Calculus 11 Fifth Lecture
Dr.Najlaa Saad Ibrahim

Limits and Continuity

Definitions and Theorems: il i g iy jlad
e Let f be a function of two variables defined, except possibly at (x,,y,) on an open disk
centered at (x,, y,) and let L be a real number, then:
Wi, L oSds (g, ¥0) b JSomie zsite g e (X, ) sl cOnane il Al 0S5 F ) (s
HBILECITEN
(x,y)gr(r;o,yo)f (xy)=1L
Ifitis (limf(x,y) = %) then there are three ways to solve it:

1- factorization or multiplication by the conjugate ¢ sl ca_uzall o Jalail
2- path method: _bwall 48 5k
If the limit contains two different paths and each path gives two different answers, then the
limit does not exist (D.N.E).
B35 se et ALl Al oda 8 cpilide il el Sl IS cpilide o e e G < gial) 1)
D Al s sl gl 8 Jaal) 5 8 ()5S0 Laxie 48y pall o3 423
3- polar method 4kl 43, ;kl)
A4 Hhall oda aliall 8 8 (e uS) danall 3 68 (4 585 Laxie @lld g (path method) Dlbwell 48y jla L5 Larie 45 Hlall o2 addius
(SIS @l il Jlagind lee A

y = rsin@
x = rcose
=x*+y°

(D.N. E) 8353 50 e all Ll s (path method) 48 sk aladiu) vie Lgle J seaal) 2y 3l dal) 4.1::).4
Dhall 4y gl g 3352 50 Al e Jpanll o3 (polar method) dgyh a2l die Wl (fails) d.uﬂ )
(D.N.E) 3352 50 e 4l ) (exist=0)

e A function of two variables is continuous at a point (x,, ¥,) if f(xo, ¥o) is defined and

lim f(x,y) = f(x0,¥0)

(x,y)~(x0,¥0)

Example (1): Calculate the limit  lim =<2
(x)-(1,2) ¥+Y?

Solve:

_ 5x%y 5(1)%2(2) 10
lim = =—=2
xy-~12)x2+y2  (1)2+(2)2 5




’ Calculus 111 Fifth Lecture

Dr.Najlaa Saad Ibrahim

4x —y4

Example (2): Calculate the limit  lim -
(x.)~(0,0) 2x?+y?

Solve:
L Axt -yt . @2 —-yH(2xE+yY)
lim ———— lim
(x, y)—>(0 0) 2x2 + y? = @)~ (0,0) 2x2 + yZ

lim (2x2-y9)=0-0=0
(x,y)—>(0,0)( y )

Example (3): Show that the limit  lim

(x,y)~(0,0) x2+ 2 . does ot exist(D.N.E).
xX,y)—

Solve: using the path method

2
A long x=0 lim =~ = lim (-1)=-1
J »)~(0) ¥ (y)a(O)( )
2
A long y=0 lim == lim (1)=1

()~(0) ** (x)ﬁ(O)
Since the two paths have different answers, then the limit (D.N.E).

Example (4): Show that the limit  lim " does not exist.

(xy)~(1,1) x3—y4

Solve:
_vA
A long x=1 lim 2= lim 1=1
0017 )=0) ) . . )
_ . x-1 x— . _ _1
Alongy=l - I a1 = ) oD GEarD o GReaeD) DRI 3

Since the two paths have different answers, then the limit (D.N.E).

Example (5): Show that the limit  lim does not exist.

(x,y)~(0,0) x2+ 2

Solve:
A long x=0 lim —~ =0
(y)*(0)3(’)
A long y=0 dim =0
— . x?% _ . x2 _ : 1 = 1
A |Ong y=X (x’yl)l_r)r(l(),x) x24x2 (x,yl)l—l;r(lO,X) 2x% (x'yl)l_l;r(lo'x) 2 2

Since the two paths have different answers, then the limit (D.N.E).
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2
XY__ does not exist,

Example (6): Show that the limit  lim ——
(x,y)—(0,0) X“+y

Solve:
A long x=0 lim % =0
=)y
A long y=0 (})1_13(10) ==
4 4
A long x=y? lim -Y—= lim 2. = lim 1_1
xY)->@L0 Y YT (xy)-(%,0) 2y (xy)~(202 2

Since the two paths have different answers, then the limit (D.N.E).

3

Example (7): Calculate the limit  lim ==~
(xy)—(0,0) x*+Yy

3

Solve: using the polar method

y = rsin0
X =1cos0
r? = x? + y?
- 13c0s30 —13sin30 _ 13(cos30 — sin30)
lim = lim
r—0 T2 r—0 r
lin(} r(cos30 — sin30) = 0 x (cos30 — sin30) = 0 The limit is exist
Tr—

yxZeX

Example (8): Calculate the limit (x’yl)l_{r(lo’o) Trsy

Solve: using the polar method

y = rsin@

X =1cos0

r2 = x% + y?
lim (rsing@) (rzcosze)e""se_ r3(sind)(cos?6)emcs?
r—0 (r%cos?0)+5(?%sin%20) -0 12(cos20+5sin%0)

. r(sin@)(cos?*0)e"™°? 0x(sind)(cos?0)e’ 0 e el .
ly-l_r>l(} ((cos)z(e+55i1)129) = (c(‘osza)-l-(SsinZZ) - (cos20+5sin20) =0 The limit is exist
nyZ
Example (9): f(x,y) = {2x2+y? (%,y) # (0,0) ;¢ f(x,y) continuity or not?
1 (x,y) =(0,0)
Solve: lim + =lim - = £(0,0)
y2x? . (r*sin?@)(r’cos?0) . r*(sin?0)(cos*0)

lim ——— =1im = lim
(xy)~(0,0) 2x% + y2 10 212c05%0 + r?sin?0? 0712 (2c05%0 + sin?6?)
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r?(sin*0)(cos*0) 0 * (sin®0)(cos*0)
720 (2c0s20 + sin26?) _ (2c0s20 + sin20%)
(lim+=0) # (lim—=1)

f(0,00=1
lim+=+ lim—+ £(0,0) f(x,y) is not continuity
Example (10): Discuss the continuity of the function f(x,y) = eyl
Solve: lim = f(0,0
(x,y)—(0,0) I )
i 1 I S |
(x3)2(0.0) X2 +y2—-4 0+0-4 4
-1
0,0) = =
f(0,0) 0+0—-4 4
lim =f£(0,0 x,y) is continuit
o Jim = £(0,0) fx,y) y
H.W: Calculate the limit:
i . xy* i . xy-y i . yx2eY
! (x,yl)ll?oo) x%+y8 2 (x.yl)lf(ll,O) (x-1)%+y? 3 (x,yl)ll?o,O) xt+4y?

y
x2+y2

4- Discuss the continuity of the function f(x,y) =



