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Iterated integrals, Double Integrals and Volume
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Definition and Theorems:
o lterated integrals are of the form:

Y2 X2 Xy Y2
|| reyaxay or [ [ rouydyax
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e The volume of a solid can be represented by a double integral. The properties of double
integrals are:

1) Jf cf (x,y)dA =c [[ f(x,y)dA
2) JIfGey) + gl y)ldA = [ fx, y)dA + [f g(x,y)dA

e Let f be integrable over the plane region R of area A. The average value of f over R is:
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Example (1): Calculate the iterated integrals f;[ ) 1x 2xy dyldx

Solve:
4

j:[j;xzxy dyldx = j:[xyz]f dx = j:[x(xz) — x(1)] dx = L [x3 — x] dx
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Example (2): Calculate the iterated integrals [2[], 01 ycosx dyldx

Solve:
T T
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f [ f ycosx dyldx = j [ cosx]} dx = j [=—cosx — —cosx]| dx = J —cosx dx
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Example (3): Calculate the volume below the surface Z = 6 — 2y and above the rectangle given
by0<x<4,0<y<?2.

Solve:

The volume is given by the double integral [[ f(x,y)dA = f04[f02(6 — 2y) dyldx
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[(6(2) —2%) — (6(0) — 0%)]dx = j 8 dx

0
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0 0

jo i j (6~ 2y) dyldx = | oy — y?I2 dx = |

_[48 dx = [8x]4 = 8(4) — 8(0) = 32
0

Example (4): Find the average value of f(x,y) = %xy over the rectangular region R with
vertices (0,0), (4,0), (4,3) and (0,3).

Solve:
The area of the region is 4 x 3 = 12 the average value is:
1j ( )dA—l 4f31 dd—l *1 293 4
A f x'y - 12 0 [ 0 ny y] X = 12 0 [4xy ]0 X
1 (*x(3%) x(0% 9 r* 3 x? .3 42 0%] 3
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Example (5): Find the average value of f(x,y) = x over the rectangular region R with vertices
(0,0), (4,0), (4,2) and (0,2).

Solve:

The area of the region is 4 x 2 = 8 the average value is:

2| rean=g[ [ [ T dyldx =+ | Tl dx = | '[x(2) - x(O)] dx
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