Inverse of the Tangent Function

The graph of y = tan x is shown below on the left. When the graph of y = tan y
is reflected in the line y = x, the image, x = tan y or y = arctan x, is a relation
that is not a function. The interval —5 < x < 5 includes all of the values of tan
x from —= to .
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Tangent Function with a

Restricted Domain Inverse Tangent Function

y = tan x y = arctan x
Domain = {x; -Z<x< %} Domain = {x : x is a real number}
Range = {y :y is a real number} Range = {y: T <y< %}
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sec! x. Restrict sec x to the union of [0, t/2) and [, 37/2). Then the domain of sec™ x consists of all y such
that |y| > 1 and

y=sec'x ifandonlyif secy=x
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esc! x. Restrict csc x to the union of (0, /2] and (7w, 31/2]. Then the domain of c¢s¢™' x consists of all y such
that |y| = 1 and
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(a) y=csc x
The above definition implies that the signs of cos & and sin  are determined by the quadrant in which point B lies.

In the first quadrant, cos & = 0 and sin # > 0. In the second quadrant, cos 8 < 0 and sin § = 0. In the third quadrant,
cos € < 0 and sin 6 < 0. In the fourth quadrant, cos # > O and sinf <0 T
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Example

Differentiate log, (22 + 3z + 1).

Solution

1

d
. log, (2 4+ 3z + 1)

2¢ + 3

Example Find £ (%),

Solution
d 32 32 d
— (e — Ja : ,/2
d:z:( ) e x d:r:(3I )
_ 6:1:&3"'2.
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y=xcsc"( )+\f1—x2 forQ<x< 1.

1
X

y=x % 'll = |+ csc‘l(%)+%(l —x?)"?(-2x)=csc™! (%)
x? -1
y =$tan‘l(%tanx)
s 1 1 b _ 1 a* b ... _  sec’x
Y = ab i (bt 2 Dx(atanx) Taba@ +bhanixa s Y @ +btan’x
+ E H.HJC)
_ 1
a’cos’ x +b?sin’ x
Find the derivative of the function.
a. f(z)=csc}(5z® +1)
d d
d—f = d—CSC_1(5$2 —+ ].)
T T
! d (5z% +1)
= — — (5
522 + 1|,/(52% +1)2 — 1 dz
10z

a2+ 1)/ F 1) —1

b. f(z) = (tan!(2z))?

6(tan1(2z))?
1+ 4z

f'(z) =
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d. f(t) =In(sin ' ¢)

df
dt  dt

sin 1¢y/T — 2
e. f(z)=sec }(z*?)

2

f=)= 2|z|y/x3 — 1

f. h(s) = cos '(log, s)

1

h'(s) = —
(#) (In2)s,/1 — (log, s)?
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g f(z)=(cot tz)'/?

1

F@) = T ) cot 1 2

h. g(t) =sin (39

Given f(z) = 1 + In(z — 2), first show that ! exists, then compute [f1]'(1).

Lety = f(z) = 1+ In(z — 2). Then,

y—1=In(z - 2)

eV 2i2=0¢
Therefore f1(z) = e* 1 + 2.

F1(1)=¢€"+2=3.50,
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Find the derivatives of sin *(z) + cos !(z) and (z2 + 1) tan *(=z).

We first differentiate sin~! z + cos ' z using the formulas for the derivatives of inverse
trigonometric functions:

B 1 1
V1— 22 V1—z?

ar (sin_l z +cos ! x}
I

Next, we differentiate (2 + 1) tan ! z:

d  , 1 1 22+ 1
—_— +1)tan "z =2z tan "z +
. (z ) T T T T2
—2ztan lz +1

Differentiate y = sin ' (22) and y = tan—!(3z).

3

d
— tan 1(3z) = ————
( ;r:] 1+ 9z2

dz

Example: Solve cosh? x — sinh? x

Solution:

Given: cosh? x — sinh? x

We know that

Sinh x = [e—e*]/2

cosh x = [ex + e*]/2

cosh?x —sinh?2x = [ [ex+ eX]/2 |* - [ [e*—e*]/2 ]?
cosh? x —sinh? x = (4e) /4

cosh? x — sinh? x = (4e°) /4

cosh?x —sinh?’x=4(1)/4=1
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Therefore, cosh? x —sinh2x =1
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