increasing or decreasing for all values within the range of
x which f (x) # 0, then the probability density function of Y
is given by

dx
dy

dy
; #0 . (65°1) .
dx

h(y)=1(x). ’
For example, if X is uniformly distributed over (0,2) and
if Y=eX,then x=1Iny,

dx 1
o 1y#0 ’ 4

dy y

"
We have f(x) =2—, D 2x<2

0 otherwige

Therefore, by (6.5.1) the density function of Y is

1 1
h(y) =5— - — for 1 < y<e?, and the range of y is obtained as .
follows Y

For x=0, y=e© = 1 and for x= 2, y=¢?.

Hence we can find the expectation of Y as follows

q 1 ]‘-’2 et — 1
2 ; 2

2

& 1
E(Y)= J‘ y —
L2y
Proposition 6.5.1.
1. If X is a discrete r.v. with p.m.f. P(x), then for any

real-valued function Y = g(X),

E(Y)=E(g(X)]= Y g(x)P(x) o (6:5:2)
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2. If X is a continuous r.v. with p,d.f. f(x), then for any
real-valued function Y= g(x),

E(Y)=E[g(X)] = j g(x)f(x)dx v (6°5°3)

=

Example 6.5.1.

If ar. v.X has the geometric distribution
P(x)=P(1—-py!,x=12..

and  the values of the r.v. Y are related to those of X by
means of the equation y= 3- 2x, then the probability
distribution of Y is

h(y) = f(x) ,
3 .
where x = Y
2
hence L —

1
h(y) = P(1-p) * =p(l-p) * fory=1,-1,-3, -5, ..

Thus, by applying (6.5.2), we get-
E(Y)= Zg(x)P(x)

= ¥ (3-2)P(1-p)y!

x=1

a0

=3 Y P(1L-Py*-2 ¥ xP(l-p)y!
x=1

x=1

=3-2/p

This result can also be obtained if we apply the formula
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E(Y)= Zyh(y) fory:l,—l,—3,-5,...

1=y

=ZypP(l-"P)°? .
P+(—1)pg+(—3)pa*+(—5)pg’ + ..
=p—-pq[l +3q+35¢> +7¢* + ... ]

=p-p | 3, (2n+1)q"]
I_n=0

= p-Pq 22nq"+
= - .

a0

2
P-29° ¥ png"!' —pqXq

n=0
- . Pq
= p— 2pq°. -
(1-q) l-q )
2q?
=p - +q
p
2(1-15)2
=(2p-q) -
p
=3-2/p.

Example 6.5.2.
Given the r.v. X with p.d.f.

f(x) = —x,0<x <2

—y— otherwise
Find the p,d.f. of Y, whose values are related to those of
X by means of the equation y = x?,
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Solusion:

Since y = x*, then E{- = 2x, l ’7/”“{ Y
R dx <l o )“[
dx 1 1 T
or ; st Yy #0
y =
P2V

Since 0 < x < 2, then we neglect the ncgative sign. By
applying (6.5.1) , we get

ﬁac: Ly

dx ' _
h(y) = f(x). | — dx 1y
| R T > o
v | —]
e 1 1 |
2 2y 4

Therefore, the r.v.Y has a uniform distribution over
(0.4). '
To find the expected value of Y, we have

)
E(Y)= yh(y)dy
“o
4 . 2 4
y y 16
Yo 4 8 &g 8

The same result can be obtained if we apply (6.5.3) as

E(Y):J- g(x)f (x)dx
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Theorem 6.5.1.
Let X be a r.v. , then for any constants a and b, we have
E(@X+b)=aEX)+b

Proof.

We prove this theorem for a continuous case. Let X be a
continuous r.v. with p,d.f. f , then by Proposition (6.5.1.) we
get

E=(aX+b)= f (ax + b)f(x)dx

=

=af xf(x)dx+bJ. f(x)dx

—aE(X)+b-1

-~ aE(X)+b

Theorem 6.5.2.

Let X be a r.v. and for any constants a and b , we have
i. ElagX)+bl=aE[g(x)]+b.
ii. E(a) =a.
where g(X) is any function of X

Proof.

We prove this theorem for a discrete case.
Assume that X can take values X;,X,,...,X,  with respective
probabilities P(x1), P(x2) , ... , P(xq) then by
Proposition (6.5.1), we have

i. E[ag(X)+b]= Y [ag(x)+b]l. P(x;)
i=1

—a Y g(x)P(x)+b Y P(x;)
i=1

i=1



&

= aE[g(X)] + bl
=aE[g(X)]+b

ii. If g (X) =1 and b=0, then E (a) = a.

6.6. Variance and Other Moments

Definition 6.6.1.

The variance of a r.v. X is denoted by Var (X) or o3
and is defined by

Var (X) = E [X- E (X) ]2 R (% )
where E (X) is the expectation of X.
Equation (6.6.1.) can be written as

Var (X) = E (X2) - [E (X) 12
Where

a0
E(X?) = J. x2f(x ) dx if X is a continuous
= Y x*P(x) ifXisadiscreter.v.
Definition 6.6.2.

The r- th moment about the origin is denoted by m, ,
if itexists it is defined by

m = E(X"),r=123,..

m, = Y x P(x)if X is discrete

x

I

J. x"f(x)dxif X is continuous w (096:2))

oo
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The r-th central moment about the mean m = E (X) , is
denoted by u, , if it exists it is defined by

p, = E[X-m],r=123,..
ie.
p, = Y (x — m)P(x)if X is discrete

= J (x — m) f(x)dxif X is continuous ... (663)

= <}

Note that, if r=2, then K, = Var (X).

The standard deviation of X is denoted by ¢ and is
defined as :

g = \/ Var (X)

Example 6.6.1.
Let X be a r.v. with a density function

f(x) =%,O<x<b
0 otherwise
Then
m, = E(X) = UF: — dx = —'2’—,
m, = E(X*) = :: )f: dx = b;
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Then
var(X) = E(X?)-[E(X)]?

b? b? b?

3 4 12

The 3 — rd moment about the origin is

b xS bJ
m, = dx =
3 J.O b 4

Example 6.6.2.
Let X be a r.v. with a p.m.f. given by

X =x 0 1 2 3
1 2 3 4
P(x)
10 10 10 10
Then

my = E(X)lzixl’(x) 5 3 a
) () ()
‘ 10 10 10 10

20

TR
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m, = E(X?)=2Xx?P (x)

(=) el )s dgdeoE)

50
= — =2
10
Hence
Var(X) = E(X?) - [E(X)]?
=5-4=1

The 4 — th moment about the origin is

w = Ex* P(x)

() (3 )en(3) e n ()

374
= —— = 374
10

The 4- th central moment about the mean m, = 2 is

pe = E(X-2)
=Z(x—-2)*P(x)

1
(0—2)“(—) + (1 --:z)"(——2 )+(2—2)‘(—3)
10 10 10

4 ¢ 22 ,
+ (3-2P| — | = — =22
10
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