Where t is a real parameter. We assume that the right
hand side of (8.2.1) is absolutely convegent. Thus

M,(t) = E(e¥)

s ? i
=E[1+1X+TX+—§!—X +]

2 t3
=1+tE(X)+ ) E(X?) + -j—l—E(X"')+...

{2 ¢
=1+tml+—2-!-“‘mz+?m3+...
= t'm,

=r§0 = ...(822)

where m, = E(X") is the r- th moment about the origin
of the r.v.X.

Now, if we differentiate (8.2.2) with respect to t, k times
and put t=0, we get

d*M, (t)

it =m,fork=1,2,..

t=0
Note

It is clear that
P(t)=E(t")=E(e"")=M,,um)
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Now. if we let Y = ¢cX , where ¢ is a constant, then from
(8.2.1) we have

M, (t)=E(e”")=E(e")=E[(e)"]
= M, (tc) ... (823)

Theorem 8.2.1.

For any constants a and b , the m.g.f. of Y = X;— 2 K given
by
M, (t)=c b :
Y[ )_e 'MX T '”(8.2.4)

where M, (t) is the m.g.f. of X

Proof.
We have

Theorem 8.2.2.

Let X and Y be two independent r,v.'s with the m.g.f.'s
M, (t) and M, (t), respectively . Then , the m.g. f. of Z = X +
Y is given by

Mg (t) =M, (t)=M,(t).M,(t) .. (82:5)
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Proof :
We have

M;(t) =E(e?)=E[*+N]
— E[clx+!l’] - E[erx.err]
= E(e")E(e"),since Xand Y are independent
rv.'s , thenm X and e are also independent r.v.'s.
Hence, we get

M,(t) =M, (t).M,(t).

Theorem 8.2.2 can be extended to the sum of n
independent r.v.'s X, ,X,,....X, ,thatis,ifZ=X +..+X ,

then the m.g.f. of Z is

Mz(t)= H'Mx‘(t)p

i=1

where ng“)is the mgf. of X, ,i=12, ..n.

IfZ = E X, is,the sum fo n idenlically independent r.v.'s X', with

5

i=1
the commonm . g.f. M, (t),then

Mz(t)=[Mx(t)]H

Example 8.2.1.

Let X be a r.v. having a Poisson distribution with
parameter m, then the m.g.f. of X is

M) = 3 ex £ s
x=0

x!

-m me! m{e'— 1)

= e - = g

To find the mecan and the variance of X , we¢
diffcrentiate M, (t) twice with respect to t, and put t=0, thus

we get
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de(t) - m(e'*l)_mel
. dt =0 1=0
=m
and
2
d sz(t) == e"'("_”.mzez' + mcr‘em(e‘—l)
dt t=0
=m?+m

Therefore ,

E(X)=m,EX?=m? + m.
Hence

Var(X) = n.

Example 8.2.2.

Let X have an exponential distribution
f(x)= Ae ™ x>0

0 otherwise .
Then , the m.g.f. of X is

M, (t) = f e . de ™+ dx= ‘[ Ag™¥A~y gy
0 0
~ A —x(A- 0
= o IS
_ A
At
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If we differentiate M, (t) twice with respect to t, and
put t=0, we get

dM, (t)
dt

t=0

and

* dEM,(t)
di?
Therefore,

0

n

1

1
E(X)= — EX'= —

I:
thus Var (x)'= —
22

Now, if -we let Z= X7 + ... + Xp be the sum of n

independent r.v.'s each having an exponential distribution
with p.d.f.

f(x)=4A"*,x>0,
then, the m.g.f. of Z is

A A A "
M, (t) = . PR
A—t A—t A—t (A —1)

If we differentiate M, (t) twice with respect to t , and

put t=0 , we get

E[Z):%andVar{Z): :2
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Example 8.2.3.
) Let Z have a standard normal disstribution, i.e.

l e-z?-}z

flz)= —_— y— 0 <2<
2n

Then the m.g.f. of Z is

®» 1 5
M,(t)= e’ e 't dz
» - 0 \/ 21[ ’
f = 1
_ | c— 2 (z2 - 21z) dZ
o - J 27!.'

2/2 < 1 - l{ )2

— al?/ T UE =t

= € e dZ
-x § 2%

let z -t

u , then dz = du

x = 2;2
Mz(t) :elzll. J. € u_;;f _ 122
wx  wf O

Now, if we let X ~ N (p, 02 ) then

Zz = —-—;—‘uhasN(U,l}.Therefore
Myty=M . _ L)
.'.cfzfzme— E[M {l/ﬂ b
= » ) by Theorem 8.2.1.
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e e =l BB, S M o = e

So that, if X~N( u,¢?), then the m.g.f. of X is

' M, (t) = e*r*12e?/2

Remarks:

1. There is a one-to -one correspondence between the
moment generating functions and distribution
functions when the m.g.f. exists.

2. If the m.g.f. of the distribution of a r.v. approaches that
of the distribution of another r.v., then the distribution
of the first r.v. approaches that of the second f.v.
under the same limiting conditions.

8.3. Characteristic Function.

For some distributions, if the series Ze™* P(x) or Je"‘ f(x)dx
does not converge absolutcly, then the m.g.f. does not exist.
In this case, a more useful function than the m.g.f. is the
characteristic function (or simply c.f.) which is defined as
follows

Defintion 8.3.1
The characteristic function (c.f.) of a rv. X is denoted
by ¢, (1), and is defined as

¢x(t)=E(e™) _ < e (8.3.1)

= Y e p(x) if X is adiscrete r.v.,
= j e f(x)dx if X is acontinuous r.v.,

T

—_—

where i = =1 , and t is any real number. Notice that

(1) =M, (it).

240

- W



—

clearly,
i.95(0)=E(e’)=E(1)=1.

ii,lff’x(t)I <1 because, if X is a continuous r.v.,
then

|¢x(t)|=‘ J. ) e f(x)dx|< J. mle""‘ll'(x)dx

= o]

o

But ¢"™* = cos tx + isin tx, then

|e*™| = / cos®tx + sin® tx =1,

Therefore,

16 (1) < j g s

— oo

The c.f. ¢, (t) always exists, since [ d ()| < 1.

The characteristic function also generates the
moments of the r.v. X in the following way: Since

dy(t) = E{ &™)

;2 .3 .
=E[1+itx+ %}—X2+ (;t') X3 4+ .. ]

B ; (it)? (it)?
"'1+1tE(X)+\\—2—'——EXZ+3—‘EX3+.
_ o (lt )k
k=0 ,
7

If m, =E{'X_’) exists (for r=1,2, ...). then if we differentiate
(8.3.2) r times with respect to t and put t=0, we get
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d’(bx(l) :
dt”

=0

~ Therefore,

i der ]

Theorem 8.3.1

" 1. The characteristic function ‘__..qf-"_Yz'_.C'X,-. where ¢ is

constant, is given by

¢r(t)=¢xict)

2. The c.f. of Z=aX+b, where a gi_i_d','fl:jl“ar’@*;ﬁonstahts,- is given

by

b2 (1) = € G (at) 834

Proof:

ox

| = E [ ci(cr;x] — (ﬁ‘( Cl) ‘

2. (1) = o,y (1) = E[l(xD]
= E [ eitb Ci('G]Xj‘ e i

. aith itan | .
=TR[] = ey pai)

= ME(XEEN = 1500000

E(X) = L d" ¢ (v). | -':'.’ :

=0

cin (/8363 )

(1)= E[&l¥]
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