(5) Fixed-point iteration method:

We consider method for determining the solution to an equation f(x)=0 that
Is expressed for some function g in the form g(x)=x.
A solution to such an equation is said to be a fixed point of the function g. If a
fixed point could be found for any given g, then every root-finding problem could
also be solved. If we take X as the initial point then the iterative formis

Xi+1=0(Xi)

that is: X;= g(Xo) , X2=0(X1) , Xs=g(x2) and so on.

Example (13): Find the approximate root of the equation x?-2x-3=0 by using

fixed-point method with take x,=4 .

Solution: We find the exact roots of this equation f(x)= x*-2x-3=0 —>
(x-3)(x+1)=0 —> x=3 and x=-1

Case(l): f(x)=x*2x-3=0 —> x = g, (x) = V3 + 2x

—> X1 = 91(x) = /3 + 2x;

=0 ==, = gi(x0) =+/3+ 2%, =/3+2(4) =3.3166

=] m—x, = gi(x;) = /34 2%, =4/3+2(3.3166) = 3.1037

(=2 m— iy, = g,(x;) =+/3+ 2x, = /3 +2(3.1037) = 3.0344

=3 == x, = g;(x3) =+/3+ 2x3 = /3 +2(3.0344) = 3.01144

=4 m—xc = g,(x,) = /3 + 2x5 = /3 + 2(3.01144) = 3.0038

So on, we converge to the root (x=3).

Case(2): x*-2x-3=0 — x*-2x=3 —x(x-2)=3 —x=3/(x-2)
3
x—2

x = g,(x) =

3
—> Xiy1 = g2(x;) = —

Xi—2
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3
x0—2

1=0 m—x, = g,(xp) =

=2 =15
4-2
-3 —_¢

3
-2 1.5-2

X1

=1 =—x, = g,(x;) =

i:2 —X3 = gz(xZ) = LZ == _0375

Xy—
=3 w—x, = g,(x5) = x:—_z = —1.2632
= w— . = g, (x,) = xj—_z = —0.9193

So on, we converge oscillating to the root (x=-1).
Case(3): x%2x-3=0 —> x*-3=2x —x=(x%-3)/2

2_3
> x=g3(x) = xT

> Xiy1 = g3(x) =

Xi2—3
2

x02-3 _ (4)*-3
2 2

i:O —xl - g3(x0) - 65

x12—3

=19.625

i=1 I Xy = g3(x1) =

2_
=2 === x; = g(x) == = 191.0703

2_3

i=3 == x, = g;(x3) = =_— = 1825242977

So on, we obtain divergent.
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Note: The following theorem gives sufficient conditions for the existence and

uniqueness of a fixed-point.

Theorem:
If geCJa,b] and g(x) [a,b] for all xe[a,b], then g has a fixed point in [a,b].
Further, suppose g'(x) exists on [a,b] and |g'(x)|<k<1 for all xe(a,b). Then g has a

unique fixed point r in [a,b].

Example (14): Find the approximate root of the equation x*+4x°-10=0 in the

interval [1,2] by using fixed-point method with take xo=1.5 .
Solution: The equation x*+4x3-10=0 has a unique root in [1,2]. There are many

ways to change the equation to the form x=g(x) as follows:

(@) x=g,(x) =x—x>-4x* +10 (b) x=g,(x)= 104y
X
1 10
(€) x=g,(x)==~v10-x° (d) x=9,(x) = ,|-——
2 4+ X
x® +4x%-10
e = =X e

To approximate the fixed point of a function g, with the initial
approximation xo =1.5 and generate the sequence {x}", by letting x,, = g(x) for
each 12>0.

(@) | 9,(.5) | -8.75|>1 (diverge) (b) | g5 (1.5) |4 5.17 > 1(diverge)
(C) | 95(1.5) |5 0.6556]<1(CONVErgE)  .evivriirieniiiieneenann.

If we use gz(x) to find a fixed point:
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X, = 0,(%,) =1.2870
X, = 0,(%) =1.4025

X = 05(X,) =1.3455

Xo0 = 03(X;) =1.3652

Algorithm (Fixed-point method)

Input: Xo, ¢, g(X)

Step(1): Set i=1

Step(2): Compute x = g(x)

Step(3): If |x—x,| <& then print x is a fixed point and stop.
Step(4): Else if set xo=x and i=i+1 then go to step(2).

Home work:

Find the solution of the equation f(x)= x*-x-2=0 by using Fixed-point

method with x,=2.5, and ¢ =5*10".
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