Lecture 3: Examples of classification (Chan & states)

Example:

Classify the states of this Markov chain.
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State (1):

1. Probability distribution of the first passage for the state is:
ﬂ¢=f§ﬁ?
n=1
=05
£ = 0.5 % 0.5 = (0.5)
£ = 0.5 % 0.5 x 0.5 = (0.5)°
f) =05x05x 0.5 x 0.5 = (0.5)*

4
Fu=fP+m+ @+
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= 0.5+ (0.5) + (0.5)° + (0.5)* + .. = =1
1-0.5
Since the prob. dist. of the first passage of state (1) is (Fi; = 1), then the
state (1) is recurrent state.

2. The mean recurrent time of the state (1) is:

oo

Hi11 = Z nff?)

n=1

= 1(0.5) +2(0.5)* + 3(0.5)* + - - -

= n(0.5)"
n=1
0.5
- _=2<
(1—0.5)? >

Since the mean recurrent time (p11) is exist, then the state (1) is positive
recurrent.

3. Since t = 1, return to state (1) in one step, then the state (1) is aperiodic.

4. Since the state (1) is positive recurrent with aperiodic state, then the state
(1) is ergodic.

And also, state (2) is ergodic.
State (3):

1. Probability distribution of the first passage for the state is:

Fi3 = Z fg(éf)
n=1



Pug = fiy) + 133 + fi3 + faz + -+

Fi3=0+14+0+0+---=1

Since the prob. dist. of the first passage of state (3) is (F33 = 1), then the
state (3) is recurrent state.

2. The mean recurrent time of the state (3) is:

o0

H33 = ané?f)
n=1
= 1(0) +2(1) +3(0) +--- =2 < 00

Then the state (3) is positive recurrent.

3. 3)=4)—(3), t=2
Since t > 1, return to state (3) in two steps, then the state (3) is periodic
with period (t = 2).

4. Since the state (3) is positive recurrent with periodic state, then the state
(3) is not ergodic.
And also, state (4) is not ergodic.

Example:

If we have a Markov Chain with this transition diagram:
a) Classify the chain.
b) Classify all the states of this chain.
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Solution:
a) Classify the chain.

1. Closed set are: Cy = {a,b,c,d}.

2. Since there is one closed set, then the chain is irreducible.

3. No absorbing state, because no closed set has one state.

4. States {a,b,c,d} are accessibility because ng) > 0, for some n > 0.
5. No communicate states in this chain.

b) Classify all the states of this chain.

State (a)

1. Probability distribution of the first passage for the state is:

Fu= 3 0

n=1

f =0y =0
f(3):1><1><1:1 f(4)207 féz)zo

aa 3 3 ’ aa

2 1 1/2
fo(bg)=1><1><—><1><1><—:_ -
3 3 31\3

2
o _1(2
aaq 3 3

3
f(12) — 1 2
aa 3\3/) 7

v Fa = fod + 13+ 13+ fod

2
1 1(2 1(2
F o= - -z 2(z
aa 0+0+3+0+0+3<3>+0+0+3<3> +
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where
1

1—a

oo
Za”=1+a+a2+---:
n=0

Since the prob. dist. of the first passage of state (a) is (F,, = 1), then the
state (a) is recurrent state.

2. The mean recurrent time of the state (a) is:

oo

Haa = ) _nfS)

n=1

1<o>+z<o>+3(g)+6<;§)+9(;(§)2)+...
SOICRORIORS

Where

[SU] )

3 — (2)” 3 1
taa = = nl=-|] == = =9 <
=) Sy Ty

Then the state (a) is positive recurrent because fi,, < co.

3. periodic or aperiodic of the state (a):

(@) = (b) = (d) — (¢) > (b) > (d) = (a), t=6

Since it returns to state (a) at (t = 3,6,9,...) steps, then the state (a) is
periodic.

4. ergodic of state (a):

Since the state (a) is positive recurrent with periodic state, then the state
(a) is not ergodic.

And also, state (c¢) (have the same transition).

State (b)
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1. Probability distribution of the first passage for the state is:
Fyp = Z R
n=1

fu =0, fiy) =0

fu =0, fiy) =0
4
Fo= 0+ 19+ 1D+ 10+

Fp=0+0+140+4---=1

Since the prob. dist. of the first passage of state (b) is (Fy, = 1), then the
state (b) is recurrent state.

2. The mean recurrent time of the state (b) is:

Wb = angf,?)
— 1(0) 4 2(0) + 3(1) + 4(0) + 5(0) + - -- = 3 < 6

Then the state (b) is positive recurrent because p, < co.

3. periodic or aperiodic of the state (b):

Since it returns to state (b) at (¢ = 3) steps, then the state (b) is periodic.

4. ergodic of state (b):

Since the state (b) is positive recurrent with periodic state, then the state
(b) is not ergodic.

And also, state (d) (have the same transition).
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