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1.3 Sequences and Limits

We have already defined union and intersection of two
sets; these definitions extend to more than two sets. To
distinguish between the sets in a collection of subsets of S we
assign names to them in the form of subscripts. Let I denote a
catalogue of names, or indicies, I is also called an index sct.

For example if we have four sets, then our index set I=
(1,2,3,4}.

Definition 1.3.1

Let I be an index set and {A, : r ¢ I} be a collection of
subsets of § indexed by I, which is called a Sequence of sets.

The union of an arbitrary number of sets is given by

UAr= (w: weS ; w € Ar for some rel)
rel
Hence
w €l A if and only if w « A, for some r ¢ 1 (1.3.1)

rel



and
w £ UA ifandonlyifw £ A forallre 1 (1.3.2)

rel

The intersection of any arbitrary number of sets is given

by
NA={w:weS;WeA, for all re 1}
rel
Hence
we (| A, ifand only if we A forall rel (1.3.3)
rel
and

w ¢ () A, if and only if w g A, for some r e 1 (1.3.4)

rel

If 1 is finite, we have finite union and finite intersection.
If it is countably infinite and is given by 1,2,3, ....... , we have
countable union and countable intersection which are denoted

by G A, and () A, respectively.
P i=1

i=1

Example 1.3.1

Let I= {1,2,...,N}, N is finite. Define
A ={x1l<x <I+lfi},iel

Then we have
JA=A, =[(x:1<x<2)

iel
and
NA =AN = {x:1< x<1+I/N}
iel i
Theorem 1.3.1- De Morgan's Theorem

Let I be an index set and {A,: re I} a sequence of subsets
of S indexed by I. Then

1. (U Adb'=N AP’ (1.3.5)

iel iel
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2. ('N A)={ A’ (1.3.6)

iel iel

To prove (1.3.5), let

we(UA)eswes andwg |J A,
i=1

iel

—w eSS andw £ A, forallie I by (1.3.2)
& W e A, forallie I
Swell A by (1.3.3)

iel

We can prove (1.3.6) in the same way.

Lemma 1.3.1

Given a class (A, i=1,2, ..... ,n} of n sets, there exists a class
{B,, i= 1, ..., n} of disjoint sets such that

U a=73 B,

L i=1

(The sets B, B,, ... ~.... are said (o be disjoint or mutullay
exclusive if Bi(\Bj = ¢ forevery i # j)

We can prove lemma 1.3.1 by induction. For n=2 we have
AUA =AY (A;/NA,) which is a union of disjoint sets.
Taking B, = A, and B, = A/ ) A,, therefore

Al Az = Bl + Bz.
Suppose it is true for m > 2, i.e.

C s

Al' — Z Bi.
i=1

1

]

To show it is true for n = m+1, we have
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UA=(UAU A

= ( '_LJL AU I (iU A) nAm+1] which is a union of
o
disjoint sets. Taking B,., =( O'As)' () Am+11> S0 we have
i=1

m+l m

lU Ai:( Z Bi) U Bm+l

i= i=1

m+1
=Y B,
i=1

Hence the lemma follows.

Definition 1.3.2

A sequence of sets { A,}:n= 1,2, ..} is said to be
increasing ( or non-decreasing) if A, C A ,, for each n. If
A, =2 A, for each n, then the sequence {An} is said to be

decreasing (or non-increasing). A monotone sequence is one
which is either increasing or decreasing.

The set of all points which belong to infintely many A 's
is called the superior limit of A,, and is denoted by lim sup
- A,. The set of all points which belong to almost all A,
(except for finite number of sets is called the inferior limit
of A, .

We have ©
limsup A, = lim A, =) U A
n=1 k=n
and
lim inf A, = lim A,= ] n A,
n=1 k=n

Also, we have
lim A, C lim A,
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A sequence {A,} is said to be convergent to A if lim A =

lim A Note that any monotone sequence converges to a limit
since.

ag

1. If {A,} is increasing, then kU A,

]
[l

ﬁ,, A, = A, for all n, Therefore

lim A, =lim A, = U A
=== k=1

2. If { A, } is decreasing , then U A,=A and gﬁ A = F)

k=n k=n k=1

A, for all n . There foro lim A, = lim A =

A

s

k

-
]
-

Example 1.3.2

Let S be “he set of nonnegative real numbers. Define

1 1
A =]10,1—- —|= x:x€8,0<x<1l——¢,n=1,.2,..

n n
we have

L=JA..~= U[0,1—T]=[0,1)=-{x:0_<_x<1}

1 n=1
and

ire o=

n=1

To verify the De Morgan's Theorem, we have

(

8

An)i=[0s1)'=[1,00)={x:1gx<oo}

n=1

o @ 1
NA; = ﬂ(l— —’°°)=["°°’
n=1 n=1 4
1
(Notice thatx > 1 — — for all n= 1,2, ... x> 1)
n

¥}
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