(4) Newton-Raphson method:

Suppose that the function f is twice continuously differentiable on the
interval [a, b], that is feC?[a, b]. Assume that the initial approximation X, is near
the root P. Then the graph of y = f (x) intersects the x-axis at the point (P,0), and
the point (X, f(Xo)) lies on the curve near the point (P,0). Define x; to be the point
of intersection of the x-axis and the line tangent to the curve at the point (Xo, f (Xp)).

m = 0—f(xo) (1)

X1—Xo
which is the slope of the line through (x,0) and (X, f (Xo)), and since the slope at
the point (Xo, f(Xo)) is

m = f"(xo) (2)

then equating the values of the slope m in equations (1) and (2) and solving for x;

we have:
/ _ —f(xo0)
fxo) = 728
(x1 — x0)f'(x0) = —f(x0)
_ _ f(xo)
1T X0 T g

This process can be repeated to obtain a sequence{x;} defined by the iteration

f(xi-1) :
X; = Xj_q1 — Wl_ll) ,  1=123,.. (3)

that converges to P. Equation(3) is the formula of the approximate root for the

Newton-Raphson method 1 y=f(X)

(%o, f(x0))
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Example (9):

Find the root of the equation x3 — 3x + 2 = 0 with x,=-2.4 ,and ¢=5*10"
by using Newton-Raphson method.

Solution:
Since f(x) = x3—3x + 2then f'(x) = 3x% — 3 and x,=-2.4 ,use the formula

f(xi—1)
flxi—)
. f(xo0) f(=2.4)
j=  — =y — 12 — 94—
X1= %0 750 F(24)
_ (—2.4)3-3(-2.4)+2 _

= —2.4 - R = —2.0763

X, —X,| =|-2.0763—(-2.4)| =|0.3237 > £ =5*10°

X; = Xj—1 — | = 1,2,3,

— > X9 =x1, =-—2.0763

o — o fe) _ f(-2.0763)
1=2 Xy = X1 7505 2.0763 T(C2.0763)

= —2.003699
[, —%,| =|-2.003699- (-2.0763)| > £ =5*10°°

S x; =x, = —2.003699

i — N 1 C2) _ f(=2.003699)
1=3 X3 =Xz = 505 2.003699 (22003699

= —2.000009
[, — X,| = |- 2.000009- (~2.003699) = 0.003690> & = 5*10°°

5 x, =x3 =—2.000009

: f(x3)
i=4 = oy, =x— L2 = 2
X4 X3 f(x3)

[X, — X;| =|- 2- (-2.000009 = 0.000009< & =5*10°°

The iteration is stop with the root x, = —2
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Algorithm (Newton-Raphson method)
Input: Xo, ¢, f(X)
Step(1): Set i=1

£ (xo)
f(x0)

Step(3): If |x—x,|<& then print x is a root and stop.

Step(2): Compute x = x, —

Step(4): Else if set xo=x and i=i+1 then go to step(2).

Special cases of Newton-Raphson method
1- Find the square roots (i.e. va):
Let f(x)=x’-a
If f(x)=0 then x = Va

By using Newton-Raphson formula in equation(3) we have

_ f(xi-1)
%=X e
2
= Xj_1 —
2X;_1

2 2
_2xi,—xi_1ta

2Xi-q

= (i +—o),  i=123,.

a
Xi-1

Example (10): Find the square root of the number 5 (i.e. /5), take &=10° by

using Newton-Raphson method.
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Solution: Set f(x) =x?—5 and f'(x) = 2x, take X,=2

Now by using Newton-Raphson formula we have:

2

— v Xi—175
xl - xl—l 2%i—1
1 5
=3 (xi—1 + xi-1)
. — 1 5 1 5
|:1 x1=—(x0+—)=—(2+—)=225
2 X0 2 2
-6
X, —X,| >&=10 X=X

i=2 = x,=—(x +—)=2236111

X1

i=3 = x;=—(x,+—) = 2236068

X2

X3 —X,|>&=10"  X=Xa

i=4 xy =2 (% + xg) = 2.236068
X; = X,| <& =107

stop with x4,=2.236068 is the root.

2- Find the k™ root for a>0 (i.e. Va) :
Let f(x)=x“a = f'(x) =kx*?
If f(x)=0 then x= K/E, By using Newton-Raphson formula in equation(3) we

have

k
xi:xi1—M:xil—xil—kjla:(l—ljxil+gxillk i=1,2, ...
F(x) kX k k
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Example (11): Find /2 , take £=10* by using Newton-Raphson method.

Solution: Set f(x) =x3—2 and f'(x) = 3x?, take X;=1.2
Now by using Newton-Raphson formula we have:

3 j—
Xi = X1 _M =X~ al 2 2 = [1_ljxil + gxlizl
(%) 3x7, 3 3

Xg = 1.2 y X1 = 1.26296 y Xo = y X3 = N

3- Find é, a=0 without using division :

Let f()=2—a, f'()=——. Iff(x)=0 then x=—
X X a

Now by using Newton-Raphson method we have:

f(xi) X ‘_
X =X, —TX;) =X, _l—i =X, + X, —axt, =(2-ax_ )X, , I=1,2,....

Example (12): Use Newton-Raphson method to find % , take x¢=0.15, ¢=10" .

Solution: Let f(x)=%—4, f'(x)=—i2.
I X
X, =X, — o) _ (2-ax )X, V=12, ..

f'(x;)

x1 = (2 —4xy)x, = 0.21

X, —X,|>&=10"" X=X

Xy = (2 —2xy)x; = 0.2436

x3 = 0.24984, x,=0.24999 , x5 =0.249996
stop since |x; —x,|<e=10"* _
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Home work:

Find an approximate root of equation f(x)=x sin(x)-1=0 in the interval [0,2]

by using Newton-Raphson method with Xo=1, and =107

Properties of the Newton-Raphson method Ay hal) Lalgd
- (Quadratic convergent) 4u5s Newton-Raphson dayl & Y| de y —1
CF(x) 20 Laaie ol leca oKas 1S5 JS aie Alal dfide Gl cillin =2
Dl e dnjd (s o) o Dlad) Al (Y (Locally convergent) (se ¥l g5 =3

(700 M L Ml F(] o Sam 6y < eF Oyl i Taha b (sl asea =4

%, P ngh:‘?;d\g)ngﬁédﬁ
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