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Directional Derivatives and Gradients
Cila il 5 dalady) Ciliiil)

Definitions and Theorems: <l plal g iy slad

e Letz = f(x,y) be a function whose partial derivatives exist. The gradient of f is the vector :
saniall ga f ozl Ol Baga e A e il L d A z = f(x,y) oSS
gradf(x,y) =Vf(x,y) ={f. ) = LGy)i+ f,(x, )]

e Let u be a unit vector in the plane, and let f be a differentiable function of x and y. the

directional derivative of f in the direction of u is:
et U ola) (A F 2 Aalasy) Asiiall (8 y s x ) SIS ALE s oSl o5 sl 883 g ania U OS]

Dyf(x,y) =Vf(x,y).u

o D,f(x,y) =|IVf(x,v)|l.cosd where 8 is the angle between the gradient and the unit vector
u. the directional derivative is a maximum when cos@ = 1 and mimimum when cosf = —1

e S8 Ladie (S oSel O el e\Ai_"u.n\ A (e Al Ll il maximum 4Ses 4ad HS) oy
(VS S maays cosh = 1 Aladloda 3G = 0 4 )

‘ maxD, f(x,y) = [IVf (x, y)
dad 5S Ladie Sy oBle () $El aladinl JOA (e o dalaV) S mimimum 4iSee dad JB) A0y

SV O s cosO = —1 Al oda 39 = 180 Lyl
minD, f (x,y) = —||[Vf(x, Y)I|

Example (1): Find the gradient of the function f(x,y) = ylnx + xy? at the point (1,2).
Solve:

VFCOY) = (e fy) = &+ Y7 lnx + 2xy)

VF(1,2) = (§+ (2)2,In1+2(1)(2)=(2+4,0+4)=(6,4) =6i+4j

Example (2): Find the gradient of the function f(x,y,z) = x? + y? — 4z at the point (2,-1,1).
Solve:

Vf(x,y,z) = (f;c ny ;fz> = <2x ,Zy, _4>
VF(2,—1,1) = (2(2) 2(—1), —4) = (4, —2,—4) = 4i — 2j — 4k

Example (3): Find the directional derivative of the function f(x,y) =4 —x? — iyz at the

. . . - T\ . . TT\ .
point (1,2) in the direction of u = (cos 5) [+ (Sm 5)]
Solve:
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Dyf(x,y) =Vf(x,y).u .
ViCe,y) ={fx ) =(-2x,— Ey)

1
Vi(,2) =(-2(1), -5 () ={(=2,-1)

D, f(x,y) =(=2,—1).(cos g, sin g)
T

Duf (x,y) = (=2)(cos3) + (1) (sin3)

= (—2)(0.5) + (—1)(0.866) = —1 — 0.866 = —1.866

Example (4): Find the directional derivative of the function f(x,y,z) = x? +y? +z? atthe
point (1,1,1) in the directionofu =i —j + k
Solve:
D.f(x,y,z) =Vf(x,y,2).u
Vi, y,2) = fe, fy, f2) = (2%, 2y, 22)
VA(1,1,1) =(2(1),2(1),2(1)) =(2,2,2)
D,f(x,y,z) =(2,2,2).{1,-1,1)
Duf(x,y,2)=2)(D+ DD+ @) =2-2+2=2

Example (5): Find the maximum value of the directional derivative of the function
f(x,y) = x?+ 2xy atthe point (0,1) .
Solve:

maxD,f(x,y) = IVf(x, Yl
Vi(x,y) ={fx, f,) = (2x + 2y ,2x)

V£(0,1) = ((2(0) + 2(1)),2(0)) = (2,0)
maxD, f(x,y) = |[VF(O,D|| =22+ 02 =4 =2

Example (5): Find the minimum value of the directional derivative of the function
f(x,y,z) = xy?z?% at the point (2,1,1) .
Solve:
minD, f(x,y,z) = —|[Vf(x,y, 2)ll
Vi(x,y.2) =fx . fi f) = (¥?z? 2xyz?*,2xy*z)
VA(2,1,1) = ((1)*(D)* ,2(2)(D(D)*,2(2)(D)* (1)) =(1,4,4)
minDyf(x,y,2) = —=||VF(2,1, )| = —/12 + 42 + 42 = —/1 + 16 + 16 = —/33 = —5.74




