Calculus 111 Tenth Lecture
Dr.Najlaa Saad Ibrahim

Lagrange multipliers & Applications of Lagrange Multipliers
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e Lagrange’s Theorem: Let f & g have continuous first partial derivatives such that f has an
extremum at (x,,V,) on the smooth constraint curve g(x,y) = k. if Vg(x,,y,) # 0 then
there is a real number (4) such that:

Vi(x,y) = AVg(x,y)
The number (1) is called a Lagrange multipliers
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Example (1): Use Lagrange multipliers to find the minimum value of f(x,y) = x2 + y?
subject to the constraint x + 2y — 5 = 0 . Assume that x & y are positive.
Solve:

Vilx,y) = AVg(x,y)

Vi, y) = (fe. fy) = (2x, 2y)

Vg(x,y) = (gx,9y) = (1,2)

(2x,2y) = A(1,2)

2x =1 ..(D

2y =24 ...(2)

x+2y—=5=0 ..(3)

Divit. eq.(1) on eq.(2)

2x A x 1
- = = - ==
2y 27 y 2
y = 2x

Subyineq.(3)
x+202x)—-5=0=>x4+4x—-5=0 = 5x=5 =>x=1
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Subxiny

y=2(1) = y=2

2()=42 > A=2

(xOIyO) = (1'2)

The minimum value is f(1,2) =124+22=1+4=5

Example (2): Use Lagrange multipliers to find the maximum value of f(x,y) = 4xy subject to

2 2
the constraint g(x, y) = 2 + > — 1. Assume that x & y are positive.

Solve:
Vi, y) ={fx, fy) = 4y, 4x)
v _ _2x 2y
g(xty)_(g.Xng>_(9 :16
4y, ax) = 1 (22
(4 ,4%) = MG . )
=22 .
y=13 - (1)
2y
4x =1— ..(2
X /116 (2)
xZ yZ
?+E—1—0 (3)
Divit eq.(1) on eq.(2)
4 PR 16 9
y 9 y X 2 2 2 2
—_— T — _—= — 1 = —_ —
Ax ,12_3’ =>x 9y = 16x 9y* = x 16y
16
Sub x2 in eq.(3)
9 2 2 2 2 2
167 Yy _ . _ Yy Y 4 _ 2y° _
g Y1 170 2t 170 245=1
2y2=16 = y2=8= y=22
Suby in x?
9 2 9(8) 9 3
2:— 2 2 = —= — = —
=@ =Tr=g = x=p

Sub x & y ineq.(1)

3

2(\/_§> — 8@;1? = 1=24

4(2v2) =2 3
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(%0,Y0) = (55, 22)

The maximum value is f (% 2\/7) =4 (%) (2v2) = 24
Example (3):Use Lagrange multipliers to find the minimum value of f(x,y, z) = x? + y? + z2
subject to the constraint g(x,y,z) = x+y +2z—9 . Assume that x , y & z are positive.
Solve:

Vi(x,y,2) =fu . fy fz) = (2x, 2y, 22)
Vg(x,y,2) =(9x, 9y, 9z) = (1,1,1)
(2x,2y,2z) = 1,1,1)

2x = 1 (D
2y = A (2
27 =1 (3

x+y+z—-9=0 ..(4)
Divit eq.(1) on eq.(2)

2x A
=1~V
Divit eq.(1) on eq.(3)
2x A

57 = 1 > zZ=x

Suby & zineq.(4)

X+x+x—9=0 =>3x—9=0= 3x=9 =>x=3
Subxiny &z

y=3,z=3

Sub xineq.(1)

23) =12 > 1=6

(X0, Y0, Z0) = (3,3,3)

The minimum value is £(3,3,3) =32+32+32=9+4+9+9 =27

Example (4): Use Lagrange multipliers to find the extreme value of f(x,y) = x2 + 2y? on the
circlex? +y% =1

Solve:

glx,y) =x*+y* -1

Vi y) = (fe. fy) = (2x,4y)

Vg(x,y) = (9x gy) = (2x,2y)
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(2x,4y ) = A(2x, 2y)

2x = 2Ax (1)

4y =21y .. (2)

x2+y2—-1=0 ..(3)

Divit eq.(1) on eq.(2)

2x  2Ax X X

E=m = Z=;: yx =2xy=>0=2xy—xy=>xy=0
= y=00rx=0 &A1=0

Suby =0 ineq.(3)

x2402-1=0 =2x*=1>= x=7F1

Subx =0ineq.(3)

02+y2—-1=0 =>y?=1= y=7F1

(x0, ¥0) = (=1,0),(1,0),(0,1) & (0,—1)

f(1,00 =12 +2(0)2 =1

f(=1,0) = (-1D*+2(0)* =1

f(0,1) = (0)* +2(1)* =2

f(0,-1) =(0)* +2(-1)?* =2

The minimum value is f(—1,0) = f(1,0) = 1.The maximum value is f(0,1) = f(0,—1) = 2

Example (5): find the dimensions of the box with volume 1000 cm?® that minimum surface area.
Agndas Galie Jl 4l 31 530 1000 4nna s (3 saiall sbasl 2

Solve:

V =xyz =1000

g(x,y,z) = xyz — 1000

f(x,y,z) =2xy + 2yz + 2xz

Vi,y,z) =farfy. fz) = Ry +2z,2x + 22,2y + 2x)

Vg(x,y,z) = (gx ngigz> =(yz,xz,xy)

2y + 2z,2x + 22,2y + 2x) = Myz,xz,xy)

2y +2z =Ayz ..(1)
2x + 2z = Axz ..(2)
2y + 2x = Axy ..(3)

xyz—1000=0 ..(4)
Divit eq.(1) on eq.(2)

2y+2z Ayz y+z vy
2x +2z  Axz Stz x O YXtTxMswytyz Sy=x
Divit eg.(1) on eq.(3)




Calculus 111 Tenth Lecture
Dr.Najlaa Saad Ibrahim

2y +2z Ayz y+z z
= = =— = yYx+zix=yz+xz SZ=X
2y +2x  Axy y+x x
Suby & zineq.(4)
x(x)(x)—1000=0 = x3=1000 =x =10 ~y=10 &z =10

2(10) +2(10) = 1 (10)(10) = 40 = 1001 = A= il

10
The dimensions of the box (10, 10, 10)
Suby &zineq.(1)
The minimum surface area is
£(10,10,10) = 2(10)(10) + 2(10)(10) + 2(10)(10) = 200 + 200 + 200 = 600

Example (6): find 3 positive numbers whose sum is 100 and whose product is maximum.
Aadalic) s agy i diala 5 100 agren Joala 20 A3 alacY) aa

Solve:

x+y+2z=100

gx,y,z)=x+y+2z-—100

fx,y,z) =xyz

Vi, y, z) = fx . fy, fo) = vz, xz, xy)

Vg(x,y,2) = (gx, 9y, 92) = (1,1,1)

(yz,xz,xy) = A(1,1,1)

yz = A ..(1)
Xz =27 - (2)
xy =47 -.(3)

x+y+z—100=0 ..(4)

Divit eq.(1) on eq.(2) E =% :g =1 = yz=xz =>y=x
. yz _ A yz _ _ —
Divit eq.(1) on eq.(3) > =7 =>xy =1 = yz=xy =z=Xx
Suby & zineq.(4)

100 100 100
x+x+x—-100=0 = 3x =100 :sz sz &Z=T
Suby & z in eq.(1) (F)(F)=2 = 1=2=

The 3 positive numbers (==, ==, =)

The maximum product is




