Lecture Five of the Stochastic Processes (1) course.

Examples of P.G.F. of Sum of Fixed Number of r.v.’s

Example :
If X1, X5,...,X, ben independent Poisson distributions with parameters \;, i =
1,2,...,n, then the sum

Sn:ix,-

is a Poisson distribution with parameter > . | A;, and

n

E(S,) = var(Sy,) = Z Ai-

i=1
Solution: Since X; ~ Poisson();), then the p.g.f of X is:
Px,(S) =MD =12 ... n
Then the p.g.f. of S, = > | X, is:

S) = HPXi(S) = Px,(S) Px,(5) -+~ Px,(9)

Thus S, is Poisson with parameter A\ = Zi:l Ai
The mean is:

E(S,) = P§ (1) = XeXMED] . =3 "\
i=1 i=1

The variance is:
var(S,) = Pg, (1) + Pg (1) — [Pg, (1)]*.

Now,
n

P';<1>=(ix) MO = (ZAZ)Z

Then:

n

var(S,) = (Z)\) +Z)\i— (zn:)\i)Q:Z)\i.

i=1 1=1 1=1
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Example :

Let X; and X, be two independent random variables, each with the same Geo-
metric distribution, with

pk:qkp, k=0,1,2,...,n.

Find the p.g.f. of Z = X; + X5, and the mean and variance of Z.
Solution: Since X; is Geometric with p.g.f.:

p

Px,(5) = m,

i=1,2.

Then:
Pz(S) = [PX(S)]n, n = 2,

2

Py(S) = [Px(9))* = (1 _pqS> = (1_])T>2

The mean and variance of Z are:

B(Z) = P4(1) = —2p* (1= 48)(~q)| _ = 2*a(1 =)

Since ¢ = 1 — p, then
29
E(Z) = —, the mean of Z.
p

For the variance:

var(Z) = Py(1) + Py(1) — [Pz(1)]*.

Now,
2
_ VR
Py(1) = —6p*q(1 — ¢S) 4(—61)‘5_ =6’ (10" =65,
Then: )
6¢> 2 2
var(Z) = %+ = (_q)
P> p p
2% 2 2 2 (q+ 2 1 2
:%+_:_Q<z+1):_q<u):_q_:_g,
P p  p\p p\ p p p P
2
Thus, var(Z) = —(2]
p
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Example :

If X; and X5 are two independent r.v.’s with the same Geometric distribution and
p= %, q= %, find the p.g.f. of

and find the mean and variance of Y.
Solution: Since X; is Geometric with the same p.g.f.:

__ P
1—qS’

Then the p.g.f. of Y = X; + X5 is:

Pyx,(S) i=1,2.

Py(S) = [Px(9)]", n=2,

Py (S) = (1 _pq5>2 B ﬁ'

The mean and variance of Y are:

B(Y) = P(S) = 21— g8) *(—q)| = 2L
Y P q S—1 (1_(])3
Forp=3, ¢=3, ,

Bv)="2-1.
p
var(Y) = Py (1) + Py (1) — [Py (1)]?
Now,
2
PI(1) = —6p*q(1 — ¢S)~4(— —6L.
v(1) = =0p"g(1 = ¢S) " (=a)|,_ =65
Then: 602 62
q 2 q
var(Y) = — 4+ 1 — (1)? = —.
(Y) e (1) p
Forpz%,q:%:
2 2
1\ /3 19 3
VY=6(= °) —g.2.2 =2
var(Y) 6(3) (2> 6 5 1-2
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