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fy(x) = ‘[ xe *+ 1) gy
0
= C-x[ = e-"]"g =€ ¥ X > 0
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The marginal distribution of X is given by

Fg(x) = '[ f,(x)dx = fe"‘dx
: @ °
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and the marginal distribution of Y is given by
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Example 7.2.4.
Let X and Y be jointly distributed with p.d.f. f(x,y) given by
,0<x<2,0<y<x

1
2 otherwise
0 -

f(x,y) =

1. Find the marginal p.df. 's of X and Y.
2. Find the joint probability distribution function.

Solution

1. The marginal p.d.f. of X is given by

fx(x)=j f(x,y)dy

- @

x 1 X
=I——dy=— ,0<x<2
2 - |

0

=0 otherwise .

The marginal p.d.f. of Y is given by

- o} 2 1
f,(y) =j : f(l,y]dl=J. —Z—dxbecause

- y

0 <y<x < 2. Hence

1
fr(y)=—3—[2—y]=1——2y—,0<y<2.

2 The joint distribution function is

x y y = 1
F(x,y)='|‘ '[ f(x,y)dydx:Jl J —2—dxdy
oy gy 0%o0

1
=Txy,0<y<x<2
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7.3. Independent Random Variables:

In Chapter Four, we defined the independent cvents.
Two events A and B are said to be independent if and only if
P(AB)= P(A). P(B). From this dcfinition we can define the
independence of the two random variables. Let the event

A = { X < x } and the event , B= {Y<y}, then

F(x,y) = P (X<x, Y<y) = P{A and B}

= P{A}. P(B} if A and B are independent
= Fx(x). Fy(y)
s0 we have

De‘ﬂnltlog 73.1.

The “joint distributed r.v. 's X and Y are said to be
independent if and only if their joint distribution function

F(x,y) .cap be written as the product of the marginal
distribution functions F,(x) and F,(y), i.e.

F(x,y)=F;(x).F,(y) .. (7.3.1)

If X and Y are continuous random variables, with joint
p.d.f. f(x,y), then X and Y are independent if and only if

(X, ¥) =f (%) By (¥) o (132)

In the same way, if X and Y are discrete random
variables with joint p.m.f. P(x,y), then X and Y are
independent if and only if

P(x,¥y)=Py(x).Py(y) ... (7.3.3)
for all x and y.
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Example 7.3.1.
Let X and Y be two r.v. 's having the joint p.d.f,

f(x,y)=4e"2*x50,y>0
0 otherwise

The marginal density functions of X and Y are,
respectively

fy(x) =I 4e ¥ dy — 2e" % x50,
0

and =
f,(y)=j de 2t dx = 2¢" 2,y >0
0

Then

fx (x).f,(y) = (2" %) (2e” )
h‘ =de 2N —f(x,y).

-

Thcrefére X and Y are independent r.v.'s.
Example 7.3.2.

> Let X and Y be two r.v. 's with joint p.m.f. given in the
table below:

0 1 Total
P.r(”
0 4/9 | 279 6/9
1 2/9 1/9 3/9
, Total | 6/9 | 3/9 1
pr(rl
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We have

6 6 4
P,(0).P,(0)= 9 9 T=P(0'0)
3 6 2
6 3 2
and
| 3 3 1
Po(1)P (L)= 5+ g~ = - = P(1,1)

Then X and Y are independent.

7.4. Expectation of a Function of Two Random
Variables

If X and Y are jointly rv. 's with p.d.f f(x,y) (or with
p.m.f. P(x,y), then the function Z = h (x,y) is also a r.v.
which is a function of the two r.v. 's X and Y. We can define
the expectation of the function Z in the same manner as in
Proposition 6.4.1, so we have

E(Z)=E{h(X,Y)} =EZh(x,y)P(x,y) .. (7.4.1)
if X and Y are discrete r.v. 's

=I j. Ih(x,y}f(x,y)dxdyif)(and\’ ----------

are continuous r.v. 's

Example 7.4.1.
Two r.v. 's X and Y have the joint p.d.f.

f(x,y) =3-x-3,0<x<1,0<yc<l
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Then _
E(XY) = J' xyf(x,y)dxdy

v 0 0
r1 2 2 3 1
_ x[ Iy xy Yy ]dx
Js 2 2 3 o
3 3 1
- _— ——x—1
on( > 3 X )dx
.S x3 x? '_ 3.1 1
- 4 6 2 |, 4 6 2
1
12

Theorem 7.4.1 _
Let X and Y be two rv.'s and if E(X) and E(Y) exist, then

E(X+Y)=E(X)+E(Y) . (743)
E(XY)=E(X).E(Y) o (744)

if X and Y are independent r. v, s.

Proof: —

Let Xand Y bediscreter. v.’s with joint p.m. f, P (x,y), then by
(74'1 ) we have
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i. EX+Y)= 27;« (x+y) P(x,y)

= Y ¥ xP(x,y)+ Y Y yP(x,y)
x y y x

Y xP (x)+ Y yP.(y)
y

x

ii. E(XY) = gzr«xy P(x,y)

=2 ¥ xy Py (x)Py(Y) since X and Y are independent

= Y xPy(x). ¥ yP,(y)=E(X)E(Y)

x

Now, let X and Y be continuous r.v. 's with joint p.d.f. f(x,y),
then by (7.4.2) we have

i. E(X+Y) = f j (x+y)f(x,y)dxdy

f x'J. f(x,y)dydx + j. y .[ f(x,y)dxdy

=.[ xf,(x)dx+f yfy (y)dy

w =

= E(X)+E(Y).

ii. E(XY)=J. mJ‘ c‘:})&yf(x,y)dxdy

= 2] a0

= J J- xyf(x).f; (y)dxdy,since X and Y are independent

@ ]
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=f wxfx(x)dx J. myf,,dy=E[X)E(Y).

e8] oo

Remarks.

i. As in Thcorcm 74.1, we can also show that for any r.v.'s
X and Y and any constants a and b,

E[aX + bY| = aE(X) + bE(Y) ............... (7.4.5)

ii. Theorem 74.1 can be extended to n random vanables X1,
Xz, ........ Xn, that 18

a- E(X;+X,;4..4X)=E ( Y X, ) = Y E(X)...(746)

i=1 i=1

]

b- E(X,X,..X,)=E [ I x_i]= m[E(X)] ..(747)

i=1 = i

ifX,, X,, ..., X, are independent r. v.'s _
- IfX,,X,,...,X, are nrv.' and for a,,a,, ..., a are constants , we have

i=1

E.[ Y a,x‘] = Y a,E(X)) .. (7438)
i=1

Definition 7.4.1.

Let X and Y be two r.v. 's, the covariance function is
denoted by Cov (X,Y), and is defined as

= Cov (X,Y) = E[{X-E(X)} (Y-E ()}]
- = E(XY) - EX) E(Y) ereens (7.4.9)

If X and Y are mdependent random varnahles, then
they are uncorrelated, i.e.

Cov (X,Y)=0
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because E(XY) = E(X) E(Y) by (7.4.4). But the converse is

not true.

Definition 7.4.2.

The correlation coefficient of X and Y, is denoted by

p(X,Y)and is defined by

p(KY) = (B T) - (1410)

J Var(X).Var(Y)

Cov(X,Y)
OxOy

where x and vy are the standard deviations of X and Y,
respectively.

We have
lp(X,Y)| <1
Lemma- 7.4.1. Cauchy- Schwartz Inequality

If X and Y are random variables having a finite second
moments, then

[E(XY)] < E(X*)E(Y?)

with equality if and only if P[aX = bY] =1 for some
constants a and b, at least one of which is non-zero.

Proof:

Let Z=aX-bY , thenZ” > 0 , Thus

E(Z*)=a’E(X?) - 22bE(XY) + bE(Y?) >0

It is a quadratic expression in a with at most one real
roots if its discriminant must be nonpositive. That is

4a’b? (E(XY))? — 4a?b’E(X?)E(Y?)< 0

If b 3 0, then
[E(XY)) < E(X?)E(Y?).

202
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The discriminant is zero if and only if the quadratic
expression has a real root. This occurs if and only if

E(aX - bY)? =0 for some a,b.
Therefore, P(aX-by =0) =1.

Theorem 7.4.2.

Let X and Y be two r.v. 's , then for any constants a and b,
we have

Var[aX + bY] = a?Var(X) + b?*Var(Y)
+ 2abCov(X,Y) e (7411)

Proof:
We have

Var[aX +bY] = E[aX + bY ]* — [E(aX + bY) J?
= E[aX + bY ]J* — [aEX + bEY ]2
= E[a’X? + 2abXY +b?'y?] — a? (EX)?
— 2abEXEY — b?(EY)*
= a’E(X?) - a?(E(X))? + 2abE (XY)
-~ 2abE(X)E(Y) + b’E(Y?) = b? (E(Y))?
= a?[E(X?) = (E(X))*] + b2 [E(Y?)
— (E(Y))*] +2ab[E(XY)— E(X)E (Y)]
= a’Var(X)+ b?Var(Y) + ZabCov(X,Y‘)._

If X and Y are in&épcndcnt, then Cov (X,Y) =0 and hence
Var[aX + bY ] = a? Var(X) + b*Var(Y) ..(7412)

Theorem 7.4.2 can be extended to n r.v. 's, X, X, 0 X
that is

n 1

Var ( .): aixf) = X ajvVar(X,)+2Y ¥ aa,Cov(X,X))
it g

i=1 =

. (7413)
where 3;, i=1,2, ...., n are constants.
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