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Example (3.5): Let X = {a,b}and t = {@,{a}, {b}, X}
Then (X, t) is T;-space. For a,b € X, a # band 3°P°" G = {a}, H = {b}; a €
Gbe&G Na¢Hb€eH
Example (3.6): Let X = {a,b} and t = {@, {a}, X}
(X,7) isnot T;-space. Fora,b € X, a # b and 2°P°" G,st. b € G,a ¢ G
Example (3.7): The usual topological space (R, 7) is T;-Space
Yab€R,a+ b,IalwaysopensetsG,H,s.t. a€ G,b&G N beEH,a¢ H
Corollary 3.1): X, 1) — T, = (X, 1) — T,
Proof: Let (X, 1) be T;-space
> Vx,yeEX(x#y)3I°"G,H,s.t. x€EG,y¢EG N yeEH,x¢H
> Vx,yeEX(x+#y),7"G,xeG,yeG N 3P H,ye H x ¢ H
> Vx,yeEX(x#y),AP"G,xeG,yeEG N
Vx,yeEX(x+y)3°°°"HyeHxx¢H
= X,1)—-Ty, A\ X,1) —T,
= (X,1)—-T,
Theorem (3.3):
(1) The property “(X,t) — T,” is hereditary.
(2) The property “(X,7) — T,” is a topological property.
Proof.
(1) Let (X, 1) be a topological space
Let (X*, ") be a topological subspace of (X, 1)
We need to show that (X*, ) is T, -space
Letx,y € X*, (x #y)
= x,yEX,(x #y) (since X* c X)
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Since (X, t) is T;-space

= 3G,Het suchthatxeG,y¢G AN x¢H,yeEH

We have

T ={G"=GNX":G €T}

v ={H"=HNX":H € 1}

XEGXEX" > x€EGNX" > x€EG”

YEGYEX = y&GNX" > y¢&G”

x¢€HxeX == x¢HNX" = x¢ H"

YyEHyeEX" > yeHNX" > y€EH"

> AG H €T, x€G,y¢&€G" N x¢&H,y€EH"

Vx,yeEX" (x #y)

= (X*,t*) is T;-space.

= T,-space is a hereditary property.

(2) Let f: (X,7) = (X7, ") be a homeo.

Let (X, t) be T;-space

Letx™,y* € X*,x* #y*

Since f is onto

Ax,yeX,x*=fx),y" =f)

Since f is (1-1) and x* # y~*

> xXxFYy

= x,y € X,x # yand (X, t) is T,-space

= 3G, HeETstxeG,y¢eG N x&€H,yeEH

Since f is open

= f(G) =G*, f(H) = H"isopenin (X*,7")

Now,x €G = f(x)€Ef(G) = x"€G”
yEG = f()eEf(G) = y ¢G*
x¢H = f(x)¢f(H) = x*"¢H"
yeEH = f(y)ef(H) = y"€H"
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=> G H €T x*€G,y* ¢G* \ x* ¢ H",y* € H*
= (X*,t") is T;-space.
= T,-space is a topological property.
Theorem (3.4): The topological space (X, t) is T;-space iff {x} closed V x € X.
Proof:
Let (X, ) be T;-space. Let p € X. We have to show {p} is closed.
Letx € {p}¢ = x#p
Since (X, 1) is T;-space then 3°P°"* G, p € G, and x € G,
Thus x € G, € {p}°©
= {p}* = U{Gy:x € {p}}
Thus {p}€ isopen = {p} is closed
Conversely:
Let {p}isclosedVp € X
Assume x,y E X, x #y
Now, x #y = x € {y}* = {y}€isopen and contains x but not contains y
Similarly, {x}€ is open, contains y and x & {x}¢
~ (X, 7) is T,-space
Example (3.8): LetX =N ={1,2,..,n,n+1,..}and 7t = {0, X, {1,2, ....n}}
Then (X, 7) is not T, -space. For
Case (1):
1,2 € X, (1 # 2) but every open G 3 2 contains also 1
lLe.vePen G 32,631
AP G32,GP1
= (X, 1) Is not T;-space
Case (2):

According to above theorem, we have
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vV n € X, {n}is not closed

= (X, 1) is not T;-space

While (X, t) is T,-space for
IfmneX(m#n)putm<n
3oren G ={1,2,....m}3m,G dn

= Vm,n € X,(m # n),3°Pe" G containing one of the points only.

Example (3.9): LetX =R, t={Q,E € R:E€ is finite}.
Proof:

Let p € R by any point

= {p} c X is finite

= {p}¢ c X is open

= {p} closed

= (R,7) Is T;-space

Corollary (3.2): Every finite T;-space is discrete.
Proof:

Let (X, ) be finite T, -space

We need to show that (X, t) is discrete

Let4; c X

= A; is finite

= A; = Uiz {a;}

Since (X, t) is T;-space

{a;}isclosedV i =1,2,...,n

= A; = Uj-,{a;}is closed

= VA;cX, A;closed, i =1,2,..,n

19



