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Vectors and the Dot Product in Space
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Definitions and Theorems: il plad g iy jlad

e Vectors in space are denoted by v = (v,, v,, v3), where v,, v, & v are the components of the
vector. The zero vector is 0 = (0,0,0) and the standard unit vectors are i = (1,0,0),
j =(0,1,0)and k = (0,0,1).
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e The length of the vector v is ||v|| = \/v,2 + 1,2 + 152

e Two vectors are equal if they have the same components that is, if they have the same length
and direction.
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e The dot product of u = (uy, u,, uz) and v = (v, v,, v3) IS
U*xV = UV + UV + U3 V3
Properties the dot product:
1- u*v=v*u  Exchange process
2- v*v=||v]||?
3- u*v =0 Two vectors are orthogonal

e |f 6 is the angle between the two nonzero vectors u and v, then
u*x7v
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Example (1): Find the length of the vectors v = (1,3,4)
Solve:

Il = Vo2 +v,2 +vs2 =12 +32+42 =1+ 9+ 16 =26 = 5.1

Example (2): Find the dot product of the vectorsu = (2,4, —3) and v = (5,0,4)
Solve:

UV =U 1V + UV, + U3V3
uxv=02+*5+M@l=*0)+(-3%x4)=10+0—-12=-2
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Example (3): Find the dot product of the vectorsu = (2,—1,1) and v = (1,0, —1)
Solve:

U*xV = UV + UV, + UzV3
usv=02+*1)+(-1*x0)+(1*x-1)=2+0-1=1

Example (4): Find the angle between the vectors u = 3i + 4j and v = 2j+3k.

Solve:
u = (3,4,0) and v = (0,2,3)
9 u*xv
coSo =
lulllv|

u*v=u1v1+qu2+U3v3
uxv=03%0)+(4*2)+(0*3)=0+8+0=38

lull = Vg2 + up? + uz? = /32 + 42 + 02 ==/9 + 16 = V25 = 5

vl = Vo2 + 0,2 + 132 =02+ 22 +32 =4 + 9 = V13 = 3.61
8 8
(5)(3.61) 18.05

= 0.44
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Example (5): Find the angle between the vectors u = 2i + 3k and v = -i+2j+4k.

Solve:
u=(20,3)and v = (—1,2,4)
0 u*xv
coSU =
llul[llv]]

u*v=u1171+u2172+u3173
uxv=02*-1)+0x+x2)+B*4)=(-2)+0+12=10

lull = V2 + up? + us? = /22 + 02 + 32 = V4 + 9 = V13 = 3.61

Il = Vv 2 + 022 + 032 = J(—1)2 + 22+ 42 =V1 + 4 + 16 = V21 = 4.58
10 _ 10
(3.61)(4.58) 16.53

= 0.60
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Example (6): Find the orthogonal vectors of the vectors u = (3,—1,2) , v = (—4,0,2) and
w=(1,-1,-2) .
Solve:

U*xV = UV + UV + U3 V3
uxv=0B8%*—4)+(-1+x0)+2*2)=(-12)+0+4=-8

U*xw =uw; +uwy, + uzws
urxw=0CB*1)+(-1*x-1)+2*-2)=34+1-4=0
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The vectors u and w are orthogonal

v*W:v1W1+v2W2+v3W3
v*w:(—4*1)—|—(O*—1)+(2*—2)=—4+0—4=—8

Example (7): let [[v]| = 5, |ull = 8,6 = Z*find [|2v — 3ul|
Solve:
12v — 3ul|? = 4(v *v) — 12(v * u) + 9(u * u)
2 ZT[ 2
= 4||v||* — 12||v||||u||COS? + 9|[ul|

= 4(5)2 — 12(5)(8)(=0.5) + 9(8)2 = 100 + 240 + 576 = 916
12v — 3u|| = V916 = 30.27



