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1.4. Field and o - field

Suppose A is a class of sets. If by performing operation on
onc or more elements of A, we obtain an element of the same
class, then we say that the class is closed under that
operation. For example, if

A€ A—=A'€c 4
then A is said to be closed under complementation. If A,Be

A = A[) B = ABey,, then A is said to be closed under union.

IfABeAD A (N B = AB € 4, then 4 is said to be closed
under intersection. '

If Ay, Ay, ... , Ap, € A, then by induction we can show
that 4 is closed under finite union and intersection, i.e.

UAi € dand [V Ai € 4.
i=1 i=1
Definition 1.4.1

A non-empty class of sets F is said to be a field if it is
closed under complementation and finite union. Thus a ficld
F is a non-empty class of subsets of S such that

1. fAcF andB eF ,then AUB€¢F (1.4.1)
2. IfAcF ,thenA' cf . (1,4.2)
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These two properties are sufficient to define a field.
Other properties follow immediately from them.
Thus

3. IfAeF and B € F then AB €F (1.4.3)
4. ScF and ¢eF (1.4.4)
5. If AcF and BeF then A/B €F (1.4.5)

Definition 1.4.2

Any field B on § is called @ o - field or a Borel field on§
if it is closed under denumerable intersections and unions.
Thus a Borel field B is field on S such that .

1. IfAl,Az,,,, € B then U Al € B

i=1

2. IfA ,A,,..€ Bthen () Ai € B
i=1
Example 1.4.1

1. Let fF ={¢,5) ,then F s a field, it is the smallest
field.

2. LetA={AA",¢,S} ,Where A &S . Then A is a field. It is
also the smallest field containing A.

3, The power set of S ,ieP(S)is also afield and is
called the largest field .

4, let A;,A, ,and A; be three subsets of § such

that A, NAj= ¢ for all i,j=12,3,(#j) and ¥ A=S
. Then

F = {¢,S,A1,A2; AS'Al UA;sAl UA:' .Az UA3}

form a filed since A,JA, = A" | AUA; = A] and A, |
A, A’
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The intersection  of an arbitrary number of fileds
is also a field but the union of  two fields may not be a
field, for example, let.

Fi= (¢ ,S.A A)

and

F,=(¢,8,B,B) o
F, ant F: are fileds but their union { ¢ , S, AA, B,B}
is not a filed .

1.5 - Problems

1. Define the union and intersection of two sets.
2. Define the empty set and the space.

3. Prove equation (1.2.5) .

4. Prove equation (1.2.11) .

5. Prove equation (1.3.6) .

6. Let Aand B beany two subsets of S . Prove that
a. B/A=A' (B

b. ANBCACAUB

c. ACB ifandonly if A[IB=A.

7. Let AB and Ccbe any three subsets of S, Prove that

a. AN®B/C) = (ANBYANC)
b. Ax (BN\C) = (AxB) () (AxC)
c. Ax (B |J O)= (AxB)(J ((AxC)

8. let A= {0,1,2). State whether or not each statement
is correct . B

i. {0}e A, (i) (02})C A, (iii) 2e A , 2CA, (iv) {2,1,0)CA,
v) ¢e A.

9. let A={w:2w=6}, B = (5} and C=(x; 3x=9}. Which of
these sets are equal ?
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10. Let A= (1,34,5), B =(3,5), C={a,b,3,5,6} and D= { ¢}. Statc
whther  each statement is true or false

(i) BCC, (ii) ACC, (iii) DCA (iv) AUB=A,
(V) A(ID= ¢ ,(vi) BIC= ¢, (vi) A/B = (1,5

(1. Let § = {1,2,3,4,5,6,7), A=(1,2,3,4,5}, B= {1,3,5,7} and C=
(2,5,6,7). Find

() AUO) ) ANB .Gii) OB, Gv) ANC.
V) ACY ., vi) (A/B'y , (ViD) (c) ¢y

12. Let A= {1,2,3,4). Find

iI. the power set P(A4) of A.
ii. all the partitions of A.

(3. Let S= {ab) , W= {1,2,34,5,6} and V= {3,5,7,9}. Find

(i) SxW, (ii)) VxW, (iii) SxWxV
(iv) (SxW) N (SxV), (v) Sx (W(V), (vi) Vx SLW)

14. Statc whether cach set i3 finite or infinite:

i. The sct of lines parallel to the Y-axis.

ii. The sct of numbers which arc multiple of 3.

iii. The sct of letters in the English alphabet.

iv. The sct of numbers which arc the solution of the
polynomial ax" +a,_ x""' + .. +ax + a, =0 , nis
finitc.

v. The sct of circles pass through the origin  (0,0).

vi. The sct Q of all rational numbers.

vii, The sct I of all integers.

viii.The sect Rt of all positive rcal numbers.

15. Let A= {x:x is a multiple of n, n &N)
= {n, 2n, 3n, .... }.
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Find
(i) A, ) A, ;i) Ag ) Ag ; (ii). A3 UA1p, (iv) Ay [ Az
(v) Ag U Ag , where st e N; (As() Ag) where st ¢ N,

16. Prove that for any indexed class {A;: ie 1} and any subset
B,

a. BU(NA)=(1®BUA)
b. BN(jA)=) BN A)

17. Show that each of the following is a field of subsets of S.

i. A= (¢S}, (i) B= (¢, A,A", S}, (iii) P (S), the power set of
S.

30



