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Chapter Four
gial) ol o Liadlly dadiiall <l ¢ Liadl)
Regular and Normal Spaces

Definition (4.1): (Regular Space) — ahiiall sladl)

We say that (X, 7) is regular space denoted by [R] if v¢!95¢d F c X,V x €

X,x & F,3disjoint open sets G,Hwith F c G Ax € H.

Example (4.1): Let X = {a, b, c}, T = {@,{a}, {b, c}, X}. Discuss whether (X, 1)

is [R] or not.

Solution: The closed sets are: X, {b, c},{a}, @

(i) F={b,c}and a ¢ F, we have G = {b,c} and H = {a} are disjoint open set
withFc GAa€H

(i) F={a}and b,c ¢ F
We have G = {a} and H = {b, c} are disjoint open setwith F c G Ab € H
Also, Fc GANc€H
Hence, v¢s¢d F c X,V x ¢ F, 3 disjoint open sets G,H with Fc G A x €

Theorem (4.1):
(1) The property (X, 7) is [R] is hereditary.
(2) The property (X, ) is [R] is a topological property.
Proof:
(1) Let (X, 1) be [R]
Let (X*, ") be a topological subspace of (X, 1)
We need to show that (X*, ) is [R]
Let F* be closed set in X~
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Letx e X*and x € F*
We have F* = FNX*
xEX"  x¢F" => x¢&F
Now, F closed setin X, x € F and (X, 1) is [R]
3 disjointopensets G, Hst. Fc GAx €H
Wehave G* = GNX* ,H" = HNX"
Since G, H are open sets in (X, 1)
= G*,H" areopensetin (X*,t%)
Now, G*NH* = (GNX)N(HNX™)
= (GNH)NX* =9NX* =0
SincexeX*,x€H = x€H"
and Fc G
= FNX*c GNX”
> F*cG*
= (X', t%)is [R]
= [R] is a hereditary property.

(2)Let f: (X,7) = (X", t*) be a homeo.

Let (X, 1) is [R]

Let F* ¢ X™ be a closed subset, and x* € X* such that x* ¢ F*
Since f is continuous

= F = f~1(F*)isaclosed setin X (i.e. f(F) = F*)
Since f onto and x* € X*

3 x € X, such that f(x) = x"

Since fis(1—1)and x* ¢ F*

= f(x) &F”

= x¢fY(F)=F

Now, F closed setin X, x € F and (X, 1) is [R]

= I disjointopensets G, Hst. Fc G Ax €EH
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Since f is open
= G =f(G)and H* = f(H) are open in X~
G*NH* = f(G)Nf(H)
=f(GNH) =f(@) =0
Now,Fc G = f(F)cf(G) = F*cG”
x€H = f(x)ef(H) = x*€H"
= Vclosedsets F*inX*,andV x* ¢ F~*,
3 disjoint open sets G*, H* with F* € G* A x* € H*
= (X*,7%)is [R]
= [R] is a topological property.
Definition (4.2): (T5- Space)
We say that (X, t) is T3-space if (X, 7) is T;-space and [R].
Example (4.2): Let X = {a, b}, T = {@,{a}, {b}, X}
Discuss whether (X, T) is T5-space or not.
Solution: The closed sets are: X,{b},{a}, @
(1) F={b}and b & F,we have G = {b} and H = {a} are disjoint open set with
FcGANa€eH
(i) F={a}and b ¢ F
We have G = {a} and H = {b} are disjointopensetwith Fc G Ab € H
Hence, veos¢d F c X,V x & F, 3 disjoint open sets G,H with Fc G A\ x €
H
= (X,7)is [R]
Also, (X, t) is T;-space, because for a,b € X, a # b and 3°P°* G = {a}, H =
{b};a€G,b&G N a¢HbeH
= (X,7) is T3-space
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