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Also, {𝑎𝑖} closed ∀ 𝑖 = 1,2, … , 𝑛 

⇒  {𝑎𝑖}𝑐 is open ∀ 𝑖 = 1,2, … , 𝑛 

⇒  ⋃ {𝑎𝑖}𝑛
𝑖=1  is open   

⇒  ∀ 𝐴𝑖 ⊂ 𝑋, 𝐴𝑖 is open   

⇒  (𝑋, 𝜏) is discrete  

------------------------------------------------------------------------------------------------- 

Definition (3.3): (𝑻𝟐-space   (Hausdorff Space))   

We say that (𝑋, 𝜏) is 𝑻𝟐-space iff ∀ 𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦, ∃ two disjoint open sets 

𝐺, 𝐻, such that  𝑥 ∈ 𝐺, 𝑦 ∉ 𝐺  ⋀  𝑦 ∈ 𝐻, 𝑥 ∉ 𝐻. 

------------------------------------------------------------------------------------------------- 

Example (3.10): Let 𝑋 = {𝑎, 𝑏}, 𝜏 = {∅, {𝑎}, {𝑏}, 𝑋} 

We have (𝑋, 𝜏) is 𝑇2-space. For  

We have 𝑎, 𝑏 ∈ 𝑋, 𝑎 ≠ 𝑏 

∃ two disjoint open sets 𝐺 = {𝑎}, 𝐻 = {𝑏} with 𝑎 ∈ 𝐺, 𝑏 ∈ 𝐻, {𝑎}⋂{𝑏} = ∅ 

------------------------------------------------------------------------------------------------- 

Remark (3.2): From the above definition, we conclude that  𝑇2  ⇒  𝑇1  ⇒  𝑇0 

But 𝑇1   ⇏   𝑇2 as in the following example: 

------------------------------------------------------------------------------------------------- 

Example (3.11): Let 𝑋 = 𝑅 , 𝜏 = {∅, 𝐸 ⊂ 𝑅: 𝐸𝑐  𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒} . 

Solution: We have see that (𝑋, 𝜏) is 𝑇1-space 

We need to show that (𝑋, 𝜏) is not 𝑇2-space  

Assume that (𝑋, 𝜏) is 𝑇2-space  

∀ 𝑥, 𝑦 ∈ 𝑋  (𝑥 ≠ 𝑦), 𝐺, 𝐻  𝑤𝑖𝑡ℎ 𝐺⋂𝐻 = ∅, 𝑥 ∈ 𝐺, 𝑦 ∈ 𝐻  

But  𝐺⋂𝐻 = ∅ 

⇒  𝐺 ⊂ 𝐻𝑐 

⇒  Contradiction [since 𝐺 is an infinite set and 𝐻𝑐 is finite] 

Therefore (𝑋, 𝜏) is not 𝑇2-space. 
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Theorem (3.5):  

(1)  The property (𝑋, 𝜏) 𝑇2-space is hereditary.  

(2)  The property (𝑋, 𝜏) 𝑇2-space is topological property.  

Proof: 

(1)  Let (𝑋, 𝜏) be a 𝑇2-space  

We need to show that (𝑋∗, 𝜏∗) is 𝑇2-space  

Let 𝑥, 𝑦 ∈ 𝑋∗, 𝑥 ≠ 𝑦 

But 𝑋∗ ⊂ 𝑋 

⇒  𝑥, 𝑦 ∈ 𝑋  (𝑥 ≠ 𝑦) 

Since (𝑋, 𝜏) is 𝑇2-space 

⇒  ∃ two disjoint open sets 𝐺, 𝐻 ∈ 𝜏, 𝑥 ∈ 𝐺, 𝑦 ∈ 𝐻 

Since (𝑋∗, 𝜏∗) ⊂ (𝑋, 𝜏) 

⇒  𝜏∗ = {𝐺∗ = 𝐺⋂𝜏∗: 𝐺 ∈ 𝜏} 

We have 𝐺 ∈ 𝜏  ⇒  𝐺∗ = 𝐺⋂𝑋∗ is in 𝜏∗ 

𝐻 ∈ 𝜏  ⇒  𝐻∗ = 𝐻⋂𝑋∗ is in 𝜏∗ 

Since 𝑥 ∈ 𝐺⋂𝑋∗  ⇒  𝑥 ∈ 𝐺∗ 

𝑦 ∈ 𝐻⋂𝑋∗  ⇒  𝑦 ∈ 𝐻∗ 

We have 𝐺∗⋂𝐻∗ = (𝐺⋂𝑋∗)⋂(𝐻⋂𝑋∗) 

= (𝐺⋂𝐻)⋂𝑋∗ = ∅⋂𝑋∗ = ∅  

Hence, ∀ 𝑥, 𝑦 ∈ 𝑋∗, 𝑥 ≠ 𝑦, ∃ two disjoint open sets 𝐺∗, 𝐻∗ ∈ 𝜏∗ s.t.  

𝑥 ∈ 𝐺∗  ⋀  𝑦 ∈ 𝐻∗ 

⇒   (𝑋∗, 𝜏∗)  is a 𝑇2-space 

⇒   𝑇2-space is a hereditary property. 

(2)  Let 𝑓: (𝑋, 𝜏) → (𝑋∗, 𝜏∗) be a homeo. 

Let (𝑋, 𝜏) be 𝑇2-space 

We need to show that (𝑋∗, 𝜏∗) be 𝑇2-space 

Let 𝑥∗, 𝑦∗ ∈ 𝑋∗  (𝑥∗ ≠ 𝑦∗)  

Since 𝑓 is onto  
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∃ 𝑥, 𝑦 ∈ 𝑋 s.t. 𝑥∗ = 𝑓(𝑥), 𝑦∗ = 𝑓(𝑦) 

Since 𝑓 is (1-1)  ⇒  𝑥∗ ≠ 𝑦∗  ⇒  𝑥 ≠ 𝑦 

⇒  𝑥, 𝑦 ∈ 𝑋  (𝑥 ≠ 𝑦) and (𝑋, 𝜏) is 𝑇1-space  

⇒  ∃ two disjoint 𝐺, 𝐻 s.t. 𝑥 ∈ 𝐺, 𝑦 ∈ 𝐻 

Since 𝑓 is open  

⇒  𝑓(𝐺) = 𝐺∗, 𝑓(𝐻) = 𝐻∗ is open in (𝑋∗, 𝜏∗) 

And 𝐺∗⋂𝐻∗ = 𝑓(𝐺)⋂𝑓(𝐻) = 𝑓(𝐺⋂𝐻) = 𝑓(∅) = ∅  

⇒  𝐺∗⋂𝐻∗ = ∅ 

Now, 𝑥 ∈ 𝐺  ⇒   𝑓(𝑥) ∈ 𝑓(𝐺)   ⇒   𝑥∗ ∈ 𝐺∗  

 𝑦 ∈ 𝐻  ⇒   𝑓(𝑦) ∈ 𝑓(𝐻)   ⇒   𝑦∗ ∈ 𝐻∗  

∴  ∃ two disjoint open sets 𝐺∗, 𝐻∗ ∈ 𝜏∗ s.t. 𝑥 ∈ 𝐺∗  ⋀  𝑦 ∈ 𝐻∗ 

⇒  (𝑋∗, 𝜏∗) is 𝑇2-space  

⇒   𝑇2-space is a topological property. 

------------------------------------------------------------------------------------------------- 

Theorem (3.6): A compact set in a 𝑇2-space is closed. 

Proof:  Let (𝑋, 𝜏) be a 𝑇2-space  

Let 𝐴 ⊂ 𝑋 be compact  

We need to show that 𝐴 is closed, that is 𝐴𝑐 open 

We show that 𝐴𝑐 is open  

Let 𝑥 ∈ 𝐴𝑐  ⇒  𝑥 ≠ 𝑦, ∀ 𝑦 ∈ 𝐴 

We have 𝑥, 𝑦 ∈ 𝑋  (𝑥 ≠ 𝑦) and (𝑋, 𝜏) is 𝑇2-space  

⇒  ∃ two disjoint open sets 𝐺𝑥, 𝐻𝑦 s.t. 𝑥 ∈ 𝐺𝑥, 𝑦 ∈ 𝐻𝑦 

We have the family of open sets {𝐻𝑦: 𝑦 ∈ 𝐴} is an open cover of 𝐴 {𝐴 ⊂

⋃ 𝐻𝑦𝑦∈𝐴 } 

But 𝐴 is compact  

⇒  𝐻𝑦1
, 𝐻𝑦2

, 𝐻𝑦3
, … , 𝐻𝑦𝑛

 form a finite subcover of 𝐴  

⇒  𝐴 ⊂ ⋃ 𝐻𝑦𝑖

𝑛
𝑖=1  

Now, let 𝐺 = ⋂ 𝐺𝑥𝑖

𝑛
𝑖=1  and 𝐻 = ⋃ 𝐻𝑦𝑖

𝑛
𝑖=1  
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We have 𝐺 = ⋂ 𝐺𝑥𝑖

𝑛
𝑖=1 ⊂ 𝐴𝑐 and 𝑥 ∈ 𝐺 

⇒  𝑥 ∈ 𝐺 ⊂ 𝐴𝑐  

∀ 𝑥 ∈ 𝐴𝑐 , ∃𝑜𝑝𝑒𝑛 𝐺 ∋ 𝑥 and 𝑥 ∈ 𝐺 ⊂ 𝐴𝑐 

⇒  𝐴𝑐 open  ⇒  𝐴 closed 

------------------------------------------------------------------------------------------------- 

Corollary (3.3): Let (𝑋, 𝜏) is a compact topological space and (𝑋∗, 𝜏∗) is 𝑇2-

space. If 𝑓: (𝑋, 𝜏) → (𝑋∗, 𝜏∗) is a continuous, one-to-one and onto function. 

Then 𝑓 is topological homeomorphism. 

Proof:   

Let 𝑓: (𝑋, 𝜏) → (𝑋∗, 𝜏∗) be continuous, one-to-one and onto function. 

Let (𝑋, 𝜏) be compact and (𝑋∗, 𝜏∗) be 𝑇2-space  

Since 𝑓 is continuous, one-to-one and onto function, so to prove that 𝑓 is 

homeo. we need to show that 𝑓 is open  

Let 𝐺 ⊂ 𝑋 be any open set  

⇒  𝐺𝑐 ⊂ 𝑋 is closed  

But (𝑋, 𝜏) is compact  

⇒  𝐺𝑐 ⊂ 𝑋 is compact  

⇒  𝑓(𝐺𝑐) ⊂ 𝑋∗ is compact  

Since (𝑋∗, 𝜏∗) is 𝑇2-space  

⇒  𝑓(𝐺𝑐) closed  

⇒  𝑓(𝐺) is open         (since 𝑓(𝐺𝑐) = (𝑓(𝐺))
𝑐
 closed)  

⇒  𝑓 is open  

⇒  𝑓 is homeo. 

------------------------------------------------------------------------------------------------- 

Theorem (3.7): Every metric space is 𝑇2-space. 

Proof:  

Let (𝑀, 𝑑) be a metric 

Let 𝑥, 𝑦 ∈ 𝑀, 𝑥 ≠ 𝑦 


