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We have G = Nj=, G, c A°and x € G

= XEGCA

Vx €A53P" G 3 xandx € G c A€

= A open = A closed

Corollary (3.3): Let (X, 7) is a compact topological space and (X*,t*) is T,-
space. If f:(X,t) = (X*,t*) Is a continuous, one-to-one and onto function.
Then £ is topological homeomorphism.

Proof:

Let f: (X, 1) = (X7, ") be continuous, one-to-one and onto function.

Let (X, t) be compact and (X*,t*) be T,-space

Since f is continuous, one-to-one and onto function, so to prove that f is
homeo. we need to show that f is open

Let G c X be any open set

= G° c X isclosed

But (X, 7) is compact

= G° c X is compact

= f(G°) c X* is compact

Since (X*,t*) is T,-space

= f(G°) closed

= f(G) is open (since £(G°) = (f(6)) closed)

= fisopen

= f is homeo.

Theorem (3.7): Every metric space is T,-space.

Proof:

Let (M, d) be a metric

Letx,y e M,x #y
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x#y = dx,y)=¢>0
Consider two open sets (balls) Bz(x), Be(y)

To show that Bg(x)ﬂBg(y) =0
Assume that Bg(x)ﬂBg(y) ==N0)
=> JzeMandz€ Bg(x)ﬂBg(y)
= zE€ Bg(x) A z€ Bg(}’)

=d(x,2z) <5 A d(y,2) <%
Now, d(x,y) < d(x,z) + d(z,y)

2 2 -
= £<§+§=?€ = £<?€ contradiction

+ BeCONB:(Y) = 8

Then (M, d) is T,-space

Theorem (3.8): In T,-space, it is possible to separate, any point and a compact
subset that does not contain the point by disjoint open sets.

Proof:

Let (X, 7) be a T,-space

Let E ¢ X be compact

Letx € X, x ¢ E be any point

Butx¢FE = x#y,Vy€eE

Since (X, 7) is T,-space and x,y € X (x # y)

= 3 two disjoint open sets G,, Hy, suchthatx € G, A y € H,

We have E c Uy H,y,

= {H,:y € E} is an open cover of E

Since E is a compact set, then 3 a finite subcover of E's.t. E c UL, H,, = H
> FEcCcH

Since G,NH,, =@, Vi=12,..,n
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ie. (GxNH, )U(G,NHy)U ...(G,NH, ) =10

= G,NH=0

> EcH A x€G,andG,NH =@

Definition (3.4): If T and t* two topologies .%‘Iefined onX {i.e.(X,7)and (X,7")
are topological spaces}. We say that t is fler:-ér (smaller) than z*, denoted by t <

- - - U. vE ‘
T*, If each element of 7 is an element of ¥, T* is coarser than t.

Example (3.12): If t = {@, X} weak and t* = {@, A c X} discrete. 7 is finer
than 7*.

Example (3.12): If (X, ) is T;-space, Vi = 0,1,2 and t is finer than t*, then
(X,t*) is T;-space, Vi = 0,1,2.

Solution:

Let (X, ) be T,-space

> Vx,yEX,x#y, AP "GSst.xEGYEG

Since T < 77, that is every element of 7 is an element of *

=> GeETrandVx,yeEX,xEGYEG

= (X,t")is T,-space

Let (X,7)isT;-space = Vx,y €X, (x #y)

A1G,Hs.t.xeEG,y¢€G N yeEH,x¢&H

Sincer < t*

= GHetandVx,yeX,xeG,y¢GNy€EHx&H

= (X,7") is T;-space

Let (X,7)isT,-space = Vx,y € X (x #y)

3 two disjointopensets G, Hst.x € G,y¢ GANy€EH,x¢ H

Sincet<t" = GHEet Vx,yeEX,xeEG Ny€EH,st.GNH=0

= (X, t")Is T,-space
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Definition (3.5): Let (X, ) be a topological space. Let {x,},ey be a sequence
of a points of X. We say that {x,,},,cy convergence to x € X iff V°P¢" G 3 x,
AN(G) EN, x, €G,Vn=N().
Example (3.12): We have (N,t) with t={@,N,{n,n+1,n+2,..}} is
topological space and {x,, },,ey IS sequence of points of N = X. According to the
above definition we see that {n} - 1,{n} - 2, ... ,{n} > n,YVn e N.
Theorem (3.9): In T,-space, the convergent sequences converges to a unique
point.
Proof:
Let (X, 1) be T,-sapce
We need to show that {x,,} be a converges to a unique point.
Assume that {x,, } convergesto x A {x,} convergestoy (x # y)
Now, x,y € X,x # y and (X, 1) is T,-space
= 3 two disjointopensets G,H;x e G ANy € H
Now, (x, » x) = VP"G3x,AN,€N,x, €GVn=N,
(x, »y) = VP"H>3y,AN,€N,x, EHVn=N,
Let N = max(Ny, N,)
VG3x,AN€eEN,x, €G,Vn=N
VH3y,ANeN,x, e H,Vn=N
= X, € GNH,VP" G > x,V°P"H3y
= GNH # @ Contradiction
~ {x,} = {x} unique
Remark (3.3): The converse of the above theorem is not true is general
Thatis: ({x,} = x (unique)) in (X,7) # (X, 1) is T,-space.
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Example (3.13): Let X =R, 7 ={@,E € R,EC is finite}
The topological space (X, ) is T,-space

X,y EX,x #*y

{x} finite = {x}e1 A y e {x}¢ x¢&{x}¢

{y} finite = {y}ev A xe{y}' ye{y}

The topological space is not T,-space

Every sequence in (R, 7) if convergent it converges to a unique point.
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