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Example 7.4.1.

~ Let X and Y be two independent r.v. 's having binomial
distributions with parameters (n, P, ) and (m, P, ),
respectively Find

i. E(5X] +4X3) and Var (5X + 4Xy)
ii. E(3X;] + X3) and Var (3X1 - X7)
Solution

Since X
P,-then

, has a binomial distribution with parameters n and

E(X,)=nP and Var(X, )= np, q, .
Also, we have
E(X,;) = mp, and Var ( X, )=m p, q,.

Therefore,

i. E(5X; +4Xy) =5E(X}) + 4E(X3)
=5nP;+4mp,
and
Var (5X7 + 4X3) = 25 Var (X1) + 16 Var (X3) because X, and
X,are independent, Var (5 X] + 4 X9)=25nP:9+16mp, q, .

ii. E(3X) + Xp) = 3E(X1) + E(X2)
=3np,+mp,
and :
Var 3X; — Xp) =9 Var (X)) + Var (X3)
=9nP;9;+ mP29;

Example 7.4.2.

Let X and Y be two random variables. with joint p.m.f.
given below
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Y=y |0 1 2 P, (x)
XX

0 (005 [ 010 0.02 0.17
1 008 | 015 | 005 0.28
2 [020 [010 | 003 0.35
3 [0.10 | 005 0.05 0.20
Py (y)|0.43 040 | 0.17 | 1

Compute E (X), E (Y), Cov (X,Y) and o(X,)Y).
Solution

EX)= zxPx(x)

= 0(0.17) + 1 (0.28) + 2 (0.35) +3(0.20)
=0.28 + 0.70 + 0.60 = 1.58

E(Y)= Z ypwyy)
=0 (0.43) + 1 (0.40) + 2(0.17)
=040 + 0.34 = 0.74

E(XY)= XX =xyP(xy)
=0 (0) (0.05) + 0 (1) (0.10) + 0 (2) (0.02)
+1(0) (0.08) + 1 (1) (0.15) + 1 (2) (0.05)
+2 (0) (0.20) + 2 (1) (0.10) + 2(2) (0.05)
+ 3 (0) (0.10) + 3 (1) (0.05) + 3(2) (0.05)
=0.15+ 0.10 + 0.20 + 0.20 + 0.15 + 0.30
= 1.10.

Therefore
Cov(X,y) =E (XY) - EX EY
= 1.10 - (1.58) (0.74)"
=1.10- 1.192 = - 0.0692.

To find p(X , Y), we first calculate
Var (X) = EX)? - (E(X) )2
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E(X2) = (0)2 (0.17)'+ (1)2 (0.28) + (2)2 (0.35) + (3)2 (0.20)

=0.28 + 1.40 + 1.80 = 3.48
Var (X) = 3.48 - (1.58)2

=348 - 2.4964 = 0.9836 —ps, =0.9917

E(Y?) = (0)*(043) +(1)2(040) + (2)*(017)

= 040 + 068 = 108
Var(Y) = 108 — (074 )?

= 108 — 0-5476
= 05324 =90, = 0:729.
Therefore _
Cor(X,Y) — 00692
piEY) = 09917 ) (07296 )
J Var(X)Var(Y) ( )
—0:0692 ‘
07235 = — 00956,

Example 7.4.3.

Consider Example 7.4.1. We have been shown that

E(XY)=1/12

To find the correlation coefficient , we need to find EX,

EY, Var, (X) and Var (Y). We have

E(X)= J- ) xf (x)dx

o

where

f(x) = jf(x,y)dy

= f (3 - x-3y)dy

0

2
= Iy =Ry= =—p ]

206

-x,0<x <1



and

f,(y) = f f(x,y)dx

1
=J‘ (3 -x-3y)dx
0

2
= 3x - _1:2_ - 3yx ]
‘Hence
1
3
EX =J. x (——- - x
o 0 - 2
= 5/12,
.and

then var(X)= EX? - (EX)? = .

4

In the same¢ way we find EY and Var (Y).

! 5
EY = I Y(T-3Y)d3'=

; 0
and

—_— e
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3
=—2——3y,0<y<l
0
)dx=ix3__£3_ '
4 3 M
d‘i___ xJ _ x3 l_l
2 4 [, &
(&)
- —ﬁ_) = 11/144
2 1
e
4 4
jyl 3y4 ]1
6 .4 °
= 1/12,
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then

1 1 )?
Var(Y) = EY? — (EY)? = F—(T) —1/48.

Therefore, the correlation coefficient between the two r.v.
X, and Y is

Cor(X,Y) EXY — EXEY
; Oy Oy Oy Oy
1 501
12 12 4 —1/48
Jo1/144 /) 1748 (0276)(0-144)
— 0:0208
- = — 0523
003974 |

7.5 Conditional Prohzhility ° actions

In Chapter Four, we . fi*ional probability
of the event A given the 5,

P(AandB)

,P(B)>0.
P(B)

P(A|B) =

From this definition we can define the conditional
probability functions.

If X and Y are jointly discrete r.v.'s with the joint P.m.f.
P(x,y), the conditional probability mass function of X,
given Y=y, is denoted by Pyy. (xly) , and is defined for all y

such that P (y) > 0 by
P(x,y)

Px|r("|Y)=P(X=X|Y=Y)= W (TS




—— e s ¥ ——— - e T T —— o A 8 — e i T R e i T e

In the same way we defined the conditional probability
mass function of Y, given X=x which is denoted by Py,|x

(ylx), and is defined for all x such that Py[y > 0 by

Pr(¥|x)=P(Y=y|X=x)= M e (7:52)
Py (X)

If X and y are jointly continuous random variables with

joint.p. d. f. 1(x, y), thc conditional probablitiy density
function of X given Y=y, is denoted by f (xly), and is de-
fined for all y such that f(y) >0, as xr

f(x,y) {753)

rXf(x|Y)= fy(y)

The conditional probability density function of Y given
X=x , is denoted by f,, - (yx), and is defined for all x, such that

fx(x)>0.,by

f(x,y) .5
(Y IX) = it

Example 7.5.1
Given the joint p.m.f. of X and Y

1
P(x,y)= ?(x +y)forx=0,1,2,3,andy =0, 1, 2.

Show that
a. the marginal p.m.f. of X is

1
Py(x)= ——(x+ 1),forx =0,1,2,3
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b. the marginal p.m.f. of Y is

2y + 3
P,(y)= T ,fory =0,1,2.

¢. Find Px[.; (xly) , and use it to evaluate P,|, (212) , Py,
(0I1), and Py, (310).

d. Find Py, y (y|3(), and use it to evaluate P, (212), Py|x
(113), and Py|x (0I0)

/
Solution: we have
a. P,(x) = Z P(Xx,Yy)
=
A (x4 y) = (x+0)+(x+1)+(x+2)
L= ¥= 30
X+3  x+ 1 y_0123
30 )
b. Py'y} = Z P(xa}’)
| 3 (y+0)+(y+ 1) +(y+2)+(y+3)
B 30 J:g{]{x-i—Y)— 30
4y + 6 2y +3
= = = ,],2.
30 5 Y =0
| P(x.y) (x +y)/30
C. P = —_— —] - —
sy (% 19) P, (y) (2y + 3)/ 13
X+Yy
- — .x =0,1,2,3.
4y + 6 A 0.1,2

210



Therefore,

2 +2 2
Pyly (2/2) = Bad. =
0+1 1
Pae (011 = Z= = 45>
and
3+0
Pyy(3]0) = — =12
P(x,y) (x+y)/30 X+ y
d. P - e o BT = -
- Prx (y]x) P, (x) (x+ 1)/ 10 X +3
y=0,12
Therefore,
242
Pyx(2]|2) = —m=4/9,
3 +1
PY'X(1I3)= ﬁ=l/3,
0+0
PYlI(0|0}= —0—;—3—20.

Example 7.5.2.
If two r.vis X and Y have the joint probability density

2
f(x,y]=_——§—(x+2y)for 0<x<l, O0<y<]

0 other wise

Find the conditional probability decnsity functions of X
and Y.

’
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Solution

The marginal p.d.f.'s of X and Y are respectively,

* o

f,(x) = f(xy)dy

o = o

1

v 0

0
and
f o
fy(y) = f(x,y)dx
1. 2 1 + 4y
=, 3 (x+yyd= ——
0
The conditional P.d. fof X given Y = y is
2. :
f f(xy) 5 W+ )
X = =
xr(x]y) T, (y) 1+ 4y
3
= M for0<x <1
1 + 4y
0 otherwise

and the conditional p.d. f. of Y given X = x is

’

2
b bylay o TiBYY HIREE
vix(¥]x) =
fx(x) 2 (x+1)
3
= l+23 | ’ 0<y<1-
X ¥ 1
70 / otherwise .
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= —3—(x+2y)dy=T(x+l),0<X<l

otherwise

0<y<l1

otherwise



7.6. Conditional Expectation-land Variance

For two discrete r.v.'s X and Y with the joint p.m.f.
P(x,y), the conditional expectation of X, given Y=y, is
denoted by E (X IY=y), and is defined for all y such that
P(y)>0 as

E(X|Y=y) =Y xP(X=x|Y=y)=ZxP, [,

L xP(xy)

3 761
P, (y) (hed)

I

- The conditional variance of X, given Y=y, is denoted by
Var (X IY=y), and is defined for all y such that P,(y)> 0 as

Var (X|Y=y) = E(X*|Y=y)-[E(X|Y=y)] ..(762)
where a

E(X|Y=y)= ¥ x*P(X=x|Y=Yy)
L x*P(xy)

P:(¥)

=Y x? Px]r(xly) =

.. (763)

In the same way, we define the conditional expectation
and variance of Y , given X=x for all x such thatP, (x)> 0 as

E(Y|X=x)=YyP(Y=y|X=x)=Y yPyj,(y|x)
¥y y

Y yP(x,y)

= ¥ - ..-(7'6‘4
P,(x) )
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