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Chapter Four  

 

Regular and Normal Spaces 

 

 

Definition (4.1): (Regular Space)  

We say that (𝑋, 𝜏) is regular space denoted by [𝑅] if ∀𝑐𝑙𝑜𝑠𝑒𝑑  𝐹 ⊂ 𝑋, ∀ 𝑥 ∈

𝑋, 𝑥 ∉ 𝐹, ∃ disjoint open sets 𝐺,𝐻 with 𝐹 ⊂ 𝐺 ⋀ 𝑥 ∈ 𝐻. 

------------------------------------------------------------------------------------------------- 

Example (4.1): Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏 = {∅, {𝑎}, {𝑏, 𝑐}, 𝑋}. Discuss whether (𝑋, 𝜏) 

is [𝑅] or not. 

Solution: The closed sets are: 𝑋, {𝑏, 𝑐}, {𝑎}, ∅ 

(i) 𝐹 = {𝑏, 𝑐} and 𝑎 ∉ 𝐹, we have 𝐺 = {𝑏, 𝑐} and 𝐻 = {𝑎} are disjoint open set 

with 𝐹 ⊂ 𝐺 ⋀ 𝑎 ∈ 𝐻 

(ii) 𝐹 = {𝑎} and 𝑏, 𝑐 ∉ 𝐹 

We have 𝐺 = {𝑎} and 𝐻 = {𝑏, 𝑐} are disjoint open set with 𝐹 ⊂ 𝐺 ⋀ 𝑏 ∈ 𝐻  

Also, 𝐹 ⊂ 𝐺 ⋀ 𝑐 ∈ 𝐻 

Hence, ∀𝑐𝑙𝑜𝑠𝑒𝑑  𝐹 ⊂ 𝑋, ∀ 𝑥 ∉ 𝐹, ∃ disjoint open sets 𝐺,𝐻 with 𝐹 ⊂ 𝐺 ⋀ 𝑥 ∈

𝐻 

⇒  (𝑋, 𝜏) is [𝑅] 

------------------------------------------------------------------------------------------------- 

Theorem (4.1):  

(1) The property (𝑋, 𝜏) is [𝑅] is hereditary. 

(2) The property (𝑋, 𝜏) is [𝑅] is a topological property. 

Proof:  

(1) Let (𝑋, 𝜏) be [𝑅]  

Let (𝑋∗, 𝜏∗) be a topological subspace of (𝑋, 𝜏) 

We need to show that (𝑋∗, 𝜏∗) is [𝑅]  

Let 𝐹∗ be closed set in 𝑋∗ 
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Let 𝑥 ∈ 𝑋∗ and 𝑥 ∉ 𝐹∗ 

We have 𝐹∗ = 𝐹⋂𝑋∗  

𝑥 ∈ 𝑋∗, 𝑥 ∉ 𝐹∗   ⇒  𝑥 ∉ 𝐹 

Now, 𝐹 closed set in 𝑋, 𝑥 ∉ 𝐹 and (𝑋, 𝜏) is [𝑅] 

∃ disjoint open sets 𝐺,𝐻 s.t. 𝐹 ⊂ 𝐺 ⋀ 𝑥 ∈ 𝐻 

We have 𝐺∗ = 𝐺⋂𝑋∗ , 𝐻∗ = 𝐻⋂𝑋∗  

Since 𝐺,𝐻 are open sets in (𝑋, 𝜏)    

⇒  𝐺∗, 𝐻∗ are open set in (𝑋∗, 𝜏∗)  

Now, 𝐺∗⋂𝐻∗ = (𝐺⋂𝑋∗)⋂(𝐻⋂𝑋∗)  

 = (𝐺⋂𝐻)⋂𝑋∗ = ∅⋂𝑋∗ = ∅  

Since 𝑥 ∈ 𝑋∗, 𝑥 ∈ 𝐻  ⇒  𝑥 ∈ 𝐻∗ 

and  𝐹 ⊂ 𝐺  

⇒  𝐹⋂𝑋∗ ⊂ 𝐺⋂𝑋∗  

⇒  𝐹∗ ⊂ 𝐺∗   

⇒  (𝑋∗, 𝜏∗) is [𝑅] 

⇒  [𝑅] is a hereditary property. 

(2) Let 𝑓: (𝑋, 𝜏) → (𝑋∗, 𝜏∗) be a homeo. 

Let (𝑋, 𝜏) is [𝑅]  

Let 𝐹∗ ⊂ 𝑋∗ be a closed subset, and 𝑥∗ ∈ 𝑋∗ such that 𝑥∗ ∉ 𝐹∗  

Since 𝑓 is continuous   

⇒  𝐹 = 𝑓−1(𝐹∗) is a closed set in 𝑋         (i.e. 𝑓(𝐹) = 𝐹∗) 

Since 𝑓 onto and 𝑥∗ ∈ 𝑋∗ 

∃ 𝑥 ∈ 𝑋, such that 𝑓(𝑥) = 𝑥∗ 

Since 𝑓 is (1 − 1) and 𝑥∗ ∉ 𝐹∗ 

⇒   𝑓(𝑥) ∉ 𝐹∗ 

⇒   𝑥 ∉ 𝑓−1(𝐹∗) = 𝐹 

Now, 𝐹 closed set in 𝑋, 𝑥 ∉ 𝐹 and (𝑋, 𝜏) is [𝑅] 

⇒  ∃ disjoint open sets 𝐺,𝐻 s.t. 𝐹 ⊂ 𝐺 ⋀ 𝑥 ∈ 𝐻 
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Since 𝑓 is open  

⇒  𝐺∗ = 𝑓(𝐺) and 𝐻∗ = 𝑓(𝐻) are open in 𝑋∗ 

𝐺∗⋂𝐻∗ = 𝑓(𝐺)⋂𝑓(𝐻)  

 = 𝑓(𝐺⋂𝐻) = 𝑓(∅) = ∅  

Now, 𝐹 ⊂ 𝐺   ⇒   𝑓(𝐹) ⊂ 𝑓(𝐺)   ⇒   𝐹∗ ⊂ 𝐺∗ 

          𝑥 ∈ 𝐻   ⇒   𝑓(𝑥) ∈ 𝑓(𝐻)   ⇒   𝑥∗ ∈ 𝐻∗ 

⇒  ∀ closed sets 𝐹∗ in 𝑋∗, and ∀  𝑥∗ ∉ 𝐹∗,   

      ∃ disjoint open sets 𝐺∗, 𝐻∗ with 𝐹∗ ⊂ 𝐺∗ ⋀ 𝑥∗ ∈ 𝐻∗ 

⇒  (𝑋∗, 𝜏∗) is [𝑅]  

⇒  [𝑅] is a topological property. 

------------------------------------------------------------------------------------------------- 

Definition (4.2): (𝑻𝟑- Space) 

We say that (𝑋, 𝜏) is 𝑻𝟑-space if (𝑋, 𝜏) is 𝑇1-space and [𝑅]. 

------------------------------------------------------------------------------------------------- 

Example (4.2): Let 𝑋 = {𝑎, 𝑏}, 𝜏 = {∅, {𝑎}, {𝑏}, 𝑋}  

Discuss whether (𝑋, 𝜏) is 𝑇3-space or not. 

Solution: The closed sets are: 𝑋, {𝑏}, {𝑎}, ∅ 

(i) 𝐹 = {𝑏} and 𝑏 ∉ 𝐹, we have 𝐺 = {𝑏} and 𝐻 = {𝑎} are disjoint open set with 

𝐹 ⊂ 𝐺 ⋀ 𝑎 ∈ 𝐻 

(ii) 𝐹 = {𝑎} and 𝑏 ∉ 𝐹 

We have 𝐺 = {𝑎} and 𝐻 = {𝑏} are disjoint open set with 𝐹 ⊂ 𝐺 ⋀ 𝑏 ∈ 𝐻  

Hence, ∀𝑐𝑙𝑜𝑠𝑒𝑑  𝐹 ⊂ 𝑋, ∀ 𝑥 ∉ 𝐹, ∃ disjoint open sets 𝐺,𝐻 with 𝐹 ⊂ 𝐺 ⋀ 𝑥 ∈

𝐻 

⇒  (𝑋, 𝜏) is [𝑅] 

Also, (𝑋, 𝜏) is 𝑇1-space, because for 𝑎, 𝑏 ∈ 𝑋, 𝑎 ≠ 𝑏 and ∃𝑜𝑝𝑒𝑛 𝐺 = {𝑎}, 𝐻 =

{𝑏}; 𝑎 ∈ 𝐺, 𝑏 ∉ 𝐺  ⋀  𝑎 ∉ 𝐻, 𝑏 ∈ 𝐻  

⇒   (𝑋, 𝜏) is 𝑇3-space  

------------------------------------------------------------------------------------------------- 


