
 

Convex and Concave function 
It has four cases: 

1) The function 𝒇(𝒙𝟏, 𝒙𝟐,⋯ , 𝒙𝒏) is a convex function if and only if the matrix of 

second derivative or hessian matrix is positive, semi definite and the principal 

minor determinants of this matrix are all non−negative. 

2) The function 𝒇(𝒙𝟏, 𝒙𝟐,⋯ , 𝒙𝒏) is a strictly convex if the hessian matrix is positive 

definite. 

3) The function 𝒇(𝒙𝟏, 𝒙𝟐,⋯ , 𝒙𝒏) is a concave function if and only if the hessian matrix 

is negative semi definite. 

4) The function 𝒇(𝒙𝟏, 𝒙𝟐,⋯ , 𝒙𝒏) is a strictly concave if the hessian matrix is negative 

definite. 
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Example: for each of the following function determine whether convex or concave or 

neither? 

1) 𝑓(𝑥) = 𝑥1𝑥2 − 𝑥1
2 − 𝑥2

2 

2) 𝑓(𝑥) = 𝑥1
2 + 3𝑥1𝑥2 + 2𝑥2

2 

3) 𝑓(𝑥) = 3𝑥1 + 2𝑥1
2 + 4𝑥2 + 𝑥2

2 − 2𝑥1𝑥2 

4) 𝑓(𝑥) = 2𝑥1
2 − 24𝑥1 + 2𝑥2

2 − 8𝑥2 + 2𝑥3
2 − 12𝑥3 + 200 

5) 𝑓(𝑥) = 3𝑥1
2 + 2𝑥2

2 + 3𝑥3
2 − 2𝑥1𝑥2 + 2𝑥2𝑥3 − 6𝑥1 − 4𝑥2 − 2𝑥3 

𝑺𝒐𝒍 (𝟏): 𝒇(𝒙) = 𝒙𝟏𝒙𝟐 − 𝒙𝟏
𝟐 − 𝒙𝟐

𝟐 

𝝏𝒇

𝝏𝒙𝟏
= 𝒙𝟐 − 𝟐𝒙𝟏 ,

𝝏𝟐𝒇

𝝏𝒙𝟏
𝟐

= −𝟐  ,
𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝟐
= 𝟏 

𝝏𝒇

𝝏𝒙𝟐
= 𝒙𝟏 − 𝟐𝒙𝟐 ,

𝝏𝟐𝒇

𝝏𝒙𝟐
𝟐

= −𝟐  ,
𝝏𝟐𝒇

𝝏𝒙𝟐𝝏𝒙𝟏
= 𝟏 

𝑯(𝒙) =

[
 
 
 
 

𝝏𝟐𝒇

𝒅𝒙𝟏
𝟐

𝝏𝟐𝒇

𝒅𝒙𝟏𝒅𝒙𝟐

𝝏𝟐𝒇

𝒅𝒙𝟐𝒅𝒙𝟏

𝝏𝟐𝒇

𝒅𝒙𝟐
𝟐 ]

 
 
 
 

, 𝐻 = 𝐻𝑇 

𝑯 = [
2 1
1 −2

] 

𝑯𝟏 = [𝑎11] = [−2] = −𝟐 < 0 

𝑯𝟐 = [
𝑎11 𝑎12

𝑎21 𝑎22
] = [

−2 1
1 −2

] = 4 − 1 = 𝟑 > 0 

Hence (𝑯) is negative definite, so the function is strictly concave. 

𝑺𝒐𝒍 (𝟐): 𝒇(𝒙) = 𝒙𝟏
𝟐 + 𝟑𝒙𝟏𝒙𝟐 + 𝟐𝒙𝟐

𝟐 

𝝏𝒇

𝝏𝒙𝟏
= 𝟐𝒙𝟏 + 𝟑𝒙𝟐  ,

𝝏𝟐𝒇

𝝏𝒙𝟏
𝟐

= 𝟐  ,
𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝟐
= 𝟑 



𝝏𝒇

𝝏𝒙𝟐
= 𝟑𝒙𝟏 + 𝟒𝒙𝟐  ,

𝝏𝟐𝒇

𝝏𝒙𝟐
𝟐

= 𝟒  ,
𝝏𝟐𝒇

𝝏𝒙𝟐𝝏𝒙𝟏
= 𝟑 

𝑯 = [
2 3
3 4

] 

𝑯𝟏 = [𝑎11] = [2] = 𝟐 > 0 

𝑯𝟐 = [
𝑎11 𝑎12

𝑎21 𝑎22
] = [

2 3
3 4

] = 8 − 9 = −𝟏 < 0 

Hence (𝑯) is indefinite, so the function is neither convex nor concave. 

𝑺𝒐𝒍 (𝟑): 𝒇(𝒙) = 𝟑𝒙𝟏 + 𝟐𝒙𝟏
𝟐 + 𝟒𝒙𝟐 + 𝒙𝟐

𝟐 − 𝟐𝒙𝟏𝒙𝟐 

𝝏𝒇

𝝏𝒙𝟏
= 𝟑 + 𝟒𝒙𝟏 − 𝟐𝒙𝟐  ,

𝝏𝟐𝒇

𝝏𝒙𝟏
𝟐

= 𝟒  ,
𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝟐
= −𝟐 

𝝏𝒇

𝝏𝒙𝟐
= 𝟒 + 𝟐𝒙𝟐 − 𝟐𝒙𝟏  ,

𝝏𝟐𝒇

𝝏𝒙𝟐
𝟐

= 𝟐  ,
𝝏𝟐𝒇

𝝏𝒙𝟐𝝏𝒙𝟏
= −𝟐 

𝑯 = [
4 −2

−2 2
] 

𝑯𝟏 = [𝑎11] = [4] = 𝟒 > 0 

𝑯𝟐 = [
𝑎11 𝑎12

𝑎21 𝑎22
] = [

4 −2
−2 2

] = 8 − 4 = 𝟒 > 0 

Hence (𝑯) is positive definite, so the function is strictly convex. 

𝑺𝒐𝒍 (𝟒): 𝒇(𝒙) = 𝟐𝒙𝟏
𝟐 − 𝟐𝟒𝒙𝟏 + 𝟐𝒙𝟐

𝟐 − 𝟖𝒙𝟐 + 𝟐𝒙𝟑
𝟐 − 𝟏𝟐𝒙𝟑 + 𝟐𝟎𝟎 

𝝏𝒇

𝝏𝒙𝟏
= 𝟒𝒙𝟏 − 𝟐𝟒  ,

𝝏𝟐𝒇

𝝏𝒙𝟏
𝟐

= 𝟒  ,
𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝟐
= 𝟎  ,

𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝟑
= 𝟎 

𝝏𝒇

𝝏𝒙𝟐
= 𝟒𝒙𝟐 − 𝟖  ,

𝝏𝟐𝒇

𝝏𝒙𝟐
𝟐

= 𝟒  ,
𝝏𝟐𝒇

𝝏𝒙𝟐𝝏𝒙𝟏
= 𝟎  ,

𝝏𝟐𝒇

𝝏𝒙𝟐𝝏𝒙𝟑
= 𝟎 

𝝏𝒇

𝝏𝒙𝟑
= 𝟒𝒙𝟑 − 𝟏𝟐  ,

𝝏𝟐𝒇

𝝏𝒙𝟑
𝟐

= 𝟒  ,
𝝏𝟐𝒇

𝝏𝒙𝟑𝝏𝒙𝟏
= 𝟎  ,

𝝏𝟐𝒇

𝝏𝒙𝟑𝝏𝒙𝟐
= 𝟎 

𝑯 = [
𝟒 𝟎 𝟎
𝟎 𝟒 𝟎
𝟎 𝟎 𝟒

] 

𝑯𝟏 = [𝑎11] = [4] = 𝟒 > 0 

𝑯𝟐 = [
𝑎11 𝑎12

𝑎21 𝑎22
] = [

4 0
0 4

] = 16 − 0 = 𝟏𝟔 > 0 

𝑯𝟑 = [

𝑎11 𝑎12 𝑎13

𝑎21 222 𝑎23

𝑎31 𝑎32 𝑎33

] = [
4 0 0
0 4 0
0 0 4

] = 64 − 0 = 𝟔𝟒 > 0 

Hence (𝑯) is positive definite so the function strictly convex. 

𝑺𝒐𝒍 (𝟓): 𝒇(𝒙) = 𝟑𝒙𝟏
𝟐 + 𝟐𝒙𝟐

𝟐 + 𝒙𝟑
𝟐 − 𝟐𝒙𝟏𝒙𝟐 + 𝟐𝒙𝟐𝒙𝟑 − 𝟔𝒙𝟏 − 𝟒𝒙𝟐 − 𝟐𝒙𝟑 



𝝏𝒇

𝝏𝒙𝟏
= 𝟔𝒙𝟏 − 𝟐𝒙𝟐 − 𝟔  ,

𝝏𝟐𝒇

𝝏𝒙𝟏
𝟐

= 𝟔  ,
𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝟐
= −𝟐  ,

𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝟑
= 𝟎 

𝝏𝒇

𝝏𝒙𝟐
= 𝟒𝒙𝟐 − 𝟐𝒙𝟏 + 𝟐𝒙𝟑 − 𝟒  ,

𝝏𝟐𝒇

𝝏𝒙𝟐
𝟐

= 𝟒  ,
𝝏𝟐𝒇

𝝏𝒙𝟐𝝏𝒙𝟏
= −𝟐  ,

𝝏𝟐𝒇

𝝏𝒙𝟐𝝏𝒙𝟑
= 𝟐 

𝝏𝒇

𝝏𝒙𝟑
= 𝟐𝒙𝟑 + 𝟐𝒙𝟐 − 𝟐  ,

𝝏𝟐𝒇

𝝏𝒙𝟑
𝟐

= 𝟐  ,
𝝏𝟐𝒇

𝝏𝒙𝟑𝝏𝒙𝟏
= 𝟎  ,

𝝏𝟐𝒇

𝝏𝒙𝟑𝝏𝒙𝟐
= 𝟐 

𝑯 = [
𝟔 −𝟐 𝟎

−𝟐 𝟒 𝟐
𝟎 𝟐 𝟐

] 

𝑯𝟏 = [𝑎11] = [6] = 𝟔 > 0 

𝑯𝟐 = [
𝑎11 𝑎12

𝑎21 𝑎22
] = [

6 −2
−2 4

] = 24 − 4 = 𝟐𝟎 > 0 

𝑯𝟑 = [

𝑎11 𝑎12 𝑎13

𝑎21 222 𝑎23

𝑎31 𝑎32 𝑎33

] = [
6 −2 0

−2 4 2
0 2 2

] 

       = 6(8 − 4) − (−2)(−4) + 0(−4 − 4) 

       = 6(4) − 8 

       = 24 − 8 = 𝟏𝟔 > 0 

Hence (𝑯) is positive definite so the function strictly convex. 

 

 

 

 

 

 

 

 

 

 

 

 

 


