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(4) Newton-Raphson method: 

 Suppose that the function f  is twice continuously differentiable on the 

interval [a, b], that is fC
2
[a, b]. Assume that the initial approximation x0 is near 

the root P. Then the graph of  y = f (x) intersects the x-axis at the point (P,0), and 

the point (x0, f(x0)) lies on the curve near the point (P,0). Define x1 to be the point 

of intersection of the x-axis and the line tangent to the curve at the point (x0, f (x0)).                                    

             
       

     
                                                                             (1)  

 which is the slope of the line through (x1,0) and (x0, f (x0)),  and   since the slope at 

the point (x0, f(x0)) is   

                                                                                                (2) 

 then equating the values of the slope  m  in equations (1) and (2) and solving for x1 

we have: 

               
      

     
 

            
             

             
     

      
 

This process can be repeated to obtain a sequence{xi} defined by the iteration  

        
       

        
                                                                   (3) 

that converges to P. Equation(3) is the formula of the approximate root for the 

Newton-Raphson method                                                                         y=f(x) 

                                                                                                                                                                          (x0,f(x0)) 

 

 

                                                                                          P      

                                                                                                                                                                                                                            
                                                                                                            x1           x0 
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Example (9): 

  Find the root of the equation           with x0=-2.4 ,and =5*10
-5  

by using Newton-Raphson method.  

 

Solution:  

Since               then               and  x0=-2.4 ,use the formula 

        
       

        
                                                                        

i=1                       
     

      
       

       

        
 

                                     
                 

          
          

  5

01 10*53237.0)4.2(0763.2  xx
 

                                                            

i=2                       
     

      
          

          

           
 

                                           

  5

12 10*5)0763.2(- 2.003699-  xx
 

                                                               

 

i=3                       
     

      
            

            

             
 

                                           

  5

23 10*5003690.0)003699.2(- 2.000009-  xx
 

                                                               

i=4                       
     

      
    

 5

34 10*5000009.0)(-2.000009-2-  xx
 

The iteration is stop with the root                                           
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Algorithm (Newton-Raphson method)  

Input: x0,  , f(x) 

Step(1): Set i=1   

Step(2): Compute        
     

      
  

Step(3): If    0xx  then print x is a root and stop.  

Step(4): Else if  set x0= x  and  i=i+1  then go to step(2). 

  

 

Special cases of Newton-Raphson method 

1- Find the square roots (i.e. √ ): 

Let  f(x)=x
2
-a  

If f(x)=0 then   √  

By using Newton-Raphson formula in equation(3) we have 

                                         
       

        
  

      
    

   

     
  

 
     

      
   

     
 

                                                    
 

 
      

 

    
                       

                                             

Example (10): Find the square root of the number 5 (i.e.  √ ), take 610  by 

using Newton-Raphson method. 
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Solution: Set             and           , take x0=2 

Now by using Newton-Raphson formula we have: 

               
    
   

     
  

             
 

 
      

 

    
   

i=1                           
 

 
(   

 

  
)  

 

 
(  

 

 
)        

  6

01 10 xx
 ,     x0=x1 

i=2                           
 

 
(   

 

  
)            

6

12 10 xx
 ,     x1=x2 

 

i=3                           
 

 
(   

 

  
)            

6

23 10 xx
 ,     x2=x3 

i=4                           
 

 
(   

 

  
)            

6

23 10 xx
   

stop with x4=2.236068 is the root. 

 

2- Find the k
th

 root for a>0 (i.e. √ 
 

) : 

Let   f(x)= x
k
-a   1)(  kkxxf  

If f(x)=0 then k ax  , By using Newton-Raphson formula in equation(3) we 

have 

k

iik

i

k

i
i

i

i
ii x

k

a
x

kkx

ax
x

xf

xf
xx 











 














 1

111

1

1
1

1

1
1

1
1

)(

)(

       
; i=1, 2, … . 
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Example (11): Find   √ 
 

  , take 410  by using Newton-Raphson method. 
 

 

Solution: Set             and            , take x0=1.2 

Now by using Newton-Raphson formula we have: 

2

112

1

3

1
1

1

1
1

3

2

3

1
1

3

2

)(

)( 











 














 ii

i

i
i

i

i
ii xx

x

x
x

xf

xf
xx

  
 

        ,             ,                    ,                     ,                       

 

3- Find 0   ,
1

a
a

 without using division : 

      Let a
x

xf 
1

)( , 
2

1
)(

x
xf  . If f(x)=0 then  

a
x

1


 

 

Now by using Newton-Raphson method we have:  

  

11

2

111

2

1

1
1

1

1
1 )2(

1

1

)(

)(










 








 iiiii

i

i
i

i

i
ii xaxaxxx

x

a
x

x
xf

xf
xx

  

,  i=1, 2, … . 

Example (12):  Use Newton-Raphson method to find  
4

1
  , take x0=0.15, 

410  . 

Solution:  Let 4
1

)( 
x

xf , 
2

1
)(

x
xf  . 

     

111 )2(
)(

)(
 


 ii

i

i
ii xax

xf

xf
xx

       

, i=1, 2, …  

                         

     4

01 10 xx
 ,     x0=x1 

     
                    

                ,                   ,                   

     stop since 4

45 10 xx
 . 
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Home work: 

  Find an approximate root of equation f(x)=x sin(x)-1=0 in the interval [0,2] 

by using Newton-Raphson method with x0=1, and 510 . 
 

                                                                                      Properties of the Newton-Raphson method خواص الطريقة

 . (Quadratic convergent)تربيعية   Newton-Raphsonسرعة الاقتراب في طريقة  -1

)(0تتطلب حداب مذتقة الدالة عند كل تكرار ولايمكن ضمان التقارب عندما  -2 
ixf.  

لان نقطة البداية يجب ان تكهن قريبة من الجذر  (Locally convergent)نهع الاقتراب محلي   -3

 .الحقيقي

2صيغة الخطأ في طريقة نيهتن رافدهن هي  -4

1
2

ii e
m

M
e 

 
|)(| ,حيث ان  xfm      Mxf  |)(|

 .P ,ix في الفترة التي تحتهي  xلكل قيم 

 


