Calculus 111 First Lecture
Dr.Najlaa Saad Ibrahim

Differential Equations
1. Definition of Differential Equations

Differential Equation: is any equation which contains one derivative or more. The

derivative may be either ordinary derivative or partial derivative.
Aaidia Ll ALl (i ¢ ST o) JBY) e sas) g diiia e s sind Al daladll o dlaladl) dalaal)
A5 AELde o dualyic)

y+4y—3y=2x or

Solution of the Differential Equation is finding an equation without any

derivatives, and when substituted in the differential equation achieved.
Leiat Apbalail) Aalaall 8 Cuia e 13) 5 hlEiliall (pe AdlA dalae dlag) o dlalatl) daladll Ja

1.1 Classification of Differential equation:

Differential equation divided into:

1) Ordinary Differential Equation: independent variable = 1

Ordinary Differential Equation (ODE): is an equation containing one independent

variable.
Aal g Jilae e o (o giad A Aabaall a5 7 dgalic ) Alalin) Aataall
For Example:

y = x*
dj.-‘_
dx
y = f(x)

2x or yv=2x —

where:
y: is dependent variable aiza i
x: is independent variable Jsiwe jaie

2) Partial Differential Equation: independent variable > 1
Partial Differential Equation (PDE): is an equation containing more than one
independent variable.
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For Example:
z=x"+y*
dz , : _ _
e x or Z=2x z = f(x,y)
dz 2 ;=2
—_— = ¥ = — =
o y or 2 v z = f(x,¥)
where:

z. is dependent variable
x & y: is independent variable

1.2 Order of differential equation: Alaaliil) i slaal) A
The number of highest derivative in a differential equation. A differential equation

of order 1 is called First order, order 2 1s called Second order ....... etc.
Alialail) Aaleall 833 g g A0S o) o
For Example:
y+y=x  Firstorder
y+2y—y=sinx Second order

1.3 Degree of the differential equation: dlalidl) daaal) da )
The highest power which is raised to the highest-order derivative existed in
differential equation.
Aoloalall Aslaall b diide o) e dsa g0 Gl o) sa
For Example:
1) y—6y+9y =0 thedegreeis1

2) y+3y+Inx=5 thedegreeis1

d*y\"  dy
3)({{::) +d—i+tanx=[} the degree is 3

dz

dy\*  _dy
4) dx};-l_x(é) —Ei=ﬂ the degree is 1
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Note: if highest-order derivative found inside the root or any form of fraction, the
degree of this differential equation cannot be determined (undefined degree).

G dhala ) sin(y) ddilie Al gl \/; D3l Jie dla (gf Jala 82 sa 5 ALEL o) cilS 1))
Alialal) Aalaal) da 50 3083wkt S yy
For example:

jdz}-‘ d}’
.\]E _|_ — =2x (undefined degree)

dy dy

Ic2 + cos (F) = 5x (undefined degree)

1.4 Types of Differential Equation

There are two types of differential equation according to degree it:

a) Linear Differential Equation: is a differential equation without nonlinear term
and all of its terms are of first degree.

b) Non-Linear Differential Equation: is a differential equation that contain

nonlinear terms such as: siny , ev, \/y, ¥4, yy or Iny.
owiall e g giny (A Aalaal) dg0a (e 2a IS 58 ) e (linear) adha Adladl) mauad (S
Siny, ey e JS& o Aaleall o aal 5oy ¥ (o)) o ol ¢ Y1 A all (e Al 5 () dainall
, \/; y2, yy oriny.
For example:

Ny+vi=x (Non — Linear because vv)

-

d?y : dy . . d*y
2) +x I = sinx (Non — Linear because ( — 1)

dx? x  dax?
3) v+ 4xy 4 2y = cosx (Linear Equation) X Lo adad Y
d2y
4) (Non — Linear because Iny)

dx? d
: ,d},)a_H 4  (Non — Linear b [H ) &t
= any — on — Linear pecause | —— A1V
dx® \dx ’ ( )

-

WX
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1.5 Solution of the differential equation: dlalinl) el Ja
There is multi-solution for the differential equation:
1. General Solution: it is a solution that contain one or more essential constant.

Y e aal g sl i e s ging (53l Jall IS sar aladl Jal
For Example:
dy/dx=f(x) — [dy=[f(x)-dx+c

where c: Is essential constant
Alialal) Aabaal) 45 ) (e JB) ) (g gl A HLBAY) Sl Al 2ae Laily

2. Special Solution: it is a solution obtained from general solution by finding
the values of essential constants. it depended on:

e s singsale 5 4y LAYl il ad Al alall Jall (e 4de doans 3 Jadl elld o Galadl Jall
ALY Cul Al alagy da g i

a- Boundary conditions for static problems

b- Initial conditions for dynamic problems

3. Singular Solution: solution cannot be found from general solution.
Alall Jall e e Jsmall (€ay Y (o3 ol Sy sa; il Jall

4. Complete Solution: it is a solution that by which can get all the solutions of the
differential equation.

Aol Al Jsla gen e Jgemal) (S 530 Jall @lly ga: Al Jal)
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Example (1): Prove that y =ae * + be?* is a general solution for the

differential equation y —y—2y=0?

Solve:

sub y, ¥, and ¥ in above D. E:

cae *+4be*  +ae ™ —2be** —2ae ¥ —2be* =0
0=20 ~ ok

Example (2): Prove thaty = a e3* + b e3%is a general solution for the
differential equation y — 6y +9y =0

Solve:

y =3ae3* + 3be3*

y =9ae3 4 9pe3*

Suby, ¥ and v in above D.E:

9ae3* + 9be3* —6(3a e3* + 3be3¥) +9(@e3* + be3¥) =0
9ae3* + 9be3* —18a e3¥* - 18be3* + 9ae3* + 9be3* =0
18ae3* + 18be3¥ — 18ae®* - 18be3* =0

0=0 -~ ok
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Example (3): Prove thaty = acos(2x) + b sin(2x) is a general solution for

the differential equation y + 4y = 0
Solve:

y = —2asin(2x) + 2bcos(2x)

y = —4acos(2x) — 4b sin(2x)

v y+4y =0

~ —4acos(2x) — 4bsin(2x) + 4(acos(2x) + bsin(2x)) =0
—4acos(2x) — 4bsin(2x) + 4acos(2x) + 4bsin(2x) =0
0=0 .ok

Example (4): Find the general and Special solution for the differential
2
equation f% = [ 6x dx . The initial condition y(0) =1,y(1) =0

Solve:
d x?
d_§:67+cl - y=3x*+¢

© 9(0)=1 > 1=3(0)+ ¢

C1:1

dy 5
g — = 1

I 3x“ +

d
—y=j3x2dx+]1dx
dx

y=x3+x+c,

vy =0 - 0=14+14¢c;, = ¢c; =-2
VA= 2

0=1+1-2 > 0=0 - ok
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Example (5): Prove that y 2 = ax — x Inxis a general solution for the
2_

differential equation % = @Tyx) for the values of the constant a .

Solve:

1
y2=ax— xlnx -»y= (ax— xInx)2

_(a—[x%+lnx])_ (a—1-Inx)
==

y= 1
2(ax— xInx )z 2(ax— xInx)?2
dy (y?—x) (a—1-Inx) (ax—xinx—x)
—_—= - =
dx 2xy 1 1

2(ax—x1Inx)2  2x(ax—x1nx)2

(a—1—-Inx) x(a—Inx—1)

1 1
2(ax— xInx )z 2x(ax— xInx)2

(a—l—lnx)1 _ (a—inx-1) -~ ok

1
2(ax—-xInx)z  2(ax—x1nx)2

H.W: Prove that each of the following differential equation has the given general
solution for all values of the constant a and b:

1) y=2x% ,xy =2y
2) y=ax+be* ,(x—1)y—xy+y=0



