Convex and Concave function
It has four cases:

1) The function f(xq,x5,::,%,) is a convex function if and only if the matrix of

second derivative or hessian matrix is positive, semi definite and the principal

minor determinants of this matrix are all non—negative.

2) The function f(xq, x5,+, x,,) is a strictly convex if the hessian matrix is positive

definite.

3) The function f(xq, x5, -, x,,) is a concave function if and only if the hessian matrix

is negative semi definite.

4) The function f(xq, x5, -, x;,) is a strictly concave if the hessian matrix is negative

definite.

Example: for each of the following function determine whether convex or concave or

1) f(x) =2xx5 — xf —x3

2) f(x) =x?%+3x.x, +2x2

3) f(x) =3x; + 2x% + 4x, + x2 — 2x,x,

4) f(x) = 2x? — 24x; + 2x5 — 8x, + 2x% — 12x3 + 200

5) f(x) =3x% 4 2x5 4+ 3x5 — 2x1x5 + 2x,%5 — 6x1 — 4x, — 2X3

Sol (1): f(x) = xqx5 — x5 — x3

of 9%f 9%f

ax, 2o ax3 "’ 9x10x,

af azf azf

a_.xZ_x1_2x2’ 6_3c%__2' axzaxl_l
*f *f
dx?  dx;dx

Hax) =| 1 U H=HT
o°f o°f
dx,dx;  dx3
21
H = [1 —2]

Hy=lay;] =[-2]=-2<0

a1 a12]=[_2 1

H2=[a21 az; 1 -2

]:4—1=3>0

Hence (H) is negative definite, so the function is strictly concave.

neither?

Sol (2):f(x) = x% + 3x,x, + 2x3
of *f_, 3

—=2x1+3x, ,
ax, 1 2

ax3 T 0x,0x,




of *f *f

—=3 4x, , — =4, =3

ax, A dx3 0x20x,
12 3

H= [3 4]

Hy=lan]=1[2]=2>0

Loy anl=5

27 lazy ay 3 4]:8_9:_1<0

Hence (H) is indefinite, so the function is neither convex nor concave.

Sol (3):f(x) = 3x1 + 2x% + 4x, + x5 — 2x1X;

af *f *f

=344 —2%,, —=4, =2

axl + xl xz ax% axlaxZ

of a%f a%f

axZ =4+ sz ZX1 ’ O_x% N ’ 6x20x1 -
14 -2

H = [—2 2 ]

Hy=la ] =[4]=4>0
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Hence (H) is positive definite, so the function is strictly convex.

]:8—4=4>0

Sol (4): f(x) = 2x% — 24x, + 2x5 — 8x, + 2x3 — 12x5 + 200
1 2 3

i a? 92 9>
_f — 4_x1 — 24 , _Z =4 , f =0 , f =
0x4 ox1{ 0x,0x, 0x,0x3
i a? 9> a?
_f — 4.x2 — 8 , _i‘ =4 ) f =0 ) f —
0x, x5 0x,0x4 0x,0x3
d a? 92 a?
—f=4x3—12, —£=4, / =0, / =0
ax3 6x3 6x36x1 axgaxZ

4 0 0
H=(0 4 0

0 0 4

Hy=[a;;]=[4]=4>0
_[A11 Q12 4 0 0
H, = [a21 azz] [ ] 16-0=16>0
aj; Qi 4i3 4 0 O
azy 222 aza] [O 4 0] =64—-0=64>0
asq 32 Q33 0 0 4

Hence (H) is positive definite so the function strictly convex.

H3:

Sol (5): f(x) = 3x% 4+ 2x3 + x5 — 2x1%, + 2X3Xx3 — 6X1 — 4x5 —
1 2 T3

Zx:;



i) 9? 92
—f=6x1—2x2—6, —Zz f = —
axl 6x1 axlaxZ
d 9> 92
_f=4x2—2x1+2x:;—4, _i: f =
axZ axz axzaxl
d a? 92
—f=2x3+2x2—2, _£=2; f =
0x3 0x3 ax3ax1

6 -2 0
H=|-2 4 2

0 2 2
Hy=la;]=[6]=6>0

_[@11 Q121 _[6 =21 _ a4

Hz—[a21 azz]_[—Z 4]_24 4=20>0

a1 Q12 di3 6 -2 0
Hy =|A21 232 ax3|=|-2 4 2

asz1 dzz dazz 0 2 2

= 6(8—4) — (=2)(—4) + 0(—4 — 4)
=6(4)—8
=24-8=16>0
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Hence (H) is positive definite so the function strictly convex.



