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Also, {a;}closedVi=1,2,..,n

= {a;}¢isopenVvVi=12,..,n

= Ul-,{a;}is open

= VA; c X, A; isopen

= (X, ) is discrete

Definition (3.3): (T,-space (Hausdorff Space))  <isiish slab

We say that (X, 1) is T,-space iff Vx,y € X,x # y, 3 two disjoint open sets
G,H,suchthat xe G,y¢G N yeEH,x&H.

Example (3.10): Let X = {a, b}, T = {@, {a}, {b}, X}

We have (X, 1) is T,-space. For

We havea,b € X,a # b

3 two disjoint open sets G = {a},H = {b}witha € G,b € H,{a}N{b} = 0
Remark (3.2): From the above definition, we conclude that T, = T; = T,
ButT, # T, as in the following example:

Example (3.11): Let X = R, 7 ={®,E c R: E€ is finite} .

Solution: We have see that (X, t) is T;-space

We need to show that (X, 7) is not T,-space

Assume that (X, t) is T,-space

Vx,y€X (x#vy),G,H withGNH =0,x € G,y €EH

But GNH =0

= G c H

= Contradiction [since G is an infinite set and H€ is finite]

Therefore (X, ) is not T,-space.
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Theorem (3.5):
(1) The property (X, t) T,-space is hereditary.
(2) The property (X, t) T,-space is topological property.
Proof:
(1) Let (X, 1) be a T,-space
We need to show that (X*, t*) is T,-space
Letx,ye X", x #y
ButX*cX
= x,yEX (x #y)
Since (X, t) is T,-space
= 3Jtwo disjointopensetsG,H € t,x € G,y € H
Since (X*, %) c (X, 1)
= " ={G"=GN1":G € 1}
WehaveGeT = G"=GNX"isint"
Het = H ' =HNX"isint"
Sincex eGNX* = x€G”
y€EHNX* = y € H*
We have G*NH* = (GNX")N(HNX™)
= (GNH)NX*=0NX* =0
Hence, V x,y € X*, x # y, 3 two disjoint open sets G*, H* € t* s.t.
xX€EG" Ny€eH"
= (X", ") isaT,-space
= T,-space is a hereditary property.
(2) Let f: (X,7) = (X", ") be a homeo.
Let (X, 1) be T,-space
We need to show that (X*, t*) be T,-space
Letx*,y* € X* (x* +y")

Since f is onto
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Ax,yeXst.x* =f(x),y =f()
Sincefis(1-1]) > x*#y* =2 x#y
= x,y €X (x #y)and (X, 1) is T, -space
= JtwodisjointG,Hst.x € G,y €EH
Since f is open
= f(G)=G",f(H) =H"isopenin (X*,t%)
And G*NH* = f(G)Nf(H) = f(GNH) = f(®) =0
= G'NH" =0
Now,x €G = f(x) e f(G) = x"€G”
yeEH = f(y)ef(H) = y eH
~ Jtwo disjointopensets G*, H* € t*st.x € G* N y e H”
= (X*,1t") is T,-space
= T,-space is a topological property.
Theorem (3.6): A compact set in a T,-space is closed.
Proof: Let (X, 1) be a T,-space
Let A ¢ X be compact
We need to show that A is closed, that is A open
We show that A€ is open
Letx €A => x#y,Vy€EA
We have x,y € X (x # y) and (X, 1) is T,-space
= 3 two disjoint open sets Gy, Hy, s.t. x € G,y € H,
We have the family of open sets {H,:y € A} is an open cover of A {A C
Uyea Hy}
But A4 is compact

= H,,H, ,H

vy Hy,, Hy ..., Hy, forma finite subcover of A

= Ac U, Hy,
Now, let G = N{L, Gy, and H = Ui, H,,
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We have G = Nj=, G, c A°and x € G

= XEGCA

Vx €A53P" G 3 xandx € G c A€

= A open = A closed

Corollary (3.3): Let (X, 7) is a compact topological space and (X*,t*) is T,-
space. If f:(X,t) = (X*,t*) Is a continuous, one-to-one and onto function.
Then £ is topological homeomorphism.

Proof:

Let f: (X, 1) = (X7, ") be continuous, one-to-one and onto function.

Let (X, t) be compact and (X*,t*) be T,-space

Since f is continuous, one-to-one and onto function, so to prove that f is
homeo. we need to show that f is open

Let G c X be any open set

= G° c X isclosed

But (X, 7) is compact

= G° c X is compact

= f(G°) c X* is compact

Since (X*,t*) is T,-space

= f(G°) closed

= f(G) is open (since £(G°) = (f(6)) closed)

= fisopen

= f is homeo.

Theorem (3.7): Every metric space is T,-space.

Proof:

Let (M, d) be a metric

Letx,y e M,x #y
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