Calculus 111 Seventh Lecture
Dr.Najlaa Saad Ibrahim

Total differential, chain rule & Extrema of Functions of Two Variables

Definitions and Theorems: <l plal g iy slad

e LetZ = f(x,y) then the total differential of z is the expression
die 7 il b 7 = f(x, y) D oKl
0Z 0Z
—dx+—

e 3y dy = fo(x,¥)dx + f,(x, y)dy

e Letw be a function of x and y, and assume that x and y are both functions of t. Then, w is a
function of t, and the chain rule says that
el e Al 3o (aiig ot JAY A w bt J A LaadS y 5 x o g il 5y g x Aoy oSl
dw  dwdx ow dy

dt ~ ax dt ' 3y dt

dZ =

e Let f(x,y) be afunction defined on the region R containing (xq, ) , The point (xq, ¥o) IS
critical point if either:
Gl OIS 13 Ao pa ALl o (X, Yo) Al . (X9, ¥p) sle s5iad (U R Adkaiall e 46 e s f(x, y) oS3
1 38a (pithadil) (4

1) f =0
2) fx
¢ Relative extrema occur at critical points. In other words, the critical points are the candidates
for relative maximum and relative minimum. This is done through the following second
partials test:
(e W) anll) alaall asll A pall oo dsad) Blall s Al 5 by Aajall Lalail) sie Lppuill (5 gusil] al) Caaa
A U 55l SR VA (e 1D 5 5 Lpaaaill (33Y) 0a1) (o yaall asill 5 4yl

D = fix fyy fxy
Then, we have the following:
1) D>0, fux
2) D >0, fex
3) D <0
4) D=0
The second partials test can fail in two ways: Oy oy  SEN l jall sl Jiey o8
1) The partial derivatives might not exist. 40 jall OlEiall 0 55 Y 08

2) The discriminant D=0.

Example (1): Find the total differential of the function z = 2xsin(y) — 3x%y?
: _ 9z 9z

Solve: dZ = P dx + % dy

92 _ 9si — 6xV2 97 _ - — 62

Pl 2sin(y) — 6xy 2y 2xsin(y) — 6x°y

dZ = (2sin(y) — 6xy*)dx + (2xcos(y) — 6x*y)dy
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Example (2): Find the total differential of the function w = x? + y3 + 4z*
: _ ow ow ow

Solve: dw = o dx + 7 dy + P dz

aw_z 6w_32 6w_163

ax " ay 7 az ¢

dw = 2xdx + 3y*dy + 16z3dz

Example (3): Find the total differential of the function z = 2x%y3
: _ 9z 9z
Solve: dz = P dx + 3y dy
0z ow
— = 4xv3 R 24,2
9% xy 3y 6x°y
dz = 4xy3dx + 6x*y*dy
Example (4): Use the chain rule to find ‘Z—‘:’ if w=x?y—y?,x=sin(t)andy = ¢!
dw awg a_wﬂ

Solve: Gt ox di dy dt

aw _ w_ o

ax T YK =Xy

ax _ Y _

— = cos(t) , P

dw

i 2yx(cost) + (x* — 2y)(e")
dw . .

s = 2etsint(cost) + ((sint)? — 2e%)(e?)
dw _

dat

Example (5): Use the chain rule to find 'Z—‘:’ if w=xy,x=etandy =e %
dw awﬂ a_wﬂ

Solve: —=—
dt dJx dt dy dt
ow _ ow _
ax Yo ay
X _ ot , Y _ _pe-2t
dt dt
dw
== y(eh) + x(—2e %) = e 2tet — 2ete™%t
dw

—_ = _t_z _t=
dt e e
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Example (6): Use the chain rule to find ‘;—‘: if w=eX ,x=t>andy =t
dw _ awdx | awdy

Solve: — =
dt dx dt dy dt
a_w = Xy a_W — xy
5 = Ve , 3y xe
d
T2t , Z=1

dt dat

dw

Fri ye*¥(2t) + xe*¥ (1)

dw :
- = tett™(2t) + t2e't” = 2t2et’ + t2et’ = 312t

Example (7): Find the critical point and determine the relative extrema of the function
flx,y) =2x*+y* + 8x — 6y + 20
Solve:
f:(x,y) =4x+ 8
0=4x+8 —-4x=-8 ->x=-2
fy(x,y) =2y—6
0=2y—6 —-2y=6 —->y=3
(x0,¥0) = (—=2,3)
v f(X0,¥0) =4(=2)+8=-8+8=0 and f,(x9,¥9) = 23)—-6=6—-6=0
=~ (-2,3) is the critical point.
D = fxx(xOryO)fyy(XOJyO) - (fxy(xOJyO))z

fxx(xIY) =4
fyy(xiy) =2
fry(x,y) =0

D=#(2)—-(0)°=8
v D >0, fix(x9,¥9) >0 - relative minimum

Example (8): Find the critical point and determine the relative extrema of the function
f(x,y) = —5x* + 4xy — y* + 16x + 10

Solve:
f(x,y) =—10x + 4y + 16
0=-10x+4y+ 16 ..(1)

fy(x;y) =4x — Zy
0=4x—-2y ..(2)
Milt Eq.(2) by (2)
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0=-10x+4y+16 ..(1)
0= 8x—4y .. (2)x=l
0=-2x+16 - 2x=16 -
Sub. X=8in Eq.1
0=-10(8) + 4y +16 = —80+ 4y + 16
0=—-64+4y > 4y=64 — y=16
(%0, ¥0) = (8,16)
v fie(X0,Y0) = —10(8) +4(16) +16 = -80+ 64+ 16 =0
and f,(x9,¥o) = 4(8) —2(16) =32 —32 =0
=~ (8,16) is the critical point.
D = fxx(xo:J’o)fyy(xo;J’o) - (fxy(xOIyO))Z

=
Il
o

f;cx(x!y) =—10
fyy(ny) = —2
fey(x,y) = 4

D= (-10)(-2) — (4)* = 4
v D >0, fix(x0,¥0) <0 - relative maximum

Example (9): Find the critical point and determine the relative extrema of the function
fxy) =y* —x*

Solve:

fr(x,y) = —2x
0=-2x - x=0
fy(x:Y) =2y

0=2y —->y=0
(%0, ¥0) = (0,0)
v fxr(x0,¥0) = —2(0) = 0 and f,(x9,¥0) = 2(0) =0
=~ (0,0) is the critical point.
D = fxx(xOJyO)fyy(XOJyO) - (fxy(xo»)’o))z

f;cx(xry) = -2
fyy(xJY) =2
foy(x,¥) =0

D =(-2)(2) - (0)* = ~4
D <0 — saddle point
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Example (10): Find the critical point and determine the relative extrema of the function

fx,y) =xy
Solve:
f(oy) =y
0=y —->y=0
fy(x,y) =x

0O=x —->x=0
(x0,Y0) = (0,0)
v fx(x0,¥0) = 0 and fy(xo»YO) =0
=~ (0,0) is the critical point.
D = fxx(xOryO)fyy(xOJyO) - (fxy(xO;yO))Z

fxx(x: y) =0
fyy(x: y)=0
fry(x,y) =0
D = (0)(0) - (0)*=0
D=0 — Test is inconclusive
H.W:

1- Find  the critical point and determine the relative extrema of the function
f(x,y) =3x*+2y*—6x—4y+ 16

2- Find  the critical point and determine the relative extrema of the function
f(x,y) =2x+4y —x* - y*



