0-space  

Let 𝑥∗, 𝑦∗ ∈ 𝑋∗, 𝑥∗ ≠ 𝑦∗ 

Since 𝑓 is onto  

∃ 𝑥, 𝑦 ∈ 𝑋, 𝑥∗ = 𝑓(𝑥) ⋀  𝑦∗ = 𝑓(𝑦)  

Since 𝑓 is (1-1) and 𝑓(𝑥) ≠ 𝑓(𝑦) 

⇒  𝑥 ≠ 𝑦 

⇒  𝑥, 𝑦 ∈ 𝑋 (𝑥 ≠ 𝑦) and (𝑋, 𝜏) is 𝑇0-space 

⇒  ∃𝑜𝑝𝑒𝑛 𝐺 ∈ 𝜏  (𝑠𝑎𝑦) 𝑥 ∈ 𝐺, 𝑦 ∉ 𝐺 

Since 𝑓 is open  

⇒  𝑓(𝐺) = 𝐺∗ is open in (𝑋∗, 𝜏∗) 

Now, 𝑥 ∈ 𝐺  ⇒   𝑓(𝑥) ∈ 𝑓(𝐺)   ⇒   𝑥∗ ∈ 𝐺∗ 

 𝑦 ∉ 𝐺  ⇒   𝑓(𝑦) ∉ 𝑓(𝐺)   ⇒   𝑦∗ ∉ 𝐺∗  

⇒  ∃𝑜𝑝𝑒𝑛 𝐺∗ ∈ 𝜏∗;   𝑥∗ ∈ 𝐺∗, 𝑦∗ ∉ 𝐺∗ 

⇒  (𝑋∗, 𝜏∗) is 𝑇0-space. 

⇒   𝑇0-space is a topological property. 
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Theorem (3.2):   

The topological space (𝑋, 𝜏) is 𝑇0-space iff ∀ 𝑥, 𝑦 ∈ 𝑋 (𝑥 ≠ 𝑦 ⇒  {𝑥}̅̅ ̅̅ ≠ {𝑦}̅̅ ̅̅ ). 

Proof:  

Let ∀ 𝑥, 𝑦 ∈ 𝑋 𝑥 ≠ 𝑦  ⇒  {𝑥}̅̅ ̅̅ ≠ {𝑦}̅̅ ̅̅  

Since {𝑥}̅̅ ̅̅ ≠ {𝑦}̅̅ ̅̅  

⇒  ∃ 𝑧 ∈ 𝑋 belong to one of them and not belongs the other 

Assume 𝑧 ∈ {𝑥}̅̅ ̅̅ , 𝑧 ∉ {𝑦}̅̅ ̅̅   

If 𝑥 ∈ {𝑦}̅̅ ̅̅   

⇒  {𝑥} ⊆ {𝑦}̅̅ ̅̅   

⇒  {𝑥}̅̅ ̅̅ ⊆ {𝑦}̅̅ ̅̅  = {𝑦}̅̅ ̅̅    

⇒  𝑧 ∈ {𝑦}̅̅ ̅̅     C! 

So 𝑥 ∉ {𝑦}̅̅ ̅̅    

⇒  𝑥 ∈ {𝑦}̅̅ ̅̅ 𝑐 

Since {𝑦}̅̅ ̅̅  is closed then {𝑦}̅̅ ̅̅ 𝑐 is open.  

Thus we obtain an open set contains 𝑥 and does not contains 𝑦  

⇒  (𝑋, 𝜏) is 𝑇0-space 

Conversely, 

Let (𝑋, 𝜏) is 𝑇0-space,  

We have ∀ 𝑥, 𝑦 ∈ 𝑋 (𝑥 ≠ 𝑦), ∃𝑜𝑝𝑒𝑛 𝐺 ∈ 𝜏, 𝑥 ∈ 𝐺 and 𝑦 ∉ 𝐺 

Thus 𝐺𝑐 is closed, 𝑦 ∈ 𝐺𝑐 and 𝑥 ∉ 𝐺𝑐 

By definition of {𝑦}̅̅ ̅̅   (the intersection of all closed subsets contains {𝑦}) 

Thus 𝑦 ∈ {𝑦}̅̅ ̅̅  

But 𝑥 ∉ {𝑦}̅̅ ̅̅  since 𝑥 ∉ 𝐺𝑐 

∴  {𝑥}̅̅ ̅̅ ≠ {𝑦}̅̅ ̅̅  

------------------------------------------------------------------------------------------------- 

Definition (3.2): (𝑻𝟏 – Space    (Fréchet space))       فضاء فريشيه 

We say that (𝑋, 𝜏) is 𝑻𝟏-space iff ∀ 𝑥, 𝑦 ∈ 𝑋 (𝑥 ≠ 𝑦), ∃𝑜𝑝𝑒𝑛 𝐺, 𝐻 ∈ 𝜏 such that 

𝑥 ∈ 𝐺, 𝑦 ∉ 𝐺  ⋀  𝑦 ∈ 𝐻, 𝑥 ∉ 𝐻.  


