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Differential equation of first order and first degree 

First-order and first-degree differential equations generally take one of two forms: 
𝒅𝒚

𝒅𝒙
= 𝑭(𝒙, 𝒚)          𝒐𝒓       𝑴(𝒙, 𝒚)𝒅𝒙 + 𝑵(𝒙, 𝒚)𝒅𝒚 = 𝟎 

 الشكلين ىاحد عام بشكل الاولى والدرجة الاولى الرتبة من التفاضلية المعادلات تأخذ

There are several types of first-order and first-degree differential equations: 

1- Equations whose variables are separated.       المعادلات التي تنفصل متغيراتها 

2- linear differential equation.                                      المعادلة التفاضلية الخطية 

3- Complete differential equation. المعادلة التفاضلية التامة                                     

4- Non-Complete differential equation. المعادلة التفاضلية غير التامة                       

5- Homogenous differential equation. المعادلة التفاضلية المتجانسة                           

 

linear differential equation 

These are the equations that lead to the following form: 
𝒅𝒚

𝒅𝒙
+ 𝒑(𝒙)𝒚 = 𝑸(𝒙)                  𝒐𝒓      

𝒅𝒙

𝒅𝒚
+ 𝒑(𝒚)𝒙 = 𝑸(𝒚)   

      

The linear differential equation is solved as follows:  

1) Estimate the Integration Factor 𝐼. 𝐹 = 𝑒∫ 𝑝(𝑥)𝑑𝑥 

2) Write the final form of the general solution of the differential equation  

𝑦. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

Example (1): Compute the general solution of differential equation 

                         
𝑑𝑦

𝑑𝑥
+

𝑦

𝑥
= 𝑥2 − 1 

Solve: 

𝑝(𝑥) =
1

𝑥
       ,    𝑄(𝑥) = 𝑥2 − 1 

   𝐼. 𝐹 = 𝑒∫ 𝑝(𝑥)𝑑𝑥      

𝐼. 𝐹 = 𝑒∫
1
𝑥

𝑑𝑥 = 𝑒𝑙𝑛𝑥 = 𝑥 

𝑦. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

𝑦. 𝑥 = ∫(𝑥2 − 1)𝑥𝑑𝑥 + 𝑐 

𝑦. 𝑥 = ∫(𝑥3 − 𝑥)𝑑𝑥 + 𝑐   →      𝑦𝑥 =
𝑥4

4
−

𝑥2

2
+ 𝑐 
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Example (2): Compute the general solution of differential equation                
𝑑𝑟

𝑑𝜃
+ 𝑟𝑡𝑎𝑛(𝜃) = cos(𝜃) 

Solve: 

𝑝(𝜃) = tan (𝜃)       ,    𝑄(𝜃) = cos (𝜃) 

𝐼. 𝐹 = 𝑒∫ 𝑝(𝜃)𝑑𝜃 

𝐼. 𝐹 = 𝑒∫ tan (𝜃) 𝑑𝜃 = 𝑒
∫

sin (𝜃)
cos (𝜃)

𝑑𝜃
= 𝑒−𝑙𝑛|cos (𝜃)| = (cos (𝜃))−1 =

1

cos (𝜃)
 

𝑟. (𝐼. 𝐹) = ∫ 𝑄(𝜃). (𝐼. 𝐹)𝑑𝜃 + 𝑐 

𝑟.
1

cos (𝜃)
= ∫ cos(𝜃)

1

cos(𝜃)
𝑑𝜃 + 𝑐 

𝑟. sec(𝜃) = ∫ 1𝑑𝜃 + 𝑐 

𝑟. sec(𝜃) = 𝜃 + 𝑐 

 

Example (3): Compute the general solution of differential equation              

                           𝑑𝑦 + 2𝑥𝑦𝑑𝑥 = 𝑥𝑒−𝑥2

𝑑𝑥 

Solve: 

𝑑𝑦 + 2𝑥𝑦𝑑𝑥 = 𝑥𝑒−𝑥2
𝑑𝑥      ÷ 𝑑𝑥 

𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 𝑥𝑒−𝑥2

 

𝑝(𝑥) = 2x       ,    𝑄(𝑥) = 𝑥𝑒−𝑥2
 

𝐼. 𝐹 = 𝑒∫ 𝑝(𝑥)𝑑𝑥          →   𝐼. 𝐹 = 𝑒∫ 2𝑥𝑑𝑥 = 𝑒𝑥2
 

𝑦. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

𝑦. 𝑒𝑥2
= ∫ 𝑥𝑒−𝑥2

. 𝑒𝑥2
𝑑𝑥 + 𝑐 

𝑦. 𝑒𝑥2
= ∫ 𝑥𝑑𝑥 + c 

𝑦. 𝑒𝑥2
=

𝑥2

2
+ 𝑐 

 

Example (4): Find the particular solution to the equation 𝑦́ = 2(2𝑥 − 𝑦) 

       𝑤𝑖𝑡ℎ 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛  𝑦(0) = 1 
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Solve: 

𝑑𝑦

𝑑𝑥
= 4𝑥 − 2𝑦      →    

𝑑𝑦

𝑑𝑥
+ 2𝑦 = 4𝑥         

𝑝(𝑥) = 2       ,    𝑄(𝑥) = 4𝑥 

𝐼. 𝐹 = 𝑒∫ 𝑝(𝑥)𝑑𝑥          →   𝐼. 𝐹 = 𝑒∫ 2𝑑𝑥 = 𝑒2x 

𝑦. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

𝑦. 𝑒2x = ∫ 4𝑥. 𝑒2x𝑑𝑥 + 𝑐      →     𝑦. 𝑒2x = 4 ∫ 𝑥. 𝑒2x𝑑𝑥 + 𝑐 

 

∫ 𝑥. 𝑒2x𝑑𝑥   الحل بالتجزئة   𝑢 = 𝑥    →    𝑑𝑢 = 𝑑𝑥

                                              𝑑𝑣 = 𝑒2x𝑑𝑥   →   𝑣 =
1

2
𝑒2x

∫ 𝑥. 𝑒2x𝑑𝑥 = 𝑢𝑣 − ∫ 𝑣𝑑𝑢 = 𝑥
1

2
𝑒2x − ∫

1

2
𝑒2x𝑑𝑥

∫ 𝑥. 𝑒2x𝑑𝑥 =
𝑥

2
𝑒2x −

1

2

1

2
𝑒2x =

𝑥

2
𝑒2x −

1

4
𝑒2x

 

𝑦. 𝑒2x = 4 (
𝑥

2
𝑒2x −

1

4
𝑒2x) + 𝑐   

  𝑦. 𝑒2x = 2𝑥𝑒2x − 𝑒2x + 𝑐    الحل العام 

1. 𝑒0 = 2(0)𝑒0 − 𝑒0 + 𝑐   →   𝑐 = 0 

𝑦. 𝑒2x = 2𝑥𝑒2x − 𝑒2x            الحل الخاص 

Example (5): Compute the general solution of differential equation             

𝑑𝑦 +
3𝑦

𝑥
𝑑𝑥 = 𝑥−3𝑒𝑥𝑑𝑥 

Solve: 

𝑑𝑦 +
3𝑦

𝑥
𝑑𝑥 = 𝑥−3𝑒𝑥𝑑𝑥      ÷ 𝑑𝑥 

𝑑𝑦

𝑑𝑥
+

3𝑦

𝑥
= 𝑥−3𝑒𝑥 

𝑝(𝑥) =
3

𝑥
       ,    𝑄(𝑥) = 𝑥−3𝑒𝑥 

𝐼. 𝐹 = 𝑒∫ 𝑝(𝑥)𝑑𝑥          →   𝐼. 𝐹 = 𝑒∫
3
𝑥

𝑑𝑥 = 𝑒3𝑙𝑛𝑥 = 𝑒𝑙𝑛𝑥3
= 𝑥3 
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𝑦. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

𝑦. 𝑥3 = ∫ 𝑥−3𝑒𝑥𝑥3 𝑑𝑥 + 𝑐 

𝑦𝑥3 = ∫ 𝑒𝑥 𝑑𝑥 + 𝑐 

𝑦𝑥3 = 𝑒𝑥 + 𝑐 

 

Example (6): Compute the general solution of differential equation 

(𝑥 − 2)
𝑑𝑦

𝑑𝑥
= 2(𝑥 − 2)3 + 𝑦 

Solve: 

(𝑥 − 2)
𝑑𝑦

𝑑𝑥
= 2(𝑥 − 2)3 + 𝑦      ÷ (𝑥 − 2) 

𝑑𝑦

𝑑𝑥
= 2(𝑥 − 2)2 +

𝑦

(𝑥 − 2)
 

𝑑𝑦

𝑑𝑥
−

𝑦

(𝑥 − 2)
= 2(𝑥 − 2)2 

𝑝(𝑥) =
−1

(𝑥 − 2)
       ,    𝑄(𝑥) = 2(𝑥 − 2)2 

  𝐼. 𝐹 = 𝑒
− ∫

1
(𝑥−2)

𝑑𝑥
= 𝑒−ln (𝑥−2) = 𝑒ln (𝑥−2)−1

= (𝑥 − 2)−1 =
1

(𝑥 − 2)
 

𝑦. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

𝑦
1

(𝑥 − 2)
= ∫ 2(𝑥 − 2)2

1

(𝑥 − 2)
𝑑𝑥 + 𝑐 

𝑦

(𝑥 − 2)
= ∫ 2(𝑥 − 2) 𝑑𝑥 + 𝑐        →    

𝑦

(𝑥 − 2)
= ∫(2𝑥 − 4) 𝑑𝑥 + 𝑐 

𝑦

(𝑥 − 2)
= 𝑥2 − 4𝑥 + 𝑐 

Example (7): Compute the general solution of differential equation 

                          𝑥𝑑𝑦 = 𝑠𝑖𝑛𝑥 𝑑𝑥 − 𝑦𝑑𝑥 

Solve: 

𝑥𝑑𝑦 = 𝑠𝑖𝑛𝑥 𝑑𝑥 − 𝑦𝑑𝑥     ÷ 𝑑𝑥 
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𝑥
𝑑𝑦

𝑑𝑥
= 𝑠𝑖𝑛𝑥 − 𝑦 

𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑠𝑖𝑛𝑥         ÷ 𝑥 

𝑑𝑦

𝑑𝑥
+

𝑦

𝑥
=

𝑠𝑖𝑛𝑥

𝑥
 

𝑝(𝑥) =
1

𝑥
       ,    𝑄(𝑥) =

𝑠𝑖𝑛𝑥

𝑥
 

𝐼. 𝐹 = 𝑒∫ 𝑝(𝑥)𝑑𝑥          →   𝐼. 𝐹 = 𝑒∫
1
𝑥

𝑑𝑥 = 𝑒ln 𝑥 = 𝑥 

𝑦. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

𝑦. 𝑥 = ∫
𝑠𝑖𝑛𝑥

𝑥
. 𝑥𝑑𝑥 + 𝑐 

𝑦. 𝑥 = ∫ 𝑠𝑖𝑛𝑥 𝑑𝑥 + 𝑐 

𝑦. 𝑥 = −𝑐𝑜𝑠𝑥 + 𝑐 

Example (8): Compute the general solution of differential equation 𝑦𝑒𝑦𝑑𝑥 =

(𝑦3 + 2𝑥𝑒𝑦)𝑑𝑦 

Solve: 

𝑦𝑒𝑦𝑑𝑥 = (𝑦3 + 2𝑥𝑒𝑦)𝑑𝑦           ÷ 𝑑𝑦 

𝑦𝑒𝑦
𝑑𝑥

𝑑𝑦
= (𝑦3 + 2𝑥𝑒𝑦) 

𝑦𝑒𝑦
𝑑𝑥

𝑑𝑦
− 2𝑥𝑒𝑦 = 𝑦3         ÷ 𝑦𝑒𝑦 

𝑑𝑥

𝑑𝑦
−

2

𝑦
𝑥 = 𝑦2𝑒−𝑦 

𝑝(𝑦) =
−2

𝑦
       ,    𝑄(𝑦) = 𝑦2𝑒−𝑦 

𝐼. 𝐹 = 𝑒∫ 𝑝(𝑦)𝑑𝑦          →   𝐼. 𝐹 = 𝑒
− ∫

2
𝑦

𝑑𝑦
= 𝑒−2lny = 𝑒lny−2

= 𝑦−2 

𝑥. (𝐼. 𝐹) = ∫ 𝑄(𝑦). (𝐼. 𝐹)𝑑𝑦 + 𝑐 

𝑥. 𝑦−2 = ∫ 𝑦2𝑒−𝑦. 𝑦−2𝑑𝑦 + 𝑐 



Calcululus III         Calculus III                                                                               Third Lecture 

                    Dr.Najlaa Saad Ibrahim 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ

6 

𝑥. 𝑦−2 = ∫ 𝑒−𝑦 𝑑𝑦 + 𝑐                

𝑥. 𝑦−2 = −𝑒−𝑦 + 𝑐 

 

H.W: Compute the general solution of differential equation 

1)   𝑥
𝑑𝑦

𝑑𝑥
− 3𝑦 = 𝑥2 

2)   
𝑑𝑦

𝑑𝑥
+

𝑦

𝑥
= 1 

3) 𝑥𝑑𝑦 + 𝑦𝑑𝑥 = 𝑦𝑑𝑦 

4) 𝑥𝑦́ + 3𝑦 =
𝑠𝑖𝑛𝑥

𝑥2
 

Converting a nonlinear differential equation to a linear equation 

 خطية معادلة الى الخطية غير التفاضلية المعادلة حويلت

    In some cases, the exponent of the dependent variable appears to be greater than 

one in these equations. The differential equation is converted to a linear equation by 

converting the dependent variable to another variable. An example of this type of 

equation is the Bernoulli formula, which takes the following form: 

𝒅𝒚

𝒅𝒙
+ 𝒑(𝒙)𝒚 = 𝑸(𝒙)𝒚𝒏        … (𝟏) 

Where (n) is a positive integer >1. 

 التفاضلية المعادلة تحويل يتم المعادلات هذه في الواحد من اكبر المعتمد المتغير اس يظهر الحالات بعض في

 برنولي صيغة المعادلات من النوع هذا على مثالاا  اخر متغير الى المعتمد المتغير تحويل طريق عن خطية الى

 :الاتي الشكل تأخذ والتي

The equation can be converted to a linear form according to the following steps: 

1- We multiply the Eq.(1) by 𝒚−𝒏 

  𝒚−𝒏   
𝒅𝒚

𝒅𝒙
+ 𝒑(𝒙)𝒚𝟏−𝒏 = 𝑸(𝒙)       … (𝟐) 

2- Let 𝑤 = 𝒚𝟏−𝒏       →   𝒅𝒘 = (𝟏 − 𝒏)𝒚−𝒏𝒅𝒚 

𝒅𝒘

(𝟏 − 𝒏)𝒚−𝒏
= 𝒅𝒚 

Sub 𝒚𝟏−𝒏 & dy in Eq.(2) 

  𝒚−𝒏   

𝒅𝒘
(𝟏 − 𝒏)𝒚−𝒏

𝒅𝒙
+ 𝒑(𝒙)𝒘 = 𝑸(𝒙) 

  
𝒅𝒘

(𝟏 − 𝒏)𝒅𝒙
+ 𝒑(𝒙)𝒘 = 𝑸(𝒙)    … (𝟑) 
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3- The Eq. (3) is transformed into a linear differential equation in terms of the 

dependent variable (w) and the independent variable (x) and is solved 

according to the steps for solving a linear differential equation. After 

completing the solution, the values are returned (w) to (y). 

Example (1): Compute the general solution of differential equation 

                     𝒙𝒅𝒚 + 𝒚𝒅𝒙 = 𝒙𝒚𝟑𝒅𝒙 

Solve: 

𝑥𝑑𝑦 + 𝑦𝑑𝑥 = 𝑥𝑦3dx                  ÷ dx 

𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑥𝑦3                           ÷ 𝑥 

𝑑𝑦

𝑑𝑥
+

𝑦

𝑥
= 𝑦3                           ∗ 𝑦−3 

𝒚−𝟑
𝑑𝑦

𝑑𝑥
+

𝑦−2

𝑥
= 1          … (1) 

𝑙𝑒𝑡 𝑤 = 𝑦1−𝑛 = 𝑦−2       →      𝑑𝑤 = −2𝑦−3𝑑𝑦   →       𝑑𝑦 =
−𝑑𝑤

2𝑦−3
 

Sub 𝑦−2 & dy in Eq.(1) 

𝒚−𝟑

−𝑑𝑤
2𝑦−3

𝑑𝑥
+

𝑤

𝑥
= 1    →        

−𝑑𝑤

2𝑑𝑥
+

𝑤

𝑥
= 1              ∗  −2   

𝑑𝑤

𝑑𝑥
−

2𝑤

𝑥
= −2 

𝒑(𝒙) =
−𝟐

𝒙
       ,    𝑸(𝒙) = −2 

𝑰. 𝑭 = 𝒆∫ 𝒑(𝒙)𝒅𝒙     𝑰. 𝑭 = 𝒆∫
−𝟐

𝒙
𝒅𝒙 = 𝒆−𝟐 ∫

𝟏

𝒙
𝒅𝒙 = 𝒆−𝟐𝐥𝐧𝐱 = 𝒆𝐥𝐧𝐱−𝟐

= 𝐱−𝟐 

𝑤. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

𝑤. 𝐱−𝟐 = ∫ −2𝐱−𝟐𝑑𝑥 + 𝑐      𝑤. 𝐱−𝟐 = −2
𝐱−𝟏

−1
+ 𝑐 

𝑤. 𝐱−𝟐 =
2

𝑥
+ 𝑐 

𝑦−2. 𝐱−𝟐 =
2

𝑥
+ 𝑐              

Example (2): Compute the general solution of differential equation 

                           𝒙𝒅𝒚 − (𝒚 + 𝒙𝒚𝟑(𝟏 + 𝒍𝒏𝒙))𝒅𝒙 = 𝟎 
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Solve: 

𝑥𝑑𝑦 − (𝑦 + 𝑥𝑦3(1 + 𝑙𝑛𝑥))𝑑𝑥 = 0                         ÷ 𝑑𝑥 

𝑥
𝑑𝑦

𝑑𝑥
− 𝑦 − 𝑥𝑦3(1 + 𝑙𝑛𝑥) = 0                        ÷ 𝑥 

𝑑𝑦

𝑑𝑥
−

𝑦

𝑥
− 𝑦3(1 + 𝑙𝑛𝑥) = 0               

𝑑𝑦

𝑑𝑥
−

𝑦

𝑥
= 𝑦3(1 + 𝑙𝑛𝑥)                   ∗ 𝑦−3 

𝑦−3
𝑑𝑦

𝑑𝑥
−

𝑦−2

𝑥
= (1 + 𝑙𝑛𝑥)         … (1) 

𝑙𝑒𝑡 𝑤 = 𝑦1−𝑛 = 𝑦−2       →      𝑑𝑤 = −2𝑦−3𝑑𝑦   →       𝑑𝑦 =
−𝑑𝑤

2𝑦−3
 

Sub 𝑦−2 & dy in Eq.(1) 

𝑦−3

−𝑑𝑤
2𝑦−3

𝑑𝑥
−

𝑤

𝑥
= (1 + 𝑙𝑛𝑥) 

−𝑑𝑤

2𝑑𝑥
−

𝑤

𝑥
= (1 + 𝑙𝑛𝑥)            ∗ −2 

𝑑𝑤

𝑑𝑥
+

2𝑤

𝑥
= −2(1 + 𝑙𝑛𝑥) 

𝑝(𝑥) =
2

𝑥
       ,    𝑄(𝑦) = −2(1 + 𝑙𝑛𝑥) 

𝐼. 𝐹 = 𝑒∫ 𝑝(𝑥)𝑑𝑥     𝐼. 𝐹 = 𝑒∫
2

𝑥
𝑑𝑥 = 𝑒2 ∫

1

𝑥
𝑑𝑥 = 𝑒2lnx = 𝑒lnx2

= x2 

𝑤. (𝐼. 𝐹) = ∫ 𝑄(𝑥). (𝐼. 𝐹)𝑑𝑥 + 𝑐 

𝑤. x2 = ∫ −2(1 + 𝑙𝑛𝑥)x2𝑑𝑥 + 𝑐     →  𝑤. x2 = −2(∫(x2 + x2𝑙𝑛𝑥𝑑𝑥)) + 𝑐      

𝑤. x2 = −2(∫ x2𝑑𝑥 + ∫ x2𝑙𝑛𝑥𝑑𝑥) + 𝑐      

𝑤. x2 = −2(
x3

3
+ ∫ x2𝑙𝑛𝑥𝑑𝑥) + 𝑐     … . (2) 

∫ x2𝑙𝑛𝑥𝑑𝑥          𝑢 = 𝑙𝑛𝑥      𝑑𝑢 =
1

𝑥
            ∫ 𝑑𝑣 = ∫ x2𝑑𝑥       𝑣 =

x3

3
  

   ∫ x2𝑙𝑛𝑥𝑑𝑥 =
x3

3
𝑙𝑛𝑥 − ∫

x3

3
 
1

𝑥
 𝑑𝑥 =

x3

3
𝑙𝑛𝑥 − ∫

x2

3
𝑑𝑥 

∫ x2𝑙𝑛𝑥𝑑𝑥 =
x3

3
𝑙𝑛𝑥 −

x3

9
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Sub ∫ x2𝑙𝑛𝑥𝑑𝑥 in Eq.(2) 

𝑤. x2 = −2 (
𝑥3

3
+

x3

3
𝑙𝑛𝑥 −

x3

9
) + 𝑐 

𝑤. x2 =
−2

3
𝑥3 −

2

3
x3𝑙𝑛𝑥 +

2

9
x3 + 𝑐 

𝑤. x2 =
−4

9
𝑥3 −

2

3
x3𝑙𝑛𝑥 + 𝑐 

y−2. x2 =
−4

9
𝑥3 −

2

3
x3𝑙𝑛𝑥 + 𝑐 

H.W: Compute the general solution of differential equation 

                
𝒅𝒚

𝒅𝒙
+ 𝒚 = 𝒚𝟐𝒄𝒐𝒔𝒙 

 

 


