In Mathematics, the hyperbolic functions are similar to the trigonometric functions
or circular functions. Generally, the hyperbolic functions are defined through the
algebraic expressions that include the exponential function (¢*) and its inverse

exponential functions (e™), where e is the Euler’s constant.
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TRIGONOMETRY HYPERBOLIC FUNCTIONS Al 50 J1sall
_ e’ —e

ﬂStnh(x):T , D, =R, R, =R

— e’ +e

2 Cosh(x):T , D, =R, R, =[l,0)

3] tanh(x)=2rn) e —e D, =R , R, =(-L1)

— Cosh(x) e" +e™

4] coth(x)=S0Sn) e e D, =R—1{0} , R, =R —{0}
Sinh(x) e —e™ ‘

— 1 2

5| Sech(x) = = —, D, =R, R, =(0,1]
Cosh(x) e* +e™” ‘ ‘

— 1 2

6] csch(x)= D, =R-{0} , R, =R—-[-L]]

Sinh(x) :ex —e ™’
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Some rules :

1) cosh(x)+sinh(x)=e" (2) cosh(x)—sinh(x)=e "
3) cosh’(x)—sinh*(x)=1 (main rule)

4) 1—tanh*(x ) =sech’(x) (5) coth’(x)—1=csch’(x)

8) sinh(x *+ y)=sinhx coshy *sinhy coshx = sinh(2x ) =2sinhx cosh y

<

3)

4)

(6) coshz(x):%(costh +1)  (7)sinh’(x) = %(cosh2x ~1)
8)

(9) cosh(x +y)=coshx cosh y *sinhx sinhy => cosh(2x ) =cosh’®x +sinh’x
< tanhx *tanhy 2tanh x

10) tanh(x £y )= = tanh(2x ) =

] +tanhx -tanhy 1+ tanh®x
The proof:
l)cosh(x)+sinh(x):e” Te e e
2 2
2e” x
= =g
2
2)cosh(x)—sinh(x):e te ¢ ~¢
2 2
2e" —x
= :e
2

3) cosh”(x ) —sinh”(x ) =[cosh(x ) + sinh(x )][cosh(x ) — sinh(x )]

—e* e =e’ =1
Ex: Find the value of cosh(0) , sinh(0)

0 —0
cosh(0) =5 1

0 -0
e —e

sinh(0) = =0
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HYPERBOLIC TRIG. FUN. DERIVATIVE :

(1) isinhx =coshx — Gen. = isinhu =coshu -du
dx dx
d : d .

(2) ——coshx =sinhx — Gen.—=> —coshu =sinhu -du
dx dx
d 2 d 2

(3) ——tanhx =sech” x — Gen. = —tanhu =sech“u -du
dx dx

<4> icothx ——csch?x = Gen.> icothu = —csch?u -du
dx dx
d d
<5> d—xsechx = —sechx tanhx = Gen. > d—xsechu = —sec hu tanhu -du

<6> ;—xcschx = —cschx cothx = Gen. = ;—xcschu = —cschu cothu -du

PROOF
<l> iSlnhx :ie —e e re =coshx
dx dx 2 2
(3) itanhx :i[ex —e _ (e* +e " )e" +te " )—(e* —e )t —e™)
dx dx e’ +e (e +e™)’
" H2+4e) (e +2+e ™)
(e* +e™)
4 2

= = I’
(e* +e )2 e’ +e”

—sech’x

d
Exam :Find dl to the functions :
X

1] y =tanh(x?)
y'=2xsech’(x?)
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y :esinh3x

y'=e"™¥ .cosh3x -3
y =Ln(l+cosh4x)
,  4sinh4x

1+ cosh4x
y =(cschx )™
Lny =Ln(cschx )"™ =Lnx -Ln(cschx)
| —cschx cothx  Ln(cschx)
—y ' =Lnx - +
¥ cschx X
Ln(cschx )]

X
Ln(cschx )]
X

y'=y[Lnx -—cothx +
y' = (cschx )™ [-cothx - Lnx +

INVERSE HYPERBOLIC TRIG. FUN.

(1) sinh™ (x) = Ln(x +~x > +1)
(2) cosh™'(x)=Ln(x +x2-1)

l+x
l—x)

(4) coth™(x) =%Ln !

(3) tanh™'(x) —%Ln(

X —1)

1+V1-x

(5) sech™(x)=Ln(——————)
x

I+ 1+x2

(6) cs ch™(x)=Ln (x—)
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INVERSE HYPERBOLIC TRIG. FUN. DERIVATIVE :
(1) isinh—‘(u): L du
dx uldx
1 du
«/u _ dx
L du
1—u’dx
L du
1- uzdx
— du
uNl-u 2 dv

-1 d_u

(2) icosh_1 (u)=

d .
(3) atanh )=

(4) %coth_l )=

(5) disech (w)=

exam :
1) y =sinh™'(3x)
, 3
V1+9x?

2) y =cosh™'(e)

3) y =sech”'(Inx)
. -1

_x Inxv1-In’x

4) y =(coth™ (™))’

y'=5(coth™ (™" ))[ __h]

Homework

if  tanh(x )= _54 , show that : sinh(x )+ cosh(x ) = ;’

Find the value of cosh(In4)?

29



531
L
—

ey <

(6.

Sine Function with

a Restricted Domain Inverse Sine Function

y = sin x y = arcsin x
Domain:{x:—%ﬂxﬂ%} Domain = {x: =l = x = |}
Range = {y: -1 =y = I} Range:{y:—%iyi-%}

GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS

The trigonometric functions are not one-to-one functions. By restricting the
domain of each function

Inverse of the Sine Function

The graph of y = sin x is shown below on the left. When the graph of y = sin x
is reflected in the line y = x, the image, x = sin y or y = arcsin x, is a relation that
is not a function. The interval =5 = x = 5 includes all of the values of sin x from
—1tol.
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Inverse of the Cosine Function

When the graph of

y = cos x 1s retlected 1n the line y = x, the 1mage, x = COS y OI y = arccos x, is a
relation that is not a function. The interval 0 = x = 7 includes all of the values

of cos x from —1 to 1.

yD A
1’3} — x

T ”
I"
,
4
'f
#
"" x
, —4
J Y = COS X
'f
’I rim

"#
P X = Cosy
Cd
» Y

-
-

y = arccos x

f ) ;
-1 I 1

Cosine Function with a
Restricted Domain

Inverse Cosine Function

y = cos x
Domain = {x:0 = x = 7}

Range = {y: -1 =y =1}

y = arccos x
Domain = {x: -1 =x =1}

Range = {y:0 =y = 7}
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Inverse of the Tangent Function

The graph of y = tan x is shown below on the left. When the graph of y = tan y
is reflected in the line y = x, the image, x = tan y or y = arctan x, is a relation
that is not a function. The interval —5 < x < 5 includes all of the values of tan
x from —= to .

A x=tany

|
1
3o X

f
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Tangent Function with a

Restricted Domain Inverse Tangent Function

y = tan x y = arctan x
Domain = {x; -Z<x< %} Domain = {x : x is a real number}
Range = {y :y is a real number} Range = {y: T <y< %}
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