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Chapter Six

Moments of The Random Variables

6.1. Expectation of a Discrete Random Variable

The reader may be familiar with the integration and
differentiation operators in Calculus. Here we define an
operator called "Expectation” which is one of the most
important concepts in probability theory.

Definition 6.1.1.
The expectation of a discrete random variable X having

a p.m.f. P(x), is denoted by E(X), and is defined by

EX)= ¥ EKiPIR). s (6.1.1)

Whenever the sum is absolutely convergent. In other
words, the expected value of X is a weighted average of the
possible values that X can take on, each value x; being

weighted by the probability P(x;) that X assumes, for i=1,2,

S We refer to E(x) as the mean value of X; it is the position
of the center of gravity.

Example 6.1.1.

1. Suppose you get 2.00 I.D. if a head occurs and 3.00 I.D. if
a tail occurs when a fair coin is tossed, then the total
amount of money you get is

E(X) = Z x; p(xj)
SEIe
=2l — |43 | — | =251.D.
2 2
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2. Assume you get 4 LD. if 1,2 or 5 appears, and lose 2 LD.
if 3,4 or 6 appears when a fair diec is tossed once, then
the total amount of money you get is

E(X) = X xj P(xj)
where
X1 ,x2 and x5 are equal to 4, while x3,x4 and Xg are

equal to-2, then
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Example 6.1.2.

Let X denote the number of boys in a family of 4
childern, then the expected number of boys is

4
E(X)= ¥ x.P(x)

x=0

4 - x

1 Y&5f 1
where P(x) = C(4.x) ( 5 ) ( s ) » x=0,1,2,3 and 4.

Then, the p.m.f. of X is

0 1 2 3 H 4
| 4 | 6 | 4 1
P(x)
16 6 | 16 16 16

148




Therefore,

EX)=Zxp(x)

Example

In a lottery there are 100 prizes of 10

6.1.3.

I.LD., 60 prizes of

25 1.D., 40 prizes of 50 I.D. and 10 prizes of 100 I.D. Assuming
that 5000 tickets are to be issued and sold, what is a fair
price to pay for the ticket?

Solution:

Let X denote the amount of money to be won on a ticket.
Then the p.m.f. of X is

Xj 0 10 s 50 | 100
479 10 6 4 1
P(x;)
500 500 500 500 500
Therefore
5
E(X)= Y xP(x)
i=1
479 10 6 + 50
‘=0( )+10(—)+25( )
500 500 500
4 I
+ 100
500 500
550

= 1-11.D

Thus the fair price to pay for one ticket is 1.1 LD.
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6.2 Expectation of Some Discrete Random Variables

1«
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Let X be a Bernoulli r.v. with parameter P whose p.m.f.
is given by (5.4.1), then
EX)=01-p)+1(@=p

Let X be a binomial r.v. with parameters n and p whose
p.m.f. is given by (5.4.2), then

E(X)= Y x.P(x)= Y x.C(nx)p*q"™~*
x=0

n!

— Z x‘ —az pan‘-x
-1 x!{n-x)!

i x.n(n—1)! .
O~ x(x—1)!(n—-x)! P

i m !
=np Y — p’ q™ "’ ,'where
y=0

y!'(m—-y)!
y = x-1 and m = n -1, then by binomial thecorem
E (X) = np (p+q)™ = np

Thus the cxpected value of the binomial distribution is
np. :

Let X be a Poisson r.v. with paramcter m whose p.m.f if
given by (5.4.3), then

E(X)

Il
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A -(_x—l)!-

,wherey = x — 1




then
E(X)=m.l =m,
Thus the expected value of the Poisson distribution is m.

4. Let X be a r.v. with a geometric distribution whose p.m.f.
is given by (5.4.4.) , then

E(X)= )} xf’(x)

' T10 1
We have ) q*= —— then
x=0 l_q
()= Txe- ()
qQ* | = xq*t ! =
dq x=0 x=1 dq l_q
1
(1—q)*
_Therecfore
- p p 1
E(X)= g e e
(1 —q) p- P

Thus the expccted valuec of géamctric distribution with

1 . .
paramcter p is —— '
P
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6.3. Expectation of a Continuous Random
Variable

Definition 6.3.1

The expectation of a continuous random variable with
density function f(x) is

E(X) =f xf(x)dx e (631)

-

wherever this integral exists.

Example 6.3.1.
1 Let X be a r.v. having a p.d.f. given by

xz

f(x)= ; ,—1l<x<?
0 .
otherwise
then
2 x2 x4 2
X)= X dx = ]
e | goes )
16 1 5
T2 12 4

2. Let X be a r.v. with a p.d.f. given by

—X ,0<x <l
2

l

fox) = 4 S 1l <x<2

3 1

e =g DPLELD
2 2

C otherwise
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! then

1
- x | dx
2
x3 1 xz 2 3x2 x} 3
EXNS RS
6 o 4 1, 4 6 3
1 3 i 18 3
6 4 12 12 2

6.4. Expectation of Some Continuous

Random
Variables

1. Let X be a r.v. with a uniform distribution (5.6.1) in the
interval [a,b] then

J'b 1 d xz ]b
= e dX = ——
E(X) | * b—a 2(b—-a)

b — a’ b+ a

2(b—a) 2

2. Let X be a r.v. having an exponential distribution
(5.6.2) with parameter 1/0 then
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e l
E(X)= f X re e *'? dx ( Integraing by parts)

0 -

X
= —xe ¥?)% 4 J‘ e % dx

]
=0-0e*°]%
= — [0 8] =@

3. Let X be a r.v. having a normal distribution (5.7.1) with
parameters # and o2 | then

x x | - : (X"ﬂlz
E(X):J. xflx)dx = j X ——e 202 dx

~% =i \/ 2r o
£, 4q ,
J‘ x 1 (x—u)”~
= (X — p)——— e 25" :
d
- x \/ 2n o x_
L3 1 5 1 2
(x — u)
- uf ¢ T
- x \/ 2n o dx

By symmectry. the first intcgral is cqual to zcro, then
EX)= pu.l =u. '

6.5. Function of a Random Variable and Its
Expectation

If X is a rv. and g is any function, then Y = g (X) is also
a r.v. Suppose wc want to obtain the probability
distribution for Y, given the probability distribution of a
r.v. X anda rclationship of the form y=g (x) bectween the
values of X and thosc of Y, In the discrete case there is no
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e e T e o = % e e

problem, for all we have to do is to make the appropriate
substitutions. For example, suppose that X is a r.v. with the

p.m.f.
X=x] —2 -1 0 1 2 3
1 2 1 2 2 1
P(x) | — — — — —— —
9 9 9 9 9 9

If we let Y = X2, it follows that the values of Y are 0,1,4

and 9 with the probabilities

h(y=0) = P(x=0) =_-9!‘-—,

4
lify=1} = Ble=-1 or=l)=—c
h(y=4) = P(x=-2 or x=2) = %

and h(y=9) — P(x-_-?,) iy _9_

Hence we can find the expectation of Y as follows:

E(Y )= Zyh(y)

In the continuous case, we shall assume that the
function given by Y=g (X) is diffcrentiable and cither
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