Lecture Eight of the Stochastic Processes (1) course.

Markov process

Some stochastic processes are characterized according to dependence relation among
the r.v.’s. The Markov Chain (M.C) has a property for the special case of processes
for which the state space S and parameter space 1T are discrete.

Ezxample :

Consider a simple coin tossing repeating several times, the possible outcomes
at each trial are two, head (H) with probability (p), and tail (T") with probability
(¢) with (p4 g = 1). Denote head by (1) and tail by (0), and the random variable
denoting the result of the n”* toss by X,,, then, forn =0,1,2,...:

PAX, =1} =p and PX, =0} =g

thus we have a sequence of r.v.’s x1,29,...,x,, the trials are independent and
result of the n'® trial dose not independent (dependent) on the previous trial
number (1,2,...,n—1).

Now consider the random variable given by the partial sum:
Sp=x1+ T+ + Iy,

the sum (S,) gives accumulated number of heads in the first (n) trials and its
possible values are (0,1,2,...,n), we have:

Sn—H - Sn + Ty

Gives that S, = 5,7 = 0,1,2,...,n, the r.v. 5,11 can assume only two possible
values S, 11 = j with probability (¢) and S, 1 = 7 + 1 with probability (p), the
probabilities are not all affected by the values of the r.v.’s 51, Ss, ..., thus :

Pr{SnJrl:.]"'llSn:j}:pv PT{SH+1:J|STL:]}:Q

This is an example of Markov Chain, a case of simple dependence that outcome
of (n + 1) trail depends directly on that of the (n)™ trial and only on it.

Definition of Markov Chain:

The stochastic processes {X,,n = 0,1,2,...} with discrete state space S and
discrete parameter space T' is called a Markov Chain if for ¢, j,49,41,...,%,-1 € N,
the set of all integers:

Pltpi1 =7 an=10,2n-1 =tn-1,...,00 =lo} = P{xpny1 = J | xn = i} = pyj
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Where p;; is the conditional probability, and it’s the probability of transition from
state i to state j at n'* trail. Then the probabilities pi; are the basic to study the
structure of the Markov Chain.

The Transition probability p;; is called One-Step Transition probability if:
ij :Pr{anrl :] | J?n:’L}

And the m- Step Transition probability is:
pgn) = P{xpim =J | zn = i}.

Ezxample:

A man either drives his car or catches a train to work each day. Suppose that
he never goes by train two days in a row, but if he drives to work, then the next
day he is just as likely to drive again as he is to travel by train. The state space of
this system is {¢(train), d(drive)}, this stochastic process is a Markov Chain since
the outcomes on any day depends only on what happened the preceding day.

train ——1 » car < 2 train
1

train ————— car

Example:

Three boys A, B and C are throwing a ball to each other. A always throws
the ball to B, and B always throws the ball to C, but C is just likely to throw the
ball to B as to A. Let X,, denote the n'* person to be thrown the ball. The state
space of the system is {A, B, C'}. This process is a Markov Chain since the person
throwing the ball is not influenced by those who previously had the ball.

|
1 Al—PB
1 2 1 A
A 1, B—>C< ;
1 B—1 » C<:
2 1 B
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Transition Probability Matrix:
The transition probabilities {p;;} satisfy the conditions that:

(o)
pij=Pfapr =j o =1},  py =0, > py=1 Vi
7=0

These probabilities may be written in the matrix form P as:

Poo Po1r Po2 - Pon
p— (P10 PP Pl g 10.1,2,3,..), T = {0,1,2,3,...}
Pno Pn1 Pn2 - DPnn

This matrix is called the transition probability matrix of Markov Chain or (One-
Step transition matrix), which is a square matrix with non-negative element and
unit row sums.

Ezxample :
From the previous example , the transition matrix is:
A B C
A0 1 0
P = Blo o 1 S={AB,C}, T={0,1,2,3,...}
11

Theorem (1): Let p;; denoted the transition probability from state i to state
J in one-step transition, and let the initial distribution of z is:

P {xy = a} = p,, then:
Pr{xn :j7xn—1 = k’,l’n_g :7;’---7x1 — b7330 - CL} = Pkj Pik *** Pab Pa
Proof:

Pir, =721 =k,...,x1 =b,xo = a}
=P{r,=jlap1=k}P{ep,-1=k,...,21 =b,x0 = a}
=P{r,=jlan1=k}P{xy1=k|xno=1i}---P{r1 =029 =0a} P{xg=a}
= Pkj Pik * = * PabPa-

Ezample : Let {X,,n =0,1,2,...} be a Markov Chine with state space S =
{1,2,3} and the transition matrix is:

301
31
i 1
1
P = i % %l , and the initial distribution P.{z¢ =i} = 3 i=1,2,3,
o 2 1
1 1

then find the following:
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3
.PT{$1:2|ZL‘0:3}:]732:Z

- P{ongr =32y =2} =pa3 =

.PT{IQ == 2,]}1 = 1,.%‘0 == 2} == PT{IQ = 2 | r1 = 1}PT{LU1 =1 | Tog —
1 1 1 1
2P =2l =-X - X —=—
Podwo =2} = yx gy x 3= ¢
PT{LEQZI|:E1:2}PT{I1:2|I0:2}PT{J)0:2}
r{fBQ y L1 | Zo } Pr{l‘o — 2}
_lxl_l
P21p22—4 573
3 1 3 1 3
. r pu— pu— :2, pu— :PPPP:— —_ —_ —_— = —
Pxs=2,29=3,2; zo = 3} 39 Pag P3a P3 4><4><4><3 o1

1
-Pr{$2=3|37123,900:1}:Pr{$2:3|$1:3}=p33=1
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