DEFINITE INTEGRAL APPLICATIONS

1 Area

a) Area between f(x) and the axis

A= I f (x )Ydx :I y dx , arearespected tox —axis

d b
A= I g(y)dy =Ix dy , arearespectedtoy —axis

b) Area between two curves
yi=f(x1), y=f(x2),  xi=g(y1),  x2=g(y2)
b

A:j(yl—yz)dx X —UEls Y4 2Ys5
d
Az'[(xl—xz)dy SV —aRIs X 2%

- dala cUlaadla
« A 058 Jadld Jalss 3 gan g Ad)a Lilae) 130 (1
. Gl adalhid (JalS5 3 gaa ¢y g (palla Lilkae | 13) (2
x onall Al dalall Jao ) 138 ¢ jgaal) o slaie Wl ¢ o8 Jadld ¢ Jalsh 3 gan ¢ g2y Jaih dl)a Lillas ) 13) (3
L Clal) adalss Q3 ¢ x=() Adlaa Ciudaly ) gaall decailly dabiad) o) 135 y=0) Aales Ciuial
Jalsil) 3gaa Jugad cund y gaall Al SUama Jalsill gang x gl duudlly dabual) culla 131 (4
. ea asad) 5 x Ny
EXAM :- Find the area bounded by the line y=2x and the x-axis from x=0, x=2 and
check the result by geometrically.

A :Tydx :J%Zxdx :xz‘z = 4unit* y=2x 24
a 0
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EXAM :- Find the area between the curves :

y =x* andtheline y =3x
Solution :

y=x> ......»0
y=3x ......(2)

x?=3x=>x?-3x =0

x(x-3)=0=>x=0,x =3

b
A=[(r,=y)dx .y, 2y,

3

&

3
:I(3x —xz)dx :%x2 —%x3 =4 5unit*
0

0

EXAM :- Find the area between the curves :
¥y =x(x*—4) and the x-axis

Solution :
y=x(xi-4)
y =0

Lx(x’-4)=0=>x=0,x =-2,x =2
A =|4)[+]4,

0 0
4, =Ix(x2—4)dx =j(x3—4x)dx =%x4
-2 -2

2 2
A, :.[x(x2 —4)dx =I(x3—4x)dx =ix4—2x2
0 0

A =|4|+|-4|=8
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EXAM :- Find the area between the line x-y=10 and the
a) x-axis b)y-axis
from x=0 , x=5

b
a) A:jydx , x—-y=10=2y =x-10
5 x2 3
= [(x —10)dx ==—-10x| =|-37.5/=37.5
0 2 0
d
b) A:jxdy , x—-y=10=2>x =y +10
-5
A= [ (y+10)dy x=0>y=-10 &x =5y =-5
-10
—1y2+10y ) =?
2 -10
2 Volumes

DEF: if f(x) > 0 cont. on |[a,b] if the area bounded by f(x) and the x-axis from x=a to
x=b rotated about the x-axis then :

b b
V, =[alf (x)Fdx =[xy ’dx

DEF: if g(y) > 0 cont. on [c,d] if the area bounded by g(yv) and the y-axis fromy=c to
y=d rotated about the y-axis then :

d d
v, =[zlg)Tdy = [zxdy
DEF :Cif the area bounc;ed between two curves is rotated about x-axis
b
V, :j”(YIZ —y%)dx V12V,
DEF :aif the area bounded between two curves is rotated about y-axis

d
v, :_[Jr(xl2 —x)dy  ,x,=x,
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EXAM :- The area bounded by the function X 2 y % =1 is rotated about the y-axis,
find the volume generated from y=1, y=2 .
Vy:zrj'xzdy , xyi=loxi=y7?

2

|
-2 .3
=7 dy =—| =—munit
Jy g y 2

EXAM :- The area bounded by the line y=x-1

a) is rotated about the x-axis b) is rotated about the y-axis
find the volume generated from those rotation from x=0,1

a)Vx:ﬁ'.[yzdx , y=x -1y’ =(x -1
—:rj(x ~1)’dx = (x —1) = gumt
0
b)V},:xszdy , y=x-1ox=y+l=x’=(y +1)’

x=0->y=-1 &x =1->y =0

0 0
=]y +)de =2y +1)
-1

-1

VA
= —unit
3

? ” Arc Length

If y=f(x) is continous with continous derivative at each point of the curve from (a,f(a))
to (b, f(b)) then

L, ody .
S =[.J1+(=)dx , - t.
I ( if I is con
dx 2 ) dy .
S=| N1+(E)d ,if  ——1is not cont.
!. GV i,
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EXAM :- Find the length of the segment of curve y = g(x 2 4+ 2)% Jromx =0,3

D _13 2 Vi) =x (x> +2)% cont.on[0,3]

dx 32
S =T,/1+(dl)2dx =i\/l+(x (x 2 +2)%)2dx
a dx 0

3
\/l+x2(x2+2)dx :jw/x4+2x2+ldx

0

Jx 2 +1)2%dx :i(x 2 +1dx

3

O — ) O — U

Ll =

—+x| =?

0

Home work

1- Find the area bounded by the line 2x-5y=10 from x=0, 10 about the x&y — axis.
2- Find the area bounded by the curves :

y:xz ) J’Z«/; x =12 .x —axis

y =sec’x , y=x ,x=-4545 ,x —axis
y=x’=y , x=y-2 ,X —axis
y=x'-2x", y=2x"-3x , X —axis

3- Find the volume generated from rotation between curves :
y =secx , y=0 ,x=4560 ,x —axis
y=+25-x*, y=3 ,x-—axis

y=cscx , y=2 ,x=4560 .,x —axis
x=1-y% , x=2+y% ,y=-11 .,y —axis
y =sinx , y=cosx ,x =0,45 ,x —axis
y=tanx , y=-1 ,x=4560 ,x —axis
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