Lecture 4: Stationary Distribution of Markov Chain

Definition:

Consider an irreducible positive recurrent and aperiodic M.C. (i.e., ergodic chain),
then the probability distribution {r;} is called the stationary distribution of this
chain if the system of this linear equation:

mp=) mpi, JES

JjeS

where:

ijzl and m; >0
jes

has a solution: IT = [m mg ---]
is exist solution and there is one solution, and:

R F (n)
™ = P

Theorem (2):

The stationary distribution II is verify the equation:

(I —P)=0

where [ is an identity matrix.

Proof:

From Chapman-Kolmogorov equation, we have:

p — p. p-1)

Since:

II= lim P™, then:

n—oo

1= lim P@Up

n—o0

nI=I11-r = II-1II-P=0

(I - P)=0

this is proof of theorem.
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Example:

Let a Markov chain with state space {0, 1,2} and transition matrix is:

P =

N=ol= O
N— O Nl
O NI =

If the chain is ergodic, find the stationary distribution.

Solution:

Since the stationary distribution is verify the equation:

I(I -P)=0
then:
100 0% 3
[momm) [ |01 0O =[5 0 2| ]=[000]
001 5 5 0
1 1
I =3 —3
[m moms) |[—3 1 —35| =[000]
L _1 7
2 2
1 1
7T1—§7T2—§7T3:0 (1)
1 1
—571'1-"7'('2—57('3:0 (2)
1 1
—571'1—571'2—{—71'3:0 (3)

7T1—|—7T2—|—7T3:1 (4)
Multiply equation (1), (2) and (3) by 2, we have:

271'1—71'2—7'('3:0 (1)
—7T1+27T2—7T3:0 (2)
—m — o+ 2m3 =10 (3)

w1+ e+ g =1 (4)
Subtract eq.(3) from eq.(2), we have:
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3mg —3m3=0=>my —m3 =0

= Mg = T3 (5)
Put (5) in (1), we have:

2mp —my — My =0=2m — 2my =0

= T = T9 (6)
Then:

the stationary distribution.

Example:

Find the stationary distribution for this ergodic Markov chain with state space
{1,2, 3} and transition matrix:

0.3 0.5 0.2
P=106 0 04
0 04 06

Solution:

Since:

(I —-P)=0
then:

100 0.3 0.5 0.2

[m moms) | [0 1 0] =06 0 04| | =[000]
001 0 04 0.6

-0.5 —-0.2

71'1 Uy 7T3 —06 1 —0.4 :[000]
—-04 04

0.77‘(’1 - 0.67‘(’2 =0 (1)
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—0.57’(’1 —+ 9 — 0.47‘(’3 =0 (2)
—0.2m — 0479 + 0473 =0 (3)

7T1—|—7T2—|—7T3:1 (4)

From eq.(1), we have:

Put (5) in (2), we have:

0.6
—0.5 (ﬁ) w9 + M9 — 0.4m3 = 0

—0.427m9 + 9 — 0.4m3 =0

0.58
T3 — 0—4F2 (6)
Put (5) and (6) in (4), we have:
0.6 Yot 0.58 1
—— Ty + Mg + ——Ty =
07 > """ 047
T = 0.3
then:
0.6
= —(0.3) =0.26
™ =570-3)
and:
0.58
= —(0.3) =0.44
my = = (0.3) = 0
Then:

I1=1[0.26 0.3 0.44]

the stationary distribution.

19



Remark:

The relation between the stationary distribution of the states and the mean recur-
rent time is:

This is means that:

1. If pu;; = oo then the recurrent state is said to be null recurrent;

1
= 0 (non-stationary)

2. If pj; < oo then the recurrent state is said to be positive recurrent;

1
m; = — >0 (stationary)
Hjj
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