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Differential equation of first order and first degree
First-order and first-degree differential equations generally take one of two forms:

d
&y _ F(x,y) or M(x,y)dx+ N(x,y)dy =0

dx
SN (gaal ale S Y1 Aa el W) AU e Alalall e alaall 38
There are several types of first-order and first-degree differential equations:
1- Equations whose variables are separated. Ll i duadii Al Y alxal)

2- linear differential equation. daladl) Aulialatl) Adaladll
3- Complete differential equation. Al lalal) Adatadl)
4- Non-Complete differential equation. Ll e dlialal) ddaladll
5- Homogenous differential equation. dilaial) Alalal) daladl)

linear differential equation
These are the equations that lead to the following form:

d dx
d—i’+p(x)y = Q(x) or d—y+p(Y)x =Q(y)

The linear differential equation is solved as follows:
1) Estimate the Integration Factor [. F = e/ P()dx
2) Write the final form of the general solution of the differential equation
y.(I.LF) = [Q(x).(I.F)dx + ¢
Example (1): Compute the general solution of differential equation

d
24 Z=x2-1
dx X

Solve:

_1 — X%
pE ==, 0@ =x>-1

I.F = eJp()ax
I.F = ef%dx =el™ =y
y.(I.F) =fQ(x).(I.F)dx+C

y.x = f(x2 — Dxdx + ¢

xt  x?
y.x=f(x3—x)dx+c - yx=z—7+c
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Example (2): Compute the general solution of differential equation
Z—; + rtan(0) = cos(0)

Solve:

p(@) =tan(@) , Q(6) = cos(h)
I.F = eJr(®)ad

sin(0)
ILF = eJan®d0 — glcos@? — =inlcosO)] = (cos(g))~ =

cos(0)

r.(I.F) =jQ(9).(I.F)d9+c
1 1
r'cos(e) = fcos(@)md9+c

r.sec(f) = f 1d6 + ¢

r.sec(8) =60 +c

Example (3): Compute the general solution of differential equation

dy + 2xydx = xe ™ dx
Solve:
dy + 2xydx = xe™dx  +dx

d

d_ic] + 2xy = xe ™"

p(x)=2x , Q)= xe ™

[.F = e/ p()dx > I.F = ef2xdx = ox*

y.(I.F) =jQ(x).(I.F)dx+c
y.e’“2 = fxe‘xz.exzdx+c
y.eX = [xdx +c

x2

y.e*’ =7+c

Example (4): Find the particular solution to the equation y = 2(2x — y)
with Initial condition y(0) =1
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Solve:

dy dy

a—4x—2y - a+2y—4x
p(x)=2 , Qx)=4x

I.F =elp®ax o [ F=el2dx = g2

y.(I.LF) = f Q(x).(I.F)dx + ¢

y.e?X = f4x.ezxdx +c - yeXE= 4fx.ezxdx +c

jx.ezxdx Lpidbdall yu=x - du=dx
1

dv=e*dx - v= Eezx

1 1
Jx.ezxdx =uv—jvdu=x§ezx—f§ezxdx

X 11 X 1
2X — _p2X 52X 52X 52X
jx.e dx 2e 226 2e 4e

X 1
y.e?X = 4(562)( —Zezx> +c

y.e?* = 2xe?* —e?X + ¢ Al (Al
1.9 =2(0)e’—e’+c - ¢c=0
y.e? = 2xe?X — eX BN
Example (5): Compute the general solution of differential equation
dy + 3%dx = x"3e¥dx
Solve:

3
dy + Tydx =x3e¥*dx +dx

dy 3
42 o 3
dx x
3
P =2, QL) =x""

|.F = e/ p(x)ax > |.F = ef%dx = p3lnx — plnx® _ ;3
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y.(I.F) = j Q(x).(I.F)dx +c

y.x3 = j SBe*x3dx+c

yx3=fexdx+c

yx3=e*+c

Example (6): Compute the general solution of differential equation
(x—-2)Z=20(x-2)°+y
Solve:

dy
(x—2)—=2x-2)+y =+ (x-2)
dx

dy . y
E—Z(X—Z) +(X—2)
d
%—(xf2)=2(x—2)2
PW =g o Q@ =20-2)
I F = e—fﬁd’c = e~IN@-2) = (-2 = (y — 7)1 = D)
y.(I.F) =jQ(x).(I.F)dx+c
1 , 1
y(x—Z)_jz(x_Z) TR
(x{2)=f2(x—2)dx+c S (xf2)=j(2x—4)dx+c
(xzz):x2—4x+c

Example (7): Compute the general solution of differential equation
xdy = sinx dx — ydx

Solve:

xdy =sinxdx —ydx +dx
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dy = Sinx
x dx y
dy + v = Sinx = X
Yax TV T '
d sinx
dy v _

dx x X

sinx
p(x) =% Q(x) =

I.F = e/ p()dx - ILF= ef%dx =el"¥ = x

y.(I.LF) = j Q(x).(I.F)dx +c

sinx
y.x=j p” xdx + ¢

y.x=fsinxdx+c

y.X = —Co0Sx + ¢
Example (8): Compute the general solution of differential equation yeYdx =
(y3 + 2xe”)dy

Solve:
yeYdx = (y3 + 2xe¥)dy =~ dy
dx
ye¥ — = (y3 + 2xeY)
dy
dx
ye¥ — — 2xe¥ = y3 =+ yeY
dy
dx 2
—_— = 2 -y
5, "yt =Y
PO =— . e =yre
2
I.LF = el POy S LF=e 7Y = g2y — oy _ y =2

x.(I.F) = f Q(y).(I.F)dy + ¢

x.y"? = fyze_y.y‘zdy +c
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x.y t=[eVdy+c
x.y t=—-eV+c

H.W: Compute the general solution of differential equation
1) x% — 3y = x*

2) %+f =1

3) xdy + ydx = ydy

4) xy + 3y = e

XZ
Converting a nonlinear differential equation to a linear equation
Llad dllee ) dgheall e doloalail) Aatead) Uy ga
In some cases, the exponent of the dependent variable appears to be greater than
one in these equations. The differential equation is converted to a linear equation by
converting the dependent variable to another variable. An example of this type of
equation is the Bernoulli formula, which takes the following form:

dy B n "
ax p(x)y = Q(x)y (1)

Where (n) is a positive integer >1.
Llalaill Aabaall Jy st oy ¥ alaall 028 8 a6l (e S0 adinall yuaiall Gl jeday VAN Gy A
55 A Y sleal) o g U1 138 e Yl HA1 psate ) adiedl) iall s (s e s )
) Jsal sl Al
The equation can be converted to a linear form according to the following steps:
1- We multiply the Eq.(1) by y™"

d
¥y Ly p@ytr =0  ..(2)

dx
2- Letw =y > dw=1-n)y "dy

dw

a—nyr Y

Sub y'™™ & dy in Eq.(2)

dw
— -n
y SV 4 pow = @)

dw

A—n)ydx +p(xX)w=0Q(1x) ..(3)



Calculus 11 Third Lecture
Dr.Najlaa Saad Ibrahim

3- The Eqg. (3) is transformed into a linear differential equation in terms of the
dependent variable (w) and the independent variable (x) and is solved
according to the steps for solving a linear differential equation. After
completing the solution, the values are returned (w) to (y).

Example (1): Compute the general solution of differential equation
xdy + ydx = xy3dx
Solve:
xdy + ydx = xy3dx =+ dx
d

x%+y=xy3 X

— —_—— 3

dx+x y *y
dy y=?

B4 =1 (1

ol (1)

-2

letw=yl™"=y

Sub y=2 & dy in Eq.(1)
—dw

2y=3 w —dw w

-3

—t—=1 +—=1 -2
y dx X - 2dx «x i

dw 2W_

dx X

PO =— , Q) =-2

-2 1
LF=elp®dx [ F=el50x = o72/38% — g-2Inx — gInx™? — 42

w.(I.F) = j Qx).(I.F)dx +c

w.x?=[-2x"2dx+c w.x?= —2X_—1+c
2
w.x2=—+¢
x
2
B T
X “=—+4c
y x

Example (2): Compute the general solution of differential equation
xdy — (y +xy3(1 + Inx))dx = 0
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Solve:
xdy — (y + xy3(1 + Inx))dx = 0 +dx
xﬂ— —xy3(1+Inx) =0 +x
ay y .
- _Z _ 1 =
I y’(1+Inx)=0
dy y . 3
Ix ;—y(1+lnx) * y

dy y~*

S22 =1 (1

I x (1+ Inx) (D
let w = yi~" = y~2 dw = —2y~3d dy =~
etw=y' "=y - w=—zy "ay - y—zy—s
Sub y=2 & dy in Eq.(1)

—dw

3 2y73 w

3 —_—=
YU ~ (1+ Inx)
—W Wt o 2

—_—— = k —
2dx x nx
W 2 e 20+ i)
dx x nx

2

p) ==, Q0)=-2(1+nx)

2 1
[.F=elp®dx [ p= of38% = g2/30% = g2inx = olnx® — 2

w.(I.F) =jQ(x).(I.F)dx+c
w.x? = [ =21+ lnx)x?*dx+c¢ - w.x?> = =2(J(x* + x%Inxdx)) + ¢

w.x?% = —2(f dex+jx2lnxdx) +c

3
w.x?% = —2(?+szlnxdx) +c¢  ...(2)

[ x2Inxdx u = Inx du:% [dv = [x%dx v:%

x3 x3 1 x3 x?
[x?Inxdx = —=Inx — [ —= dx =—Inx — [ —dx
3 3 x 3 3
X3

3
[ x?Inxdx = =Inx — =
3 9
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Sub [ x%Inxdx in EQ.(2)

N x3 X3 x3
w.x=-2|—+—Inx——1\]+c

3 3 9
w.x?% = %2x3 —§X3lnx +§X3 +c
w.x?% = ;x3 —§X3lnx +c
y2.x% = %4353 — §x3lnx +c

HW: Compute the general solution of

dy 2
— = y“CcoSsx
dx +ty=Yy

differential

equation



