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Example (6): Find the general and Special solution for the differential equation  
𝒅𝟒𝒚

𝒅𝒙𝟒
= 𝟓𝒙𝟐. The initial condition  ý́́(0) = 2 , 𝑦́́(1) = −5, 𝒚 ́(𝟎)=3 , 𝑦(1) = 0     

Solve: 

∫
𝒅𝟒𝒚

𝒅𝒙𝟒
= ∫ 𝟓𝒙𝟐𝒅𝒙  →  

𝒅𝟑𝒚

𝒅𝒙𝟑
=

𝟓𝒙𝟑

𝟑
+ 𝒄𝟏     →  𝒚́́́ =

𝟓𝒙𝟑

𝟑
+ 𝒄𝟏   

∵  ý́́(0) = 2   → 2 = 0 + 𝒄𝟏   → 𝒄𝟏 = 𝟐 

∫
𝒅𝟑𝒚

𝒅𝒙𝟑
= ∫

𝟓𝒙𝟑

𝟑
𝒅𝒙 + ∫ 𝟐 𝒅𝒙 

𝒅𝟐𝒚

𝒅𝒙𝟐
=

𝟓𝒙𝟒

𝟏𝟐
+ 𝟐𝒙 + 𝒄𝟐  

∵  𝑦́́(1) = −5   →  −5 =
𝟓

𝟏𝟐
+ 𝟐 + 𝒄𝟐   

−7 −
𝟓

𝟏𝟐
= 𝒄𝟐     →  

−𝟖𝟗

𝟏𝟐
= 𝒄𝟐 

∫
𝒅𝟐𝒚

𝒅𝒙𝟐
= ∫

𝟓𝒙𝟒

𝟏𝟐
𝒅𝒙 + ∫ 𝟐𝒙 𝒅𝒙 − ∫

𝟖𝟗

𝟏𝟐
𝒅𝒙  

𝒅𝒚

𝒅𝒙
=

𝒙𝟓

𝟏𝟐
+ 𝒙𝟐 −

𝟖𝟗

𝟏𝟐
𝒙 + 𝒄𝟑  

∵  𝑦́(0) = 3   → 3 =  0 + 0 − 0 + 𝒄𝟑       →   𝒄𝟑 = 3  

∫
𝒅𝒚

𝒅𝒙
= ∫

𝒙𝟓

𝟏𝟐
𝒅𝒙 + ∫ 𝒙𝟐 𝒅𝒙 − ∫

𝟖𝟗

𝟏𝟐
𝒙𝒅𝒙 + ∫ 𝟑𝒅𝒙  

𝒚 =
𝒙𝟔

𝟕𝟐
+

𝒙𝟑

𝟑
−

𝟖𝟗𝒙𝟐

𝟐𝟒
+ 𝟑𝒙 + 𝒄𝟒 

∵  𝑦(1) = 0   →   0=
𝟏

𝟕𝟐
+

𝟏

𝟑
−

𝟖𝟗

𝟐𝟒
+ 𝟑 + 𝒄𝟒 

𝟎 =
(𝟏 + 𝟐𝟒 − 𝟐𝟔𝟕 + 𝟐𝟏𝟔)

𝟕𝟐
+ 𝒄𝟒     →   𝒄𝟒 =

𝟐𝟔

𝟕𝟐
 

𝒚 =
𝒙𝟔

𝟕𝟐
+

𝒙𝟑

𝟑
−

𝟖𝟗𝒙𝟐

𝟐𝟒
+ 𝟑𝒙 + 

𝟐𝟔

𝟕𝟐
 

 

Example (7): What value of c makes 𝒚 = 𝒆𝒄𝒙 a solution to the differential 

equation 𝑦́́ + 5𝑦́ + 6𝑦 = 0 

Solve: 

𝒚́ = 𝒄𝒆𝒄𝒙       →    𝒚́́ = 𝒄𝟐𝒆𝒄𝒙 

𝑦́́ + 5𝑦́ + 6𝑦 = 0   →   𝒄𝟐𝒆𝒄𝒙 + 5𝒄𝒆𝒄𝒙 + 6𝒆𝒄𝒙 = 0 
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𝒆𝒄𝒙(𝒄𝟐 + 5𝒄 + 6) = 0 

𝒆𝒄𝒙  𝒊𝒔 𝒊𝒎𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝟎  

∴ (𝒄𝟐 + 5𝒄 + 6) = 0  → (𝑐 + 3)(𝑐 + 2) = 0 

C=-3 or c=-2 

 

1. 6 Formation of the differential equation from the general solution 

    To form the differential equation, the dependent variable is differentiated with 

respect to the independent variable a number of times equal to the number of 

constants in the general solution. 

 العام الحل من التفاضلية المعادلة تكوين

 لعدد مساويا   المرات من لعدد المستقل للمتغير بالنسبة المعتمد المتغير مفاضلة يتم التفاضلية ادلةالمع لتكوين   

 .العام الحل في الثوابت

Example (1): Find the differential equation whose solution is general                  

y =  A 𝑒𝑥 − x  where A is an arbitrary constant. 

Solve: 

y =  A 𝑒𝑥 − x  

ý  =  A 𝑒𝑥 − 1       →    A 𝑒𝑥 = ý + 1  

A = 𝑒−𝑥(ý + 1)            
Sub A in the general solution y =  A 𝑒𝑥 − x   

y =   𝑒𝑥𝑒−𝑥(ý + 1) − x   

y − ý − 1 + x = 0 

 

Example (2): Find the differential equation whose solution is general                  

y =  A 𝑥2 + A2
  where A is an arbitrary constant. 

Solve: 

y =  A 𝑥2 + A2       →  y ́ =  2A x 

A =
y ́

2𝑥
  

Sub A in the general solution y =  A 𝑥2 + A2 

y = (
y ́

2𝑥
) 𝑥2 + (

y ́

2𝑥
)2 

 

y −
1

2
y ́ x −

1

4𝑥2
(y ́ )2 = 0 
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Example (3): Find the differential equation whose solution is general  y =
 A x +  Bx4

 where A & B are an arbitrary constants. 

Solve: 

y =  A x +  Bx4
  

𝑦́ = 𝐴 +  4B 𝑥3         … . (1) 

𝑦́́ = 12B 𝑥2                … . (2) 

  𝐵 =
𝑦́́

12 𝑥2
          

Sub B in above Eq(1): 

𝑦́ = 𝐴 +  4
𝑦́́

12 𝑥2
 𝑥3   

𝑦́ = 𝐴 +
𝑦𝑥́́

3
           →    𝐴 = 𝑦́ −

𝑦𝑥́́

3
 

 

Sub A & B in the general solution y =  A x +  Bx4 

y = (𝑦́ −
𝑦𝑥́́

3
) x + 

𝑦́́

12 𝑥2
x4 

y = 𝑦x́ −
𝑦́́x2

3
  +  

𝑦́́x2

12 
 

y = 𝑦x́ −
3𝑦𝑥2́́

12
      

 

y − 𝑦x́ +
1

4
𝑦́́𝑥2 = 0 

 

Example (4): Find the differential equation whose solution is general                  

y =  A 𝑒𝑥+𝐵
  where A & B are an arbitrary constant. 

Solve: 

y =  A 𝑒𝑥+𝐵       

 ý  =  A 𝑒𝑥+𝐵        … . (1)  

 ý ́ =  A 𝑒𝑥+𝐵        … . (2)      

ý ́ = y     →     ý ́ − y = 0 
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Example (5): Find the differential equation whose solution is general                  

y =  A 𝑥2 + Bx + 1  where A & B are an arbitrary constant. 

Solve: 

y =  A 𝑥2 + Bx + 1    
  ý  =  2A x + B      … . . (1) 

 𝑦́́  =  2A                ….(2) 

 A =
𝑦́́

2
      

Sub A in above Eq(1): 

ý  =  2 (
𝑦́́

2
) x + B    → B =  ý − 𝑦́́x    

Sub A & B in the general solution    y =  A 𝑥2 + Bx + 1   

y =  
1

2
𝑦́́ 𝑥2 + (ý − 𝑦́́x)x + 1    

y =  
1

2
𝑦́́ 𝑥2 + ýx − 𝑦́́𝑥2 + 1     

 y −  ýx +
1

2
𝑦́́ 𝑥2 − 1 = 0       

Example (6): Find the differential equation whose solution is general                  

y =  𝑒2𝑥(𝑐1 + 𝑐2x)  where 𝑐1 & 𝑐2 are an arbitrary constant. 

Solve: 

y =  𝑒2𝑥(𝑐1 + 𝑐2x)   … . . (𝟏) 

ý  = 𝑒2𝑥𝑐2 + 2(𝑐1 + 𝑐2x)𝑒2𝑥      … . (2) 

ý  = 𝑒2𝑥𝑐2 + 2𝑦     … . (2) 

ý́  = 2𝑒2𝑥𝑐2 + 2𝑦́      … . (3) 

Multi. Eq(2) by (-2): 

−2ý  = −2𝑒2𝑥𝑐2 − 4𝑦     … . (2) 

 ý́  = 2𝑒2𝑥𝑐2 + 2𝑦́               … .  بالجمع       (3)

ý́  − 2ý = 2𝑦́ − 4𝑦 

ý́  − 2ý − 2𝑦́ + 4𝑦 = 0         →    ý́  − 4𝑦́ + 4𝑦 = 0 
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Example (7): Find the differential equation whose solution is general                  

y =  𝑒2𝑥(𝑐1cos (x) + 𝑐2sin (x))  where 𝑐1 & 𝑐2 are an arbitrary constant. 

Solve: 

y =  𝑒2𝑥(𝑐1cos (x) + 𝑐2sin (x))   … . . (𝟏) 

ý  = 𝑒2𝑥(−𝑐1sin (x) + 𝑐2cos (x)) + 2(𝑐1cos (x) + 𝑐2sin (x))𝑒2𝑥    

ý  = 𝑒2𝑥(−𝑐1sin (x) + 𝑐2cos (x)) + 2𝑦     … . (2) 

ý́  = 𝑒2𝑥(−𝑐1 cos(x) − 𝑐2sin (x)) + 2(−𝑐1sin (x) + 𝑐2cos (x))𝑒2𝑥 + 2𝑦́      … . (3) 

ý́  = −𝑦 + 2(ý − 2𝑦) + 2𝑦́     … . (3) 

ý́  = −y + 2ý − 4𝑦 + 2ý   

ý́ + 5y − 4ý = 0 

Because ý − 2𝑦 = 2𝑒2𝑥(−𝑐1sin (x) + 𝑐2cos (x))     … . (2) 

Example (8): Find the differential equation whose solution is general                  

y2  =  4Ax where 𝑨 is an arbitrary constant. 

Solve: 

 y =  √4Ax        

 y = 2 √A(𝑥)
1
2             … (1) 

ý = 2 
1

2
√A(𝑥)−

1
2 

ý =  
1

(𝑥)
1
2

√A          … (2) 

   √A   = ý (𝑥)
1
2 

Sub. √A in Eq.(1) 

y = 2 ý (𝑥)
1
2(𝑥)

1
2     → y = 2 ýx  

y − 2ýx  = 0 

H.W(1): Find the differential equation whose solution is general y =  Asin𝑥 +

Bcosx  where A & B are an arbitrary constant. 
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H.W(2): Find the differential equation whose solution is general y =  𝑐1𝑒2𝑥 + 𝑐2𝑒3𝑥
   

where 𝑐1& 𝑐2 are an arbitrary constant. 

H.W(3): Prove that y =  2𝑒𝑥  is a general solution for the differential equation 

(𝑥 − 1)𝑦́́ + 𝑥𝑦́ − 𝑦 = 0 . 
H.W(4): Prove that y =  x lnx − x is a general solution for the differential equation 

𝑥𝑦́ = 𝑥 + 𝑦     , 𝑥 > 0. 


