(if) Indirect method (or Iterative methods)

Definition 1:
A vector on R", the collection of all n-dimensional column vectors with real
components, is a function, ||.|| from R" into R with the following properties:
i) |[x||=0 for all xeR".
i) |[x||=0 if and only if x=0.
iii) ||ax||=|at| |[x|| for all xeR" and aeR.
V) [[x+ylI<[Ix|[+[ly] for all x,yeR"

Note:
If only i, iii, iv are satisfied, ||.|| is called semi-norm.

Definition 2:
The L;, L, and L., norms for the vector (X1, X,, ..., xn)' are defined by

L |Ix ||1:Zn:| X | (First norm)
i=1
Lo: Ix]l,= /Zn:xf (Euclidean norm)
n=1
and
L. |Ix]|.= rln_ax{| X; |} (Infinite norm).
Example 9:

The vector x=(-1,1,3)" in has R® norms
3
||XI|1=Z|Xi |=[-1]+[1]+[3]=5

=1
3
Il X ||,= /Z 2 = \1+1+9 =11
n=1

1 IL=max{] x; [} = max{ ~1},|1}|3[}=3

Definition 3:
If x,yeR", the Ly, L, and L, distance between x and y defined by

Li x-ylh=30% -y (First norm)
i=1
Lo: Ix-yl,= /Zn“(xi—yi)2 (Euclidean norm)
n=1
and
L. ||x-y||w:?<1_elx{|xi-yi I} (Infinite norm).
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Iterative methods:

(1) Jacobi Method:
From the linear system of equations:

ap1XptagXot. . . FanXa=hy
A1 XqHapXot. . . FagXa=h;

AniXgHanXot. .. FanXa=by

We generate the iterative equations:

X£k+1) _ b1 _alzx(zk) _a13xgk) _'”_alnxgk)
ay

X(2k+1) _ bz —alef" _azaxgk) _"'_aznxﬁk)
s

Xgerl) _ bn _anlxik) _anzx(zk) _“'_an,n-lxg(-)l
a

nn

Where k is number of iterations i.e. k=0, 1,.... We stop iteration if [x* —x®|<efor

any k and all i=1, 2, ...,n. To solve above system, we need an initial approximate
Xy X,
©

. X . X
solution x® =| "2 | to the solution x =| "2

and generates a sequence of vectors
x© X
{x®}”  that converges to X.

n
(x)
b - a;x!
-1

In general x*V=—32 ____ i=1,2,...,n; k=0,1,....
a

Note: The sufficient condition for convergence is [a;|> Z\aij ,1=1,2, ..., n.
j=1

J#i
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Example 10:
Solve the system 4x-y+z=7
4x-8y+z=-21
-2X+y+5z2=15
by using Jacobi method with x@=y©@=z%=0,

Solution: Since |aii|>23:\aij\, i=1, 2, 3.
oL
X(k+1):[7+y(k)_z(lj<)] /4
y V=[-21-4xM-z21-8; k=0, 1, ...
20D=[154+2x®-yM]/5

since x®=y¥=2=0,
xO=[7+y0_70)/4= %
yO=[-21-4x0-2) 8= 2!
Z(l):[15+2X(O)_y(o)]/5:3

If [x®-xO|>e, y®-y®|>e and [z -2°|> ewe must find x®, y® and 2.

xO=[7+yW-zM)/4= {7 + %1 - 3} 14

58
32

y?=[-21-4x1-z1))-8=[-21-7-3]/-8 = %1

zM=[15+2x-y /5= [15 + % - %1}/ 5= %

And so on

Example 11:

Solve the system by using Jacobi method with accurate €= 107°
4x; + 2x,+x5; = 11
2x, + x,+4x3 = 16
—x1 + 2x, =3

With x©9=(1,1,1)"
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Algorithm of Jacobi Method

Input: n, a;j, bi Xei, ¢ , N
Step (1): Set k=1
Step (2): If k < Ncompute the steps 3-6
Step (3): For i=1,2,...,n set
Xi = [bi - Zn:aijxoj]/aii

j=1, j=i
Step (4): If |x—x,|<e then X is the solution and stop
Step (5): Else set k=k+1
Step (6): Set Xpi=X;, fori=1,2,...,n
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