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Chapter Seven. Jointly Distributed Random
: Variables
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7.1. Joint Distribution Function

In Chapters Five and Six we have considered the
distribution function and the moments of one random
variable. The defintions of the distribution function and

the moments are easily generalized to two (or more)

random variables. Here we consider the case when the two
random variables are both either discrete or continuous.

Two random variables X and Y are said to be jointly
distributed if they are defined on the same probability
sample space S. The sample points consists of the orderd
pairs (x,y). The range of each r.v. is a set of real numbers.
The pair (x,y) represents a point in a plane, where

X:§S - R » where X (w) = x;
Y:S - R, ,whereY(w)=y;
(X,Y):S - R, x R, such that; (X,Y) (W) = (x,y)

Thus (X,Y) maps S into the plane R, x R, which is the

cartesian product of two axes. This idea is represented in
Fig 7.1
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Fig 7.1 Joint mapping of the pair of random variables X and Y.

For one r.v. X ,we define the distribution function as
Fy(x)=P{X <x}

But the events of the type (X <x,YS< y} are dependent on
the values x and y. The probability function which
connects these two events is called the joint distribution
function of X and Y, and is denoted by F,, (x,y) or simply
F(x,y), and is defined by

F(x,y) =P{X<x , Y<y} ......... (7.1.1)

for- all real numbers x and y .
Equation (7.1.1) is represented geometrically as in Fig. 7.2.

184



Fig7.2 Geometiical representation of F(x,y)

The joint distribution function F(x,y) satisfies the
following properties:

10 <F(x,y)<1l,— o0 <X,y < ©;

-+ —w

.

3im F(x,y)=F(x,—o)=0;

y=-w

4:lim F(x,y)=F(w,w0)=1;
y— o

5-ifx, <x,andy, <y,thenF(x,,y,) <F(x,,y,).
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7.2. Marginal Distributions

Let X and Y be jointly distributed. The distribution
function of a r.v. X or Y is called the marginal distribution
function of X or Y. The marginal distributions of X and Y
can be obtained from the joint probability distribution
F(x,y) as

Fy(x) =1lim P{X<x,Y<y} =P{X <x}

y=rco

F(x,o) ' e (T21)

Fy(y) =1lim P{X<x,Y<y}=P{Y<y} -

X+

= F(,y) - .. (722)

Where Fy and F, are the marginal distribution funcnon
of X and Y respectlvcly They are represented graphically
as in Fig. 7.3

R2 Ro

/| (x,0)
R, R,
“a) (b)
Marginal of x Marginal of y
Fig. 7.3
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7.2.1 Discrete Random Variables

If X and Y are both discrete. r.v. 's then the pair (X)Y) is -
also discrete. The joint probability mass function of X and Y
is given by

P(X=x,Y=y,)=P, o (723)

where i and j take values 1,2,3, ...
we have

P, >0 foralli,j

and

ZZPU=1
i J

The mariginal probability mass functions of X and Y
can be obtained by

o P,=P{X=x}=P{X=x,Y=y,}+P{X=x,Y=y,}
' + ...
| =2 Py e (724)
and
P_J=P{Y=yj}=P{X=x,,Y=yj}+P{X=xz,Y=yj}
+

=Y B, well T25)
i

where P, and P.; are the marginal p.m.f. of X and Y
respectively. Also we have

LP.~LP,=L LP,=1.
i J i J

e r— —— —

- and the distribution function F(x,y) is given by

F(x,y)= Y Y P,.

5<% ¥ <y
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The marginal distribution functions of X and Y can be
obtained from

Fy(x) = Z ZPU—._- Z P

and xif-’-’ J xlfx
FY(Y)z Z Z PU= Z P‘j.
J w5y Iy

Example 7.2.1.

Consider an experiment of throwing a fair coin twice.
Let X and Y denote the number of heads and tails obtained,
respectively. Then the sample space is

S =(HH, HT, TH, TT}
Here
{(X=0,Y=2}=(TT}
(X=1, Y=1} = (TH, HT}
[x=2, Y..—_O] = {HH}
Hence the joint p.m.f. of X,Y is givenby

R 2 Total
P..
1 1
0 0 0 oy o
4 4
1 1
1 0 _ 0 _
2 2
1 |
2 Ml 0 0 .
4 4
[ 1 1
Total S S — 1
4 2 4 ‘
P j
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Here P+ (X=0, Y=0} =0 because the event {X=0, Y=0)} is an
impossible event. The same is true for the events [X=0, Y=1},
(X=1, Y=0}, (X=1, Y=2}, (X=2, Y=1} and (X=2, Y=2).

" The marginal p.m.f. 's of X and Y are given by

marginal of X marginal of Y
X=xi P(X=XI) Y=Yj P(Yzyj)
| 1
0 — 0 o
4 4
L 1 1
1 —_ 1 S
2 2
1 1
2 — 2 e,
4 4

Also we have

F(1,2)= Y ¥ PU=P(X=0,Y=0)+P(X=0,Y=l)+.,
i<l j<2

P(X=0,Y=2)4% P(X=1,Y-—-1)+P(X=1,Y=2)

1 1
=0+0+ —+0+ — +0=13/4.
4 2
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Also

F(0,2) = ¥ ¥ P,

i<0 J<2
1 3 2 2 2 1
= + + + + +
15 15 L5 15 15 15
= 11/15,
and
\F(l$2) = Z Z Pu

i<1 j<2

7.2.2. Cghtinpuus Random Variables

Definition 7.2.1.

The pair of random variables (X,Y) is said to be of a
continuous type if there exists a non-negative real valued
function fyy (x,y) (or simple f(x,y)), so that for each pair of
real numbers (x,y), the joint distribution function of (X,Y)
is defined by

x y
F(x,)')=_[ 'f f(x,y)dydx - (72:6)

The function f(x,y) is :called the joint density function
of the rv. 's X and Y.
We have

d*F (x,y)

f(x’Y)= axay

In other words

P{x<X5x+Ax,y<Y5y+Ay}=f(x,y)dxdy i

The density function f(x,y) satisfies:

191



i. f(xy)> 0 for all x and y

ii',[ J. f(x,y)dydx = 1

- @ =D

Fig.74 given a geometrical representation of the
probability that the point (x,y) lies in the infinitesimal
rectangular region of area dxdy.

I X X +dx
y+dy y+dy
Y —Y
—f(x»y)
X X+d?x
Fig. 7.4

The marginal distribution function of X and Y ‘are given by

Fx(x)-‘-F(K,OO)=J. V‘. f(x,y)dydx ...(727)

- - o

and
y

Fy(?)=F(°°,Y)=j I f(an)dex"_(?.z.g)

The marginal density function of X and Y are given by

ao

fx(")"_'FJ;(x):j. fix,¥y)dY | ses (7.2.9)

— @
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where fx (x) is the marginal density function of the r.v. X.
Similarly, the marginal density function of Y, f,(y) is given
by

w

f,(y)=F;(y)=J' f(x,y)dx (7.2.10)

-

Example 7.2.3.

Let X and Y be two random variables with joint density
function f(x,y) given by.

f(x,y)=cxe "1 x>0,y>0

i. Find the constant c.
ii. Find the marginal density functions of X and Y.
iii. Find the marginal distribution functions of X and Y,

Solution

To find the value of ¢, we use

f '[ f(x,y)dydx = 1, so we have

= a0 -0

1 =¢ f xe""“’dydx=cf e"{j. xe""dy}dx
“o% o _ ° 0

=c| e*[—-e"®]%dx
0

(* o

=c| e Fdx=c[-e*]F=c
e =19 hence
f(x,y)=xe"*""Vx>0,y>0

To find the marginal density functions of X and Y, we
use Equations (7.2.9) and (7.2.10), so we have

19:




