Calculus 111 Fourth Lecture
Dr.Najlaa Saad Ibrahim

A Visual Introduction to 3D Calculus & Functions of two or more

independent variables

Definitions and Theorems: <l plal g iy jlad

In the three-dimensional coordinate system , point are represented by ordered triples (X, vy, z).
For example, the origin is (0,0,0).
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The distance between the points (x4, y1,21) and (x,, y, z5) is given by the formula:
d=(x3—x1)%+ W2 —y1)? + (22 — 21)?
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The sphere with center (xy, yo,2,) and radius r is the set of all points (X, y, z) such that the
distance between (X, y, z) and (xg, o, Zg) IS . That is,

dz\/(x—xo)z+(y—y0)2+(z—zo)2=r
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This simplifies to the equation of the sphere,

(x—x0)* + (Y —y0)* + (2 — 2p)* =17

The midpoint between the points (x4, ¥4, Z1) and (x5, ¥4, Z,) is given by the formula:
(x1 +X2 Y1+Y2 Z3 +Zz>
2 2 7 2
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If z= f(x,y) is function of two variables, than x and y are called the independent variables and
z is the dependent variable.
dira parie Jidi 7 g Aliue ) juaie el X & Y O (puaial Al 7 IS

Let D be a set of ordered pairs of real number. If to each ordered pair (x,y) in D there
corresponds a unique real number z= f(x,y), then f is called a function of x and y. The set D
is the domain of f ,and the corresponding set of values f(x,y) is the range of f.
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e The graph of a function of two variables z= f(x,y) consists of all points (x,y,z) such that
z= f(xy)
z= f(X,y) e (XY,2) BED e (e 7= f(XY) oo DA s S5
e The trace is the intersection of a surface with a plane.
5 sinall o crland) (i 2 1Y)

Example (1): Find the distance between the points (2, -1, 3) and (1, 0, -2).
Solve: Using the distance formula:

d=(x;— %)%+ (v, —y1)? + (2, — 21)?

d=y(1-22+0+1)2+(-2-3)2=vV1+1+25

d =27 =5.196

Example (2): Find the distance between the points (1, -2, 4) and (6, -2, -2).
Solve: Using the distance formula:
d =/ = %)% + (072 = y1)* + (2 — 21)?
d=y(6—1)2+(-2+2)2+(-2—-4)2=+25+0+36
d=61=1781

Example (3): Find the equation of the sphere with center (0, 2, 5) and radius 2.
Solve: The equation of the sphere is:
(x —x0)* + (¥ — y0)* + (2 — 29)* = 1?
(x—0)2+ -2+ (z-5)*=(2)*
x2+(y—2)2+(z-5)?%=4

Example (4): Find the equation of the sphere having (4,-2, 3) & (0, 4, -3) as endpoints as
diameter.

Solve: The center of the sphere is the midpoint between the points (4,-2, 3) & (0, 4, -3) is given
by the formula:
<x1+x2 y1+y2 Z1+Z2>_(4+0—2+4‘ 3—3
2 2 2 ) U277 2 7 2

) — (2,1,0)

By the distance formula, the radius is:
r=v(x—x0)2 + (y — y0)? + (z — 2)?
r=y0-2)24+@-1)2+(-3-02=vV4+9+9=+22

The equation of the sphere is: (x — x¢)% + (y — y¢)? + (z — zy)? = 12
(x=2) + (y— D? + (z— 0)? = (V22)'
(x—2)2+(y—-1)2+2z*=22
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Example (5): Find the midpoint of the line segment joining the points (4, 0, -6) and (8, 8, 20).
Solve: The midpoint between the points (4, 0, -6) and (8, 8, 20) is given by the formula:

X1 +XxX32 Y1+Yy2 21+ 2, 4+8 0+8 -6+ 20
<2 22 )‘(2’2' 2 >_(6’4’7)
Example (6): Calculate
1- f(1,3) if f(x,y)=Iny+e**Y
2- g(m,0) if g(x,y) =3cos(x+y)+ sin(x —y)
3-221) if z(x,y)=x*+xy
Solve:
1- £(1,3) =In3 + e'*3 =In3 + e* = 1.0986 + 54.5982 = 55.6968
2- g(m,0) = 3cos(m + 0) + sin(r — 0)
= 3cos(m) + sin(m) =3(—-1)+ 0= -3
3-2z(21) =24+ (2)(1)=4+2=6

Example (7): Find the domain of the function f(x,y) = /4 — x2 — y2.
Solve: G ge dal) Jal el () 6 o
4—-x2-y22>0

x2+y2<4

D={(xy):x%>+y?> <4}

The domain is inside a circle of radius 2 and center (0,0,0)

Example (8): Find the domain of the function f(x,y) = In(9 — x? — 9y?).
Solve:
9—x2-9y2>0

9 > x% + 9y? +9
1
1> x + y? T """"
9 7Y
D = {(x, y):% +y? < 1} 3 3

The domain is inside the ellipse.
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Example (9): Find the domain of the function f(x,y) = /22 + y2 — 4 + /'y — x2.
Solve:
1) x2+y2—-4>0

x*> +y* >4 The graph is a circle of radius 2 and center (0,0,0).

2) y—x2=0 2 :
y > x% The graph is a parabola 5

The domain is inside the parabolay > x? and outside the circle x? + y? > 4

Example (10): Find the domain of the function f(x,y,z) = /1 — x% — y2 — 22,
Solve:

1-x>—y2-222>0
x2+y2+2z2<1
The domain is inside a sphere of radius 1 and center (0,0,0).




