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   الأخطاء

المعلومات الخارجة طرق الحساباتالمعلومات الداخلة 

1 Formulation Errors

𝐹 =
𝑑

𝑑𝑡
(𝑚𝑣),𝑚

𝑚0

√1−(
𝑣

𝑐
)2

Fm

vcvc

𝐹 =
𝑑

𝑑𝑡
(𝑚0𝑣) 

2 Inherent Errors

𝜋, 𝑒, √2 

3 Rounding and Chopping

5000

49660.085470.28536
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0.0860.285

 

0.0850.285 

4 Truncation Error

 

𝑒𝑥 = 1 + 𝑥 +
𝑥2

2!
+
𝑥3

3!
+
𝑥4

4!
+. . . .. 

 

5 Accumulated Error

 

1Absolute Error

𝑒𝑥 = |𝑥 − 𝑥
∗| 

2Relative Error

𝛿𝑥 =
𝑒𝑥

𝑥
 

𝑥𝑥∗
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.جد    0.0008هي عبارة عن قيمة تقريبية والقيمة المضبببببهية هي    0.0007لتكن   1

 الخطأ المطلق والخطأ النسبي.

Solution:- 
𝑒𝑥 = |𝑥 − 𝑥∗| = |0.0008 − 0.0007| = 0.0001 

𝛿𝑥 =
𝑒𝑥
𝑥
=
0.0001

0.0008
= 0.125 

𝑎𝑥2 + 𝑏𝑥 +

𝑐 = 0

x=input('x='); 
a=input('a='); 
b=input('b='); 
c=input('c='); 

𝒙𝟏 = (−𝒃 + 𝒔𝒒𝒓𝒕(𝒃^𝟐 − 𝟒 ∗ 𝒂 ∗ 𝒄)/(𝟐 ∗ 𝒂); 
𝒙𝟐 = (−𝒃 − 𝒔𝒒𝒓𝒕(𝒃^𝟐 − 𝟒 ∗ 𝒂 ∗ 𝒄))/(𝟐 ∗ 𝒂); 

𝒆𝒙𝟏 = 𝒂𝒃𝒔(𝒙𝟏 − 𝒙) 
𝒆𝒙𝟐 = 𝒂𝒃𝒔(𝒙𝟐 − 𝒙); 

𝒔𝒙𝟏 = 𝒆𝒙𝟏/𝒙; 
𝜹𝒙𝟐 = 𝒆𝒙𝟐/𝒙;

disp(ex1); 
disp(ex2); 
disp(sx1); 
disp(sx2); 



 ملزمة تحليل عددي  كلية التربية  -جامعة الموصل 
 

- 4 - 

 
Solution of non-linear Equation 

 
x

𝑥2 + 5𝑥 − 2 = 0

𝑥 𝑙𝑛( 𝑥) + 5 = 0

𝑓(𝑥) = 0                                                    (1) 

1𝑥∗𝑓(𝑥∗)
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1 
Bisection Method:- 

a,b

𝑓(𝑎). 𝑓(𝑏)⟨0

 

1 [𝑎, 𝑏]f [𝑎0, 𝑏0]

𝑓(𝑎0) × 𝑓(𝑏0) < 0

2 𝑤 =
𝑎𝑖+𝑏𝑖

2
 

3 𝑓(𝑎𝑖) × 𝑓(𝑤) = 0w

4 𝑓(𝑎𝑖) × 𝑓(𝑤) < 0𝑎𝑖+1 = 𝑎𝑖𝑏𝑖 + 1 = 𝑤

5 𝑓(𝑎𝑖) × 𝑓(𝑤)⟩0𝑎𝑖+1 = 𝑤𝑏𝑖 + 1 = 𝑏𝑖

[𝑎, 𝑏]

i

. |𝑏𝑖 − 𝑎𝑖| ≤

 

 
0a w

0b




ia w w

1i
b,

i
a

1i
a0i )w(f.)a(f =

+
=

+


i
b

1i
b,w

1i
a0i )w(f.)a(f =

+
=

+
 ib

wia 

ibwia  rootthew0)w(f.)
i

a(f =

ib
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𝑓(𝑥) = xlnx-1[1,2]= 0.05

 بداية

 نهاية

 احسب 

 a,b,epsأدخل   
 

f(w)=
0 

f(a).f(w)<
0 

a=w b=w 

 

 نعم

 لا
 نعم

 لا

 نعم لا

 wأطبع الجذر 
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: 
𝑓(1) = 1 𝑙𝑛( 1) − 1, (𝑙𝑛( 1) = 0) 
𝑓(2) = 2 𝑙𝑛( 2) − 1 = 0.386294361 
𝑓(1) × 𝑓(2) < 0 ⇒ −1 × 0.386294361 = −0.386294361 < 0 

𝑤0 =
𝑎0 + 𝑏0
2

=
1 + 2

2
= 1.5 

𝑓(𝑎0) × 𝑓(𝑤0) 
𝑓(1) = −1, 𝑓(1.5) = 𝑓(1.5) = 1.5 𝑙𝑛 1 . 5 − 1 = −0.391802337 
𝑓(1) × 𝑓(1.5) > 0 ⇒ 𝑓(𝑎0) × 𝑓(𝑤0) > 0 ⇒ −1 × −0.391802337 = 0.391802337 > 0 
𝑎𝑖+1 = 𝑤0, 𝑏𝑖+1 = 𝑏0, (𝑖 = 0) 
𝑎1 = 𝑤0 = 1.5, 𝑏1 = 𝑏0 = 2 
|𝑏1 − 𝑎1| = |2 − 1.5| = 0.5 >  

:

𝑤1 =
𝑎1 + 𝑏1
2

=
1.5 + 2

2
= 1.75 

𝑓(𝑎1) × 𝑓(𝑤1) > 0 ⇒ 𝑓(1.5) = −0.391802337 
𝑓(1.75) = 1.75 𝑙𝑛 1 . 75 − 1 = −0.020672371 
𝑓(1.5) × (1.75) > 0 ⇒ (−0.391802337) × (−0.020672371) = 0.008099483 > 0 
𝑎𝑖+1 = 𝑤1, 𝑏𝑖+1 = 𝑏1, (𝑖 = 1) 
𝑎2 = 𝑤1 = 1.75, 𝑏2 = 𝑏1 = 2 
|𝑏2 − 𝑎2| = |2 − 1.75| = 0.25 >  

𝑤2 =
𝑎2 + 𝑏2
2

=
1.75 + 2

2
= 1.875 

𝑓(1.75) = −0.020672371 
𝑓(1.875) = 0.178641236 
𝑓(1.75) × (1.875) < 0 

𝑎3 = 𝑎2 = 1.75, 𝑏3 = 𝑤2 
𝑎3 = 1.75, 𝑏3 = 1.875 
|𝑏3 − 𝑎3| = |1.875 − 1.75| = 0.125 >  

 

: 

𝑤3 =
𝑎3 + 𝑏3
2

=
1.75 + 1.875

2
= 1.8125 

𝑓(1.75) = −0.020672371 
𝑓(1.8125) = 0.077906632 
𝑓(1.75) × 𝑓(1.8125) < 0 ⇒= −0.001610514 < 0 
|𝑏3 − 𝑎3| = |1.875 − 1.75| = 0.125 >  

⇐|𝑏𝑖 − 𝑎𝑖| ≤
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𝑎8 = 𝑤7, 𝑏8 = 𝑏7 
𝑎8 = 1.76171875, 𝑏8 = 1.765625 

𝑤8 =
𝑎8 + 𝑏8
2

=
1.76171875 + 1.765625

2
= 1.763671875 

𝑓(𝑎8) × (𝑤8) = (−0.002356474) ⋅ (0.000703768) = −0.000001658 < 0 
|𝑏8 − 𝑎8| = |1.765625 − 1.76171875| = 0.00390625 <  

|𝑏𝑖 − 𝑎𝑖| ≤
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2

Method of false Position:- 
 

𝑓(𝑥) = 0

𝑥1, 𝑥2𝑦 = 𝑓(𝑥)

x𝑥1, 𝑥2𝑦2 = 𝑓(𝑥2), 𝑦1 = 𝑓(𝑥1)

(𝑥1, 𝑦1)(𝑥2, 𝑦2)f[𝑥1, 𝑥2]

x𝑓(𝑥) = 0

𝑃(𝑥1, 𝑥2), 𝑄(𝑥1, 𝑥2)x𝑥3

 𝑄𝑃 = 𝑦−𝑦2

𝑥−𝑥2
=

𝑦2−𝑦1

𝑥2−𝑥1
 

𝑦 = 0 

1x
2x

4x
3x

),( 11 yxQ

),( 11 yxP

0
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0−𝑦2

𝑥−𝑥2
=

𝑦2−𝑦1

(𝑥2−𝑥1)
⇒ 𝑥 = 𝑥2 −

𝑦2(𝑥2−𝑥1)

(𝑦2−𝑦1)
     

x𝑥3𝑥3f

PQ

𝑦3 =

𝑓(𝑥3)𝑦1, 𝑦2𝑦1 − 𝑦2 < 0𝑥1, 𝑥3

𝑥2, 𝑥3
 

𝑥𝑖+1

= 𝑥𝑖 −
𝑦𝑖(𝑥𝑖 − 𝑥𝑖−1)

(𝑦𝑖 − 𝑦𝑖−1)
↓ 

 w 

𝑥𝑖+1 =
𝑥𝑖[𝑦𝑖 − 𝑦𝑖−1] − 𝑦𝑖(𝑥𝑖 − 𝑥𝑖−1)

𝑦𝑖 − 𝑦𝑖−1
=
𝑥𝑖𝑦𝑖 − 𝑥𝑖𝑦𝑖−1 − 𝑥𝑖𝑦𝑖 + 𝑥𝑖−1𝑦𝑖

𝑦𝑖 − 𝑦𝑖−1
 

𝑥𝑖+1 =
𝑥𝑖−1𝑦𝑖 − 𝑥𝑖𝑦𝑖−1
𝑦𝑖 − 𝑦𝑖−1

𝑦𝑖−1𝑦𝑖

|𝑥𝑖+1 − 𝑥𝑖| ≤ , 𝑖 = 2,3, . . . . . . . .. 

1𝑎, 𝑏, 

2𝑓(𝑎), 𝑓(𝑏) 

3𝑤𝑖 =
𝑎𝑖𝑓(𝑏𝑖)−𝑏𝑖𝑓(𝑎𝑖)

𝑓(𝑏𝑖)−𝑓(𝑎𝑖)
, (𝑖 = 0) 

4𝑓(𝑤𝑖) × 𝑓(𝑎𝑖) = 0 ⇐ 𝑓(𝑤)

5𝑏𝑖+1 = 𝑏𝑖 , 𝑎𝑖+1 = 𝑤𝑖 ⇐ 𝑓(𝑎𝑖) × 𝑓(𝑤𝑖) > 0

6𝑏𝑖+1 = 𝑤𝑖 , 𝑎𝑖+1 = 𝑎𝑖 ⇐ 𝑓(𝑎𝑖) × 𝑓(𝑤𝑖) < 0

7|𝑤𝑖+1 − 𝑤𝑖| ≤

3
x

 
2

x
1

x

 بداية

 a,b,epsأدخل   
 

 احسب 
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1𝑥lnx-1 = 0

. = 0.0001, [1,2] 

𝑤0 =
𝑎0𝑓(𝑏0) − 𝑏0𝑓(𝑎0)

𝑓(𝑏0) − 𝑓(𝑎0)
=
(1)(0.3862) − (2)(−1)

0.3862 + 1
=
2.3862

1.3862
= 1.7213 

𝑤0 = 1.7213 
𝑓(𝑎0) × 𝑓(𝑤) ⇒ 𝑓(𝑎0) = −1, 𝑓(𝑤) = −0.0651 
𝑓(𝑎0) × 𝑓(𝑤) > 0 
𝑎𝑖+1 = 𝑎0+1 = 𝑎1 = 𝑤0 = 1.7213 
𝑏𝑖+1 = 𝑏0+1 = 𝑏1 = 𝑏0 = 2 

 نعم 
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𝑤0 = 1.7213, 𝑏0 = 2 
|𝑤0 − 𝑤| = |1.7213| = 1.7213 > (𝑤 = 0)

𝑤1 =
1.7213𝑓(2) − 2𝑓(1.7213)

𝑓(2) − 𝑓(1.7213)
 

𝑓(2) = 0.3862, 𝑓(1.7213) = −0.0651 

𝑤1 =
0.6647 + 0.1302

0.3862 + 0.0651
=
0.7949

0.4513
= 1.7613 

𝑓(𝑎1) × 𝑓(𝑤1) 
𝑓(1.7213) × 𝑓(1.7613) = −0.0651 × −0.0030 = 0.00019 > 0 
|𝑤1 − 𝑤0| = |1.7613 − 1.7213| = 0.04 >  

𝑏2 = 2, 𝑎2 = 1.7613 

𝑤2 =
𝑎2𝑓(𝑏2) − 𝑏2𝑓(𝑎2)

𝑓(𝑏2) − 𝑓(𝑎2)
=
1.7613𝑓(2) − 2𝑓(1.7613)

𝑓(2) − 𝑓(1.7613)
 

𝑓(2) = 2 𝑙𝑛 2 − 1 = 0.3862 
𝑓(1.7213) = 1.7613 𝑙𝑛 1 . 7613 − 1 = −0.003 

 

𝑤2 =
1.7613 × 0.3862 − 2 × 0.0030

0.3862 + 0.0030
=
0.6802 + 0.006

0.3892
=
0.6862

0.3892
= 17631 

𝑓(𝑎2) × 𝑓(𝑤2) ⇒ 𝑓(1.7613) × 𝑓(1.7631) = −0.0030 × −0.0001 > 0 
𝑎3 = 1.7631, 𝑏3 = 2 
|𝑤2 − 𝑤1| = |1.7631 − 1.7613| = 0.0018 >  

𝑤3 =
1.7631𝑓(2) − 2𝑓(1.7631)

𝑓(2) − 𝑓(1.7631)
 

𝑓(1.7631) = −0.0001, 𝑓(2) = 0.3862 

𝑤3 =
1.7631 × 0.3862 + 2 × 0.0001

0.3862 + 0.0001
=
0.6811

0.3862
= 1.7631 

𝑓(𝑎3) × 𝑓(𝑤3) ⇒ 𝑓(1.7631) ÷ 𝑓(1.7631) = −0.0001 × −0.0001 > 0 
𝑎4 = 1.7631, 𝑏4 = 2 
|𝑤3 − 𝑤2| = |1.7631 − 1.7631| = 0 

∴⇐ 0 < ∵. 
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3  
Secant Method:-

𝑓(𝑥) = 0

𝑥1, 𝑥2

(𝑥2, 𝑓(𝑥2)), (𝑥1, 𝑓(𝑥1))  𝑥3

x𝑥4

(𝑥3, 𝑓(𝑥3)), (𝑥2, 𝑓(𝑥2))x(𝑥𝑛)

𝑥𝑛+2 = 𝑥𝑛+1 −
𝑓(𝑥𝑛+1)(𝑥𝑛+1 − 𝑥𝑛)

𝑓(𝑥𝑛+1) − 𝑓(𝑥𝑛)
 

𝑥1, 𝑥2

(𝑥2, 𝑓(𝑥2)), (𝑥1, 𝑓(𝑥1)) 

f(𝑥𝑛)

 

1𝑥0, 𝑥1, 

2𝑓(𝑥0)

3𝑓(𝑥1)

4𝑥2 =
𝑥0𝑓(𝑥1)−𝑥1𝑓(𝑥0)

𝑓(𝑥1)−𝑓(𝑥0)

5|𝑥2 − 𝑥1| ≤

6⇐ 𝑓0 = 𝑓1, 𝑥1 = 𝑥2, 𝑥0 = 𝑥13 
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1𝑥lnx-1. =

0.005, [1,2]

 بداية

 نهاية

احسب 

 

 x0 ,x1 ,epsأدخل   
 

x1=x2 ,x0=x1  
 لا

 نعم

 احسب 

 x2أطبع الجذر 

 المخطط الانسيابي لطريقة القاطع
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𝑓(𝑥0) = 𝑓(1) = 1 𝑙𝑛 1 − 1 = −1 
𝑓(𝑥1) = 𝑓(2) = 2 𝑙𝑛 2 − 1 = 0.3862

𝑥2 =
1𝑓(2) − 2𝑓(1)

𝑓(2) − 𝑓(1)
=
1 × 0.3862 − 2 × (−1)

0.3862 + 1
=
2.3862

1.3862
= 1.7213 

|𝑥2 − 𝑥1| = |1.7213 − 2| = |−0.2787| = 0.2787 >

 

𝑓(𝑥1) = 2 𝑙𝑛 2 − 1 = 0.3862 
𝑓(𝑥2) = 1.7213 𝑙𝑛 1 . 7213 − 1 = −0.0651

𝑥3 =
𝑥1𝑓(𝑥2) − 𝑥2𝑓(𝑥1)

𝑓(𝑥2) − 𝑓(𝑥1)
=
2 × −0.0651 − 1.7213 × 0.3862

−0.0651 − 0.3862
=
−0.7949

−0.4513
= 1.7613 

|𝑥3 − 𝑥2| = |1.7613 − 1.7213| = 0.04 > 
𝑓(𝑥2) = 1.7213 𝑙𝑛 1 . 7213 − 1 = −0.0651 
𝑓(𝑥3) = 1.7613 𝑙𝑛 1 . 7613 − 1 = −0.003

𝑥4 =
1.7213𝑓(1.7613) − 1.7613𝑓(1.7213)

𝑓(1.7613) − 𝑓(1.7213)
 

𝑥4 =
1.7213 × −0.0030 + 1.7613 × 0.0651

−0.0030 + 0.0651
 

𝑥4 =
0.0051 + 0.1146

0.0621
=
0.1197

0.0621
⇒ 𝑥3 = 1.9275

|𝑥4 − 𝑥3| = |1.9275 − 1.7213| = 0.2062 >

𝑓(𝑥3) = 1.7613 𝑙𝑛 1 . 7613 − 1 = −0.0030 
𝑓(𝑥4) = 1.9275 𝑙𝑛 1 . 9275 − 1 = +0.2648 

𝑥5 =
𝑥3𝑓(𝑥4) − 𝑥4𝑓(𝑥3)

𝑓(𝑥4) − 𝑓(𝑥3)
=
1.7213 × 0.2648 + 1.9275 × 0.0030

0.2648 + 0.0030
 

=
0.4558 + 0.00578

0.2678
=
0.46158

0.2678
⇒ 𝑥5 = 1.72359 

|𝑥5 − 𝑥4| = |1.72359 − 1.7613| = 0.003771 <  
∴

4

Newton-Raphso Method: 
𝑥 = 𝑥0𝑓(𝑥) = 0𝑓(𝑥0) ≠ 0

𝑓(𝑥0)
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𝑥0 ∴𝑥0 + ℎ𝑥 = 𝑥0 +

ℎ ⇐ 𝑥 − 𝑥0 = ℎh 

𝑓(𝑥0 + ℎ) = 𝑓(𝑥0) + ℎ𝑓 ′(𝑥0) +
ℎ
2

2
𝑓″(𝑥0)+. . . . . . . . . . . . = 0

ℎ ∵ℎ2(ℎ > ℎ
2 >3)ℎ

𝑓(𝑥0 + ℎ)_̃𝑓(𝑥0) + ℎ𝑓 ′(𝑥0) = 0 
𝑓(𝑥0) + ℎ𝑓 ′(𝑥0) = 0

ℎ = −
𝑓(𝑥0)

𝑓 ′(𝑥0)
, 𝑓 ′(𝑥0) ≠ 0 

𝑥 − 𝑥0 = −
𝑓(𝑥0)

𝑓 ′(𝑥0)
⇒ 𝑥 = 𝑥0 −

𝑓(𝑥0)

𝑓 ′(𝑥0)
 

𝑥 = 𝑥𝑖−1, 𝑥0 = 𝑥𝑖

𝑥𝑖+1 = 𝑥𝑖 −
𝑓(𝑥𝑖)

𝑓 ′(𝑥𝑖)
 

|𝑥𝑖+1 − 𝑥𝑖|

1𝑥0

2i = 0𝑥1 𝑥𝑖+1 = 𝑥𝑖 −
𝑓(𝑥𝑖)

𝑓′(𝑥𝑖)

3|𝑥𝑖+1 − 𝑥𝑖| ≤

4|𝑥𝑖+1 − 𝑥𝑖| >2

 
 
 
 
 
 
 
 
 

 بداية

 إدخال
 

 

 
  تهقف

 لا نعم 
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1𝑓(𝑥) = 𝑥2 + 2.1𝑥 − 1

𝑥0 = 0.5, = 0.0035

𝑥𝑖+1 = 𝑥𝑖 −
𝑓(𝑥𝑖)

𝑓 ′(𝑥𝑖)
 

𝑓(𝑥0) = 𝑓(0.5) = (0.5)2 + 2.1(0.5) − 1 = 0.3 
𝑓 ′(𝑥0) = 𝑓

′(0.5) = 2(0.5) + 2.1 = 3.1 

𝑥1 = 0.5 −
0.3

3.1
= 0.4032 

|𝑥1 − 𝑥0| = |0.4032 − 0.5| = 0.0968 >  

 

𝑓(𝑥1) = 𝑓(0.4032) = 0.0092 
𝑓 ′(𝑥1) = 𝑓

′(0.4032) = 2.9064 

𝑥2 = 0.4032 −
0.0092

2.9064
⇒ 𝑥2 = 0.40003 

|𝑥2 − 𝑥1| = |0.40003 − 0.4032| = 0.0031 <  

|𝑥2 − 𝑥1|

2𝑥2 − 4 𝑠𝑖𝑛 𝑥 = 03

 sin3=0.1411 
 
cos3= –0.9900 
 

= 0.001 
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𝑥1 = 𝑥0 −
𝑓(𝑥0)

𝑓 ′(𝑥0)
 

𝑓(𝑥0) = 𝑥
2 − 4𝑠𝑖𝑛 𝑥 ⇒ 𝑓(3) = (3)2 − 4𝑠𝑖𝑛 3 = 8.4355 

𝑓 ′(𝑥0) = 2(𝑥) − 4 𝑐𝑜𝑠 𝑥 ⇒ 𝑓 ′(𝑥) = 2(3) − 4 𝑐𝑜𝑠 3 = 9.9600 

𝑥1 = 3 −
8.4355

9.9600
⇒ 𝑥1 = 2.1531 

|𝑥1 − 𝑥0| = |2.1531 − 3| = 0.8469 >  

𝑥2 = 𝑥1 −
𝑓(𝑥1)

𝑓 ′(𝑥1)
 

𝑓(𝑥1) = 𝑥
2 − 4𝑠𝑖𝑛 𝑥 ⇒ 𝑓(2.1531) = (2.1531)2 − 4𝑠𝑖𝑛( 2.1531) = 1.2950 

𝑓 ′(𝑥1) = 2𝑥 − 4 𝑐𝑜𝑠 𝑥 ⇒ 𝑓 ′(2.1531) = 2(2.1531) − 4 𝑐𝑜𝑠( 2.1531) = 6.5060 
𝑥2 = 2.1531 −

1.2950

6.5060
⇒ 𝑥2 = 2.1531 − 0.1990 = 1.9541 

|𝑥2 − 𝑥1| = |1.9541 − 2.1531| = 0.1990 >

𝑥3 = 𝑥2 −
𝑓(𝑥2)

𝑓′(𝑥2)
 

𝑓(𝑥2) = 𝑥
2 − 4𝑠𝑖𝑛 𝑥 ⇒ 𝑓(1.9541) = 0.1082

𝑓 ′(𝑥2) = 2𝑥 − 4 𝑐𝑜𝑠 𝑥 ⇒ 𝑓(1.9541) = 5.4041 

𝑥3 = 1.9541 −
0.1082

5.4041
= 1.9340 

|𝑥3 − 𝑥2| = |1.9541 − 1.9340| = 0.0201 >  
:

𝑥4 = 𝑥3 −
𝑓(𝑥3)

𝑓′(𝑥3)
   

⇒ 𝑥4 = 1.9340 − 5.2891 ⇒ 𝑥4 = 1.9338 
|𝑥4 − 𝑥3| = |1.9338 − 1.9340| = 0.0002 <  

|𝑥4 − 𝑥3| 
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Numerical Solutions of Set of Equations  

𝐴 = (𝑎𝑖𝑗)ij

𝑎𝑖𝑗𝑖 = 𝑗

𝑎𝑖𝑗𝑖 ≠ 𝑗

𝐴

I

𝑎𝑖𝑗𝐴𝑖 < 𝑗

𝑎𝑖𝑗𝐴𝑖 > 𝑗

𝐴
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𝐴

𝐴𝑎𝑖𝑗 = 𝑎𝑖𝑗𝑗, 𝑖

𝐴𝑋𝐴𝑋 = 𝐼 = 𝑋𝐴

𝑋𝐴𝐴−1𝐴

𝐴

𝐴−1 = 𝐴𝑑𝑗(𝐴)/|𝐴|

𝐴 = [
11
01
]

[
11
01
] [
1 − 1
01

] = [
10
01
] = 𝐼 

𝐼 = [
1 − 1
01

] [
11
01
] 

𝐴−1 = [
1 − 1
01

]

𝐴

1 𝐴, 𝐵(𝐴𝐵)−1 = 𝐵−1𝐴−1

|𝐴𝐵| = |𝐴||𝐵|𝐴𝐴−1 = 𝐼|𝐴−1||𝐴| = |𝐼| = 𝐼|𝐴−1| =
1

|𝐴|

2 

 

3 𝐴𝐴𝐴𝑇

𝑖𝑗𝑎𝑖𝑗𝐴 = [𝑎𝑖𝑗]𝐴𝑇 = [𝑎𝑗𝑖] 

4 |𝐴𝑇| = |𝐴| 

5 𝐴
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 𝐴

6𝐴|𝐴|

|𝐴|

|𝐴|

mn

𝑎11𝑥1 + 𝑎12𝑥2+. . . . . . . . . . . +𝑎1𝑛𝑥𝑛 = 𝑏1 
𝑎21𝑥1 + 𝑎22𝑥2+. . . . . . . . . . . +𝑎2𝑛𝑥𝑛 = 𝑏2 
. 
. 
𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2+. . . . . . . . . . . +𝑎𝑚𝑛𝑥𝑛 = 𝑏𝑚 

𝐴 =

[
 
 
 
 
𝑎11𝑎12. . . . . 𝑎1𝑛
𝑎21𝑎22. . . . . 𝑎2𝑛
.
.
𝑎𝑚1𝑎𝑚2. . . . . 𝑎𝑚𝑛]

 
 
 
 

, 𝑏 =

[
 
 
 
 
𝑏1
𝑏2
.
.
𝑏𝑚]
 
 
 
 

, 𝑥 =

[
 
 
 
 
𝑥1
𝑥2
.
.
𝑥𝑛]
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1 n > mn

𝑥1 = 4 − 3𝑥2 ⇐ 𝑥1 + 3𝑥2 = 4

 

2 n < m

3 n = m𝐴
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n

m

n > m

Ex:- 
𝑥1 − 2𝑥2 + 𝑥3 = 1

∓𝑥1 ∓ 𝑥2 ∓ 𝑥3 = 3

−3𝑥2 = −2 ⇒

𝑥2 =
2

3

𝑥1 + (
2

3
) + 𝑥3 = 3 ⇒ 𝑥1 = 3 −

2

3
− 𝑥3 ⇒ 𝑥1 =

7

3
− 𝑥3

n < m

Ex:– 
𝑥1 + 2𝑥2 = 1. . . . . . . . . . . . . . (1) 
𝑥1 + 3𝑥2 = 2. . . . . . . . . . . . . . (2) 
𝑥1 + 5𝑥2 = 1. . . . . . . . . . . . . . (3) 

12

𝑥2 = 1, 𝑥1 = −13

n = m

Ex1: Ex2: 
𝑥1 + 2𝑥2 = 1. . . . . . (1) 
𝑥1 + 3𝑥2 = 1. . . . . . (2) 
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𝑥1 + 𝑥2 = 2. . . . . . (1)
3𝑥1 − 𝑥2 = 1. . . . . . (2)

} ⇒ 𝑥1 =
3

4
, 𝑥2

=
5

4
 

 
𝐴

1 (Ax = 0) 
2 Ax = b 
3 𝐴|𝐴| ≠ 0𝐴det( 

 

𝑎11𝑥1 + 𝑎12𝑥2+. . . . . . . . . . . +𝑎1𝑛𝑥𝑛 = 𝑏1 
𝑎21𝑥1 + 𝑎22𝑥2+. . . . . . . . . . . +𝑎2𝑛𝑥𝑛 = 𝑏2 
. 
. 
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2+. . . . . . . . . . . +𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

𝐴 =

[
 
 
 
 
𝑎11𝑎12. . . . . 𝑎1𝑛
𝑎21𝑎22. . . . . 𝑎2𝑛
.
.
𝑎𝑛1𝑎𝑛2. . . . . 𝑎𝑛𝑛]

 
 
 
 

, 𝑥 =

[
 
 
 
 
𝑥1
𝑥2
.
.
𝑥𝑛]
 
 
 
 

, 𝑏 =

[
 
 
 
 
𝑏1
𝑏2
.
.
𝑏𝑛]
 
 
 
 

 

Ax = b  . 

[
 
 
 
 
𝑎11𝑎12. . . . . 𝑎1𝑛
𝑎21𝑎22. . . . . 𝑎2𝑛
.
.
𝑎𝑛1𝑎𝑛2. . . . . 𝑎𝑛𝑛]

 
 
 
 

[
 
 
 
 
𝑥1
𝑥2
.
.
𝑥𝑛]
 
 
 
 

[
 
 
 
 
𝑏1
𝑏2
.
.
𝑏𝑛]
 
 
 
 

 

|𝐴| ≠ 0
Ex:–  

𝑥1 + 2𝑥2 = 1 
𝑥1 + 3𝑥2 = 1 

|𝐴| = [
12
13
] , 𝑥 = [

𝑥1
𝑥2
] , 𝑏 = [

1
1
] 

Ax =b ⇒ [
12
13
] [
𝑥1
𝑥2
] = [

1
1
] 
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1 Gaussian Elimination Method 

mn

𝑎11𝑥1 + 𝑎12𝑥2+. . . . . . . . . . . +𝑎1𝑛𝑥𝑛 = 𝑏1 
𝑎21𝑥1 + 𝑎22𝑥2+. . . . . . . . . . . +𝑎2𝑛𝑥𝑛 = 𝑏2 
⋮ 
⋮ 
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2+. . . . . . . . +𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛 

𝑎11 𝑎12 ⋯ 𝑎1𝑛 𝑏1
𝑎21 𝑎22 ⋯ 𝑎2𝑛 𝑏2
⋮ ⋮ ⋮ ⋮
𝑎𝑛1 𝑎𝑛2 ⋯ 𝑎𝑛𝑛 𝑏𝑛

 

𝑎11 𝑎12 ⋯ 𝑎1𝑛 𝑏1
0 𝑎22

′ ⋯ 𝑎2𝑛 𝑏2
′

⋮ ⋮ ⋮ ⋮
0 0 ⋯ 𝑎𝑛𝑛

‴ 𝑏𝑛
‴ }

 

 

𝑥𝑛 = 𝑏𝑛
‴ /𝑎𝑛𝑛

‴

⋮
𝑥2 = (𝑏2

′ − 𝑎23
′ 𝑥3⋯− 𝑎2𝑛

′ 𝑥𝑛)/𝑎22
′

𝑥1 = (𝑏1 − 𝑎12𝑥2⋯− 𝑎1𝑛𝑥𝑛)/𝑎11

}  
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𝑎 2𝑥1 +3𝑥2 −𝑥3 = 5
𝑏 4𝑥1 +4𝑥2 −3𝑥3 = 3
𝑐 −2𝑥1 +3𝑥2 −𝑥3 = 1

 

𝑥1ba -4/2=-2

b

𝑥1ca 2/2=1

c 

𝑎′ 2𝑥1 +3𝑥2 −𝑥3 = 5

𝑏′ 0 −2𝑥2 −𝑥3 = −7

𝑐′ 0 +6𝑥2 −2𝑥3 = 6

 

𝑥2𝑐′𝑏′-6/-2=3

𝑐′

𝑎″ 2𝑥1 +3𝑥2 −𝑥3 = 5

𝑏″ 0 −2𝑥2 −𝑥3 = −7

𝑐″ 0 0 −5𝑥3 = −15

 

x

−5𝑥3 = −15 ⇒ 𝑥3 = −15/−5 = 3 
−2𝑥2 − 𝑥3 = −7 ⇒ 𝑥2 = (−7 + 𝑥3(3))/−2 = 2 
2𝑥1 + 3𝑥2 − 𝑥3 = 5 ⇒ 𝑥1 = (5 − 3𝑥2 + 𝑥3)/2 = 1 
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1Gauss – Jordan Method

Ax = b

An

m

n

𝑎11𝑥1 + 𝑎12𝑥2+. . . . . . . . . . . +𝑎1𝑛𝑥𝑛 = 𝑏1 
𝑎21𝑥1 + 𝑎22𝑥2+. . . . . . . . . . . +𝑎2𝑛𝑥𝑛 = 𝑏2 
⋮ 
⋮ 
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2+. . . . . . . . +𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛 

𝑎: 𝑎11 𝑎12 ⋯ 𝑎1𝑛 𝑏1 ⋯ (1)
𝑏: 𝑎21 𝑎22 ⋯ 𝑎2𝑛 𝑏2 ⋯ (2)
𝑐: 𝑎𝑛1 𝑎𝑛2 ⋯ 𝑎𝑛𝑛 𝑏𝑛 ⋯ (3)

 

1

 1𝑎21/𝑎114 

 245

 1−𝑎11/𝑎𝑛16

 367

𝑎(1): 𝑎11 𝑎12 ⋯ 𝑎1𝑛 𝑏1 ⋯ (1)

𝑏(1): 0 𝑎22
′ ⋯ 𝑎2𝑛

′ 𝑏2
′ ⋯ (5)

𝑐(1): 0 𝑎𝑛2
′ ⋯ 𝑎𝑛𝑛

′ 𝑏𝑛
′ ⋯ (7)

 

2

 5−𝑎32/𝑎228 

 789
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 5−𝑎12/𝑎2210

 11011

𝑎(2): 𝑎11
′ 0 ⋯ 𝑎1𝑛

′ 𝑏1 ⋯ (11)

𝑏(2): 0 𝑎22
′ ⋯ 𝑎2𝑛

′ 𝑏2
′ ⋯ (5)

𝑐(2): 0 0 ⋯ 𝑎𝑛𝑛
″ 𝑏𝑛

″ ⋯ (9)

3 

a 11−𝑎1𝑛/𝑎𝑛𝑛12 

b 12913

c 11−𝑎2𝑛/𝑎𝑛𝑛14

d 14515

𝑎(3): 𝑎11
″ 0 ⋯ 0 𝑏1

″ ⋯ (13)

𝑏(3): 0 𝑎22
″ ⋯ 0 𝑏2

″ ⋯ (15)

𝑐(3): 0 0 ⋯ 𝑎𝑛𝑛
″ 𝑏𝑛

″ ⋯ (11)

 

A

𝑥1, 𝑥2, 𝑥3, . . . . . . , 𝑥𝑛
𝑥1 = 𝑏1

″/𝑎11
″  

𝑥2 = 𝑏2
″/𝑎22

″  

𝑥3 = 𝑏3
″/𝑎33

″ ⇒ 𝑥𝑛 = 𝑏𝑛/
″ /𝑎𝑛𝑛

″

4𝑥1 −9𝑥2 +2𝑥3 = 5
2𝑥1 −4𝑥2 +6𝑥3 = 3
𝑥1 −𝑥2 +3𝑥3 = 4

 

𝑎: 4 −9 2 5 ⋯ (1)

𝑏: 2 −4 6 3 ⋯ (2)

𝑐: 1 −1 3 4 ⋯ (3)
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1-2/44

(4 −9 2 5) × −2/4

−2 4.5 −1 −2.5
24

−2 4.5 −1 −2.5 ⋯ (4)
2 −4 6 3 ⋯ (2)
0 0.5 5 0.5 ⋯ (5)

 

5𝑏(1)

1-1/4

(4 −9 2 | 5) × −1/4

−1 2.25 −0.5 | −1.25 ⋯ (6)
 

36

0 1.25 2.5 2.75 ⋯ (7) 

𝑐(1)

𝑎1: 4 −9 2 5 ⋯ (1)

𝑏1: 0 0.5 5 0.5 ⋯ (5)

𝑐1: 0 1.25 2.5 2.75 ⋯ (7)

 

5-1.25/0.5

(0 0.5 5 | 0.5) × −1.25/0.5

0 −1.25 −12.5 | −1.25 ⋯ (8)
 

78

(0 −1.25 −12.5 | −1.25)

0 1.25 2.5 | 2.75
 

0 0 −10 1.5 ⋯ (9) 

𝑐(2)59/0.5
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(0 0.5 5 | 0.5) × 9/0.5

0 9 90 | 9 (10)
 

110

4 0 92 14 ⋯ (11) 

𝑎(2)

𝑎2: 4 0 92 14 ⋯ (11)

𝑏2: 0 0.5 5 0.5 ⋯ (5)

𝑐2: 0 0 −10 1.5 ⋯ (9)

 

9-92/-10

(0 0 10 | 1.5) × 92/10

0 0 −92 | 13.8 ⋯ (12)
 

1112

4 0 0 | 27.8 ⋯ (13)
 

𝑎(3)

9-5/-10

(0 0 −10 | 1.5) × 5/10

0 0 −5 | 0.75 ⋯ (14)

614

00.50 |1.25. . . . . . . . . (15)

𝑏(3)

𝑎3: 4 0 0 27.8 ⋯ (13)

𝑏3: 0 0.5 0 1.25 ⋯ (15)

𝑐3: 0 0 10 1.5 ⋯ (9)

 

x

𝒙𝟏 = 𝟐𝟕. 𝟖/𝟒 = 𝟔. 𝟗𝟓 
𝒙𝟐 = 𝟏. 𝟐𝟓/𝟎. 𝟓 = 𝟐. 𝟓 
𝒙𝟑 = 𝟏. 𝟓/−𝟏𝟎 = 𝟎. 𝟏𝟓

|𝐴| = 4 × 0.5 × (−10) = −20 
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𝑥 +𝑦 +2𝑧 = 9
2𝑥 +4𝑦 −3𝑧 = 1
3𝑥 +6𝑦 −5𝑧 = 0

 

Q2
2𝑥1 + 2𝑥2 − 2𝑥4 = 4
4𝑥2 + 2𝑥3 − 4𝑥4 = 6
−𝑥2 + 𝑥4 = −4
−3𝑥3 + 𝑥4 = −1

Q3 
−2𝑥1 +𝑥2 +𝑥3 = 8
3𝑥1 −2𝑥2 −𝑥3 = 1
4𝑥1 −7𝑥2 +3𝑥3 = 0
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2
Triangular Decomposition Methods(L.U) 

L.U:

𝑎11𝑥1 + 𝑎12𝑥2+. . . . . . . . . . . +𝑎1𝑛𝑥𝑛 = 𝑏1 
𝑎21𝑥1 + 𝑎22𝑥2+. . . . . . . . . . . +𝑎2𝑛𝑥𝑛 = 𝑏2 
. 
. 
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2+. . . . . . . . . . . +𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

𝐴 =

[
 
 
 
 
𝑎11𝑎12. . . . . 𝑎1𝑛
𝑎21𝑎22. . . . . 𝑎2𝑛
.
.
𝑎𝑛1𝑎𝑛2. . . . . 𝑎𝑛𝑛]

 
 
 
 

, 𝑥 =

[
 
 
 
 
𝑥1
𝑥2
.
.
𝑥𝑛]
 
 
 
 

, 𝑏 =

[
 
 
 
 
𝑏1
𝑏2
.
.
𝑏𝑛]
 
 
 
 

 بالشكل التالي:  Aيمكن كتابة المصفهفة 

𝐿 =

[
 
 
 
 
 
𝐿110. . . . .0
𝐿21𝐿22. . . . .0
𝐿31𝐿32𝐿33
.
.
𝐿𝑛1𝐿𝑛2. . . . . 𝐿𝑛𝑛]

 
 
 
 
 

, 𝑈 =

[
 
 
 
 
 
1𝑈12𝑈13. . . . . 𝑈1𝑛
01𝑈23. . . . . 𝑈2𝑛
001. . . . . 𝑈3𝑛
.
.
000. . . . . .1 ]

 
 
 
 
 

𝐴 = 𝐿 × 𝑈 
4×4

U×A=L











































=





















=

1000

U100

UU10

UUU1

LLLL

0LLL

00LL

000L

aaaa

aaaa

aaaa

aaaa

A
43

4232

413121

44332414

332313

2221

11

44342414

43332331

42322221

41311211
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𝐿 =

[

𝐿11 𝐿11𝑈12 𝐿11𝑈13 𝐿11𝑈14
𝐿21 𝐿21𝑈12 + 𝐿22 𝐿21𝑈13 + 𝐿22𝑈23 𝐿21𝑈14 + 𝐿22𝑈24
𝐿31 𝐿31𝑈12 + 𝐿32 𝐿31𝑈13 + 𝐿32𝑈23 + 𝐿33 𝐿31𝑈14 + 𝐿32𝑈24 + 𝐿33𝑈34
𝐿41 𝐿41𝑈12 + 𝐿42 𝐿41𝑈13 + 𝐿42𝑈23 + 𝐿43 𝐿41𝑈14 + 𝐿42𝑈24 + 𝐿43𝑈34 + 𝐿44

]

,aL

aL

aL

aL

aL

1i1i

1414

1313

1221

1111

=













=

=

=

=

𝑎12 = 𝐿11𝑈12
𝑎13 = 𝐿11𝑈13
𝑎41 = 𝐿11𝑈14

} 𝑈1𝑗 =
𝑎1𝑗

𝐿11
, 

 

1𝐿𝑖1 = 𝑎𝑖1𝑖 = 1,2, . . . . . . . , 𝑛 

2     𝑈1𝑗 =
𝑎1𝑗

𝐿11
𝑗 = 2,3, . . . . . . . , 𝑛

3𝐿𝑖𝑗 = 𝑎𝑖𝑗 − ∑ 𝐿𝑖𝑘𝑈𝑘𝑗
𝑗−1
𝑘=1

4𝑈𝑗𝑘 =
𝑎𝑗𝑘−∑ 𝐿𝑗𝑖𝑈𝑖𝑘

𝑗−1
𝑖=1

𝐿𝑗𝑗
𝑘 = 𝑗 + 1, . . . . . . ..

5𝐿𝑛𝑛 = 𝑎𝑛𝑛 − ∑ 𝐿𝑛𝑘𝑈𝑘𝑛
𝑛−1
𝑘=1

6𝐿𝑈𝑥 = 𝑏 ⇐ 𝐴𝑥 = 𝑏

7𝑈𝑥 = 𝑦

8𝐿𝑦 = 𝑏

y7x

LU–F

3𝑥1 − 𝑥2 + 2𝑥3 = 12 
𝑥1 + 2𝑥2 + 3𝑥3 = 11 
2𝑥1 − 2𝑥2 − 𝑥3 = 2

𝐴 = [
3 − 12
123
2 − 2 − 1

] , 𝐵 = [
12
11
2
] , 𝐿 = [

𝐿1100
𝐿21𝐿220
𝐿31𝐿32𝐿33

] , 𝑈 = [
1𝑈12𝑈13
01𝑈23
001

]

1)𝐿𝑖1 = 𝑎𝑖1𝑖 = 1,2,3, . . . . . . 
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𝐿11 = 𝑎11 = 3 
𝐿21 = 𝑎21 = 1 
𝐿31 = 𝑎31 = 2 

2)𝑈1𝑗 =
𝑎1𝑗
𝐿11

𝑗 = 2,3, . . . . . . 

𝑈12 =
𝑎12
𝐿11

=
−1

3
 

𝑈13 =
𝑎13
𝐿11

=
2

3
 

3)𝐿22 = 𝑎22 − 𝐿21𝑈12 = 2 − 1(−
1

3
) =

7

3
 

4)𝑈23 =
𝑎23 − 𝐿21𝑈13

𝐿22
=
3 − (1)(

2
3
)

7
3

= 1 

5)𝐿32 = 𝑎32 − 𝐿31𝑈12 = −2 − (2)(−
1

3
) =

−4

3
 

𝐿33 = 𝑎33 − 𝐿31𝑈13 − 𝐿32𝑈23 = −1 − (2)(
2

3
) − (

−4

3
)(1) = −1 

𝐿 = [

300
17/30
2 − 4/3 − 1

]𝑈 = [
1 − 1/32/3
011
001

] 

6)𝐴𝑥 = 𝑏 ⇒ 𝑈𝑥 = 𝑦 
7) ∵ 𝑈𝑥 = 𝑦 ⇒ 𝐿𝑦 = 𝑏 

[

300
17/30
2 − 4/3 − 1

] × [

𝑦1
𝑦2
𝑦3

] = [
12
11
2
] 

3𝑦1 = 12 ⇒ 𝑦1 = 4 

𝑦1 +
7

3
𝑦2 = 11 ⇒ 𝑦2 = 3 

2𝑦1 −
4

3
𝑦2 − 𝑦3 = 2 ⇒ 𝑦3 = 2 

73x ,2 x ,1x

[
1 − 1/32/3
011
001

] × [
𝑥1
𝑥2
𝑥3

] = [
4
3
2
]

𝑥1 −
1

3
𝑥2 +

2

3
𝑥3 = 4 

𝑥2 + 𝑥3 = 3 
𝑥3 = 2
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∴ 𝑥1 = 3, 𝑥2 = 1, 𝑥3 = 2

1Jacobi Method

R

𝑎𝑖𝑗P=R–A

AP,R

𝑅𝑥(𝑟) = 𝑃𝑥(𝑟−1) + 𝑏, 𝑟 = 1,2, . . . . . ..

)r(xr

𝑥𝑖
(𝑟)
=
1

𝑎𝑖𝑖
(𝑏𝑖 −∑𝑎𝑖𝑗𝑥𝑗

(𝑟−1)
)𝑖 = 1,2, . . . . , 𝑛, 𝑟 = 1,2, . . . . . . .

𝑛

𝑗=1
𝑗≠𝑖

𝑎𝑖𝑗 ≠ 0

𝑖 = 1,2, . . . . . , 𝑛

•  

|𝑥𝑟+1 − 𝑥𝑟| <∈
|[𝑥1

𝑟+1, 𝑥2
𝑟+1, … , 𝑥𝑛

𝑟+1] − [𝑥1
𝑟 , 𝑥2

𝑟 , … , 𝑥𝑛
𝑟]|

= |(𝑥1
𝑟+1 − 𝑥1

𝑟), (𝑥2
𝑟+1 − 𝑥2

𝑟), … , (𝑥𝑛
𝑟+1 − 𝑥𝑛

𝑟)| <∈ 

𝑎11

𝑎22

𝑎𝑖𝑖i

• [0,0,…,0]
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10𝑥1 + 𝑥2 + 𝑥3 = 12 
𝑥1 + 10𝑥2 + 𝑥3 = 12 
𝑥1 + 𝑥2 + 10𝑥3 = 12

10𝑥1
(𝑟+1)

= 12 − 𝑥2
(𝑟)
− 𝑥3

(𝑟)
 

10𝑥2
(𝑟+1)

= 12 − 𝑥1
(𝑟)
− 𝑥3

(𝑟)
 

10𝑥3
(𝑟+1)

= 12 − 𝑥1
(𝑟)
− 𝑥2

(𝑟)

r=0x0𝑥1
(0)
= 𝑥2

(0)
=

𝑥3
(0)
= 0(𝑥3

(𝑟)
, 𝑥2
(𝑟)
, 𝑥1
(𝑟)
)

𝑥3
(𝑟)

𝑥2
(𝑟)

𝑥1
(𝑟)r 

0.00.00.00

1.21.21.21

0.960.960.962

1.0081.0081.0083

0.99840.99840.99844

1.000321.000321.000325

0.9999360.9999360.9999366

2

3𝑥1 + 𝑥2 + 𝑥3 = 13 
𝑥1 + 2𝑥2 − 𝑥3 = 4 
𝑥1 + 𝑥2 + 𝑥3 = 9

3

4𝑥1 + 𝑥2 − 2𝑥3    = 1 
𝑥1 − 7𝑥2 + 10𝑥3 = 2 
𝑥1 + 3𝑥2 −   𝑥3  = 8
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4

𝑥1 + 5𝑥2 + 𝑥3 = 7 
5𝑥1 + 𝑥2 + 𝑥3 = 7 
𝑥1 + 𝑥2 +   5𝑥3 = 7
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2Gauss – Seidel Method
𝑥(𝑟)𝑥(𝑟−1)

𝑥(𝑟)𝑥(𝑟−1)

r
𝑥(𝑟)

𝑥𝑖
(𝑟)
=
1

𝑎𝑖𝑖
(𝑏𝑖 −∑𝑎𝑖𝑗𝑥𝑗

(𝑟)
− ∑ 𝑎𝑖𝑗𝑥𝑗

(𝑟−1)

𝑛

𝑗=𝑖+1

)𝑖 = 1,2, . . . . , 𝑛, 𝑟 = 1,2, . . . . . . .

𝑖−1

𝑗=1

𝐸𝑥:−10𝑥1 + 𝑥2 + 𝑥3 = 12 
𝑥1 + 10𝑥2 + 𝑥3 = 12 
𝑥1 + 𝑥2 + 10𝑥3 = 12

10𝑥1
(𝑟+1)

= 12 − 𝑥2
(𝑟)
− 𝑥3

(𝑟)
 

10𝑥2
(𝑟+1)

= 12 − 𝑥1
(𝑟+1)

− 𝑥3
(𝑟)

 

10𝑥3
(𝑟+1)

= 12 − 𝑥1
(𝑟+1)

− 𝑥2
(𝑟+1)

 

𝑟 = 0𝑥1
(0)
= 𝑥2

(0)
= 𝑥3

(0)
= 0

⇐ 𝑥1
10𝑥1

(1)
= 12 − 𝑥2

(0)
− 𝑥3

(0)
= 12/10 = 1.2 

10𝑥2
(1)
= 12 − 𝑥1

(1)
− 𝑥3

(0)
⇒ 10𝑥2 = 12 − 1.2 ⇒ 𝑥2 =

10.8

10
= 1.08 

10𝑥3
(1)
= 12 − 1.2 − 1.08 ⇒ 10𝑥3 = 9.72 ⇒ 𝑥3 =

9.72

10
= 0.972 

𝑥3
(𝑟)

𝑥2
(𝑟)

𝑥1
(𝑟)r 

0000
0.9721.081.21

1.000191.00330.99482
1.0000331.0000160.999653
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3𝑥1 + 𝑥2 − 𝑥3 = 1 
4𝑥1 − 2𝑥2 + 3𝑥3 = 5 
5𝑥1 − 𝑥2 − 2𝑥3 = 4

𝑥3
(𝑟)

𝑥2
(𝑟)

𝑥1
(𝑟)r 

–0.26–1.48 0.331

0.74–1.17 0.862

0.150.550.973

–0.56–1.880.204

0.82–1.800.775

0.451.151.216

–0.94–1.620.107

0.80–2.790.568 
0.941.761.539 
–1.36–0.370.0610

𝑀𝑎𝑥
𝑖
∑|

𝑎𝑖𝑗

𝑎𝑖𝑖
| < 1(1)

𝑛

𝑗=1
𝑗≠𝑖

 

1

𝐸𝑥:
−2𝑥1 + 2𝑥2 = 1 
𝑥1 + 6𝑥2 + 𝑥3 = 0 
𝑥2 + 𝑥3 = 1

𝑥1 + 6𝑥2 + 𝑥3 = 0 
2𝑥1 + 2𝑥2 = 1 
𝑥2 + 𝑥3 = 1
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1

 
𝑥1 − 2𝑥2 − 100𝑥3 = 300 
10𝑥1 + 𝑥2+𝑥3 = 24 
−𝑥1 + 20𝑥2 + 𝑥3 = 21

10𝑥1 + 𝑥2+𝑥3 = 24
−𝑥1 + 20𝑥2 + 𝑥3 = 21
𝑥1 − 2𝑥2 − 100𝑥3 = 300

]

Ax=b A
𝑥(0) = 0

r =1,2,… 
  i =1,2,….,n

𝑥𝑖
(𝑟)
=

1

𝑎𝑖𝑖
(𝑏𝑖 − ∑ 𝑎𝑖𝑗𝑥𝑗

(𝑟)
←

− ∑ 𝑎𝑖𝑗𝑥𝑗
(𝑟−1)𝑛

←

𝑗=𝑖+1 )𝑖−
←
1

𝑗=1

∑

∑ |𝑥𝑖
(𝑟+1)

− 𝑥𝑖
(𝑟)
|𝑛

𝑖=1 <i=1,2,….,n

[∑ (𝑥𝑖
(𝑟+1)

− 𝑥𝑖
(𝑟)
)𝑛

𝑖=1 ]
1/2

<

∑ |𝑥𝑖
(𝑟+1)

− 𝑥𝑖
(𝑟)
|𝑛

𝑖=1 <
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𝑓(𝑥𝑛), . . . . . . , 𝑓(𝑥1), 𝑓(𝑥0): 𝑓

𝑥∗𝑥∗{𝑥𝑖}𝑖 = 0
𝑛
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▪ 

𝑥0, 𝑥1, . . . . . . . . . 𝑥𝑛

𝑓(𝑥)𝑓(𝑥0), 𝑓(𝑥1), . . . . , 𝑓(𝑥𝑛)

𝑓(𝑥)𝑛 + 1

𝑃(𝑥𝑖) = 𝑓(𝑥𝑖), 𝑖 = 0,1, . . . . . , 𝑛

𝑓(𝑥)−̃𝑃2(𝑥) =∑𝑓(𝑥𝑗)∏(
𝑥 − 𝑥𝑖
𝑥𝑗 − 𝑥𝑖

)

2

𝑖=0
𝑖≠𝑗

2

𝑗=0

 

=∑𝐿𝑗𝑓(𝑥𝑗) = 𝐿0𝑓(𝑥0) + 𝐿1𝑓(𝑥1)

2

𝑗=0

+ 𝐿2𝑓(𝑥2) 

𝐿0 =
(𝑥 − 𝑥1)(𝑥 − 𝑥2)

(𝑥0 − 𝑥1)(𝑥0 − 𝑥2)
=

(𝑥 − 1.7)(𝑥 − 3.0)

(1.1 − 1.7)(1.1 − 3.0)

=
1

1.14
(𝑥 − 1.7)(𝑥 − 3.0) 

𝐿1 =
(𝑥 − 𝑥0)(𝑥 − 𝑥2)

(𝑥1 − 𝑥0)(𝑥1 − 𝑥2)
=

(𝑥 − 1.1)(𝑥 − 3.0)

(1.7 − 1.1)(1.7 − 3.0)

=
1

−0.78
(𝑥 − 1.1)(𝑥 − 3.0) 

𝐿2 =
(𝑥 − 𝑥0)(𝑥 − 𝑥1)

(𝑥2 − 𝑥0)(𝑥2 − 𝑥1)
=

(𝑥 − 1.1)(𝑥 − 1.7)

(3.0 − 1.1)(3.0 − 1.7)

=
1

2.47
(𝑥 − 1.1)(𝑥 − 1.7)
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=
1

1.14
(𝑥 − 1.7)(𝑥 − 3.0) × (10.6) −

1

0.78
(𝑥 − 1.1)(𝑥 − 3.0) × (15.2)

+
1

2.47
(𝑥 − 1.1)(𝑥 − 1.7) × (20.3) 

= (9.29824)(𝑥 − 1.7)(𝑥 − 3.0) − (19.48717)(𝑥 − 1.1)(𝑥 − 3.0)
+ (8.21862)(𝑥 − 1.1)(𝑥 − 1.7) 

= (9.29824)(𝑥2 − 4.7𝑥 + 5.1) − (19.48717)(𝑥2 − 4.1𝑥 + 3.3)
+ (8.21862)(𝑥2 − 2.8𝑥 + 1.87) 

= (9.29𝑥2 − 43.66𝑥 + 47.37 − 19.48𝑥2 + 79.86𝑥 + 64.28 + 8.21𝑥2

− 22.9𝑥 + 15.35) 
= −1.98𝑥2 + 13.3𝑥 − 1.56 
𝑓(2.3) = −1.98(2.3)2 + 13.3(2.3) − 1.56 = 18.53

𝒙𝟑𝒙𝟐𝒙𝟏𝒙𝟎

𝑷𝟑(𝒙) =∑∏(
𝒙 − 𝒙𝒊
𝒙𝟎 − 𝒙𝒊

)𝒇(𝒙𝒋)

𝟑

𝒊=𝟎
𝒊≠𝒋

𝟑

𝒋=𝟎

 

=∑𝑳𝒋𝒇(𝒙𝒋) = 𝑳𝟎𝒇(𝒙𝟎) + 𝑳𝟏𝒇(𝒙𝟏)

𝟑

𝒋=𝟎

+ 𝑳𝟐𝒇(𝒙𝟐) + 𝑳𝟑𝒇(𝒙𝟑) 

𝑳𝟎 =
(𝒙 − 𝒙𝟏)(𝒙 − 𝒙𝟐)(𝒙 − 𝒙𝟑)

(𝒙𝟎 − 𝒙𝟏)(𝒙𝟎 − 𝒙𝟐)(𝒙𝟎 − 𝒙𝟑)
=
(𝒙 − 𝟏)(𝒙 − 𝟑)(𝒙 − 𝟒)

(𝟎 − 𝟏)(𝟎 − 𝟑)(𝟎 − 𝟒)

=
−𝟏

𝟏𝟐
(𝒙 − 𝟏)(𝒙 − 𝟑)(𝒙 − 𝟒) 

𝑳𝟏 =
(𝒙 − 𝒙𝟎)(𝒙 − 𝒙𝟐)(𝒙 − 𝒙𝟑)

(𝒙𝟏 − 𝒙𝟎)(𝒙𝟏 − 𝒙𝟐)(𝒙𝟏 − 𝒙𝟑)
=
(𝒙 − 𝟎)(𝒙 − 𝟑)(𝒙 − 𝟒)

(𝟏 − 𝟎)(𝟏 − 𝟑)(𝟏 − 𝟒)

=
𝟏

𝟔
𝒙(𝒙 − 𝟑)(𝒙 − 𝟒)

𝑳𝟐 =
(𝒙 − 𝒙𝟎)(𝒙 − 𝒙𝟏)(𝒙 − 𝒙𝟑)

(𝒙𝟐 − 𝒙𝟎)(𝒙𝟐 − 𝒙𝟏)(𝒙𝟐 − 𝒙𝟑)
=
𝒙(𝒙 − 𝟏)(𝒙 − 𝟒)

𝟑(𝟐)(−𝟏)
=
−𝟏

𝟔
𝒙(𝒙 − 𝟏)(𝒙 − 𝟒) 
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𝑳𝟑 =
(𝒙 − 𝒙𝟎)(𝒙 − 𝒙𝟏)(𝒙 − 𝒙𝟑)

(𝒙𝟑 − 𝒙𝟎)(𝒙𝟑 − 𝒙𝟏)(𝒙𝟑 − 𝒙𝟐)
=
𝒙(𝒙 − 𝟏)(𝒙 − 𝟑)

(𝟒)(𝟑)
=
𝟏

𝟏𝟐
𝒙(𝒙 − 𝟏)(𝒙 − 𝟑)

=
1

12
(𝑥 − 1)(𝑥 − 3)(𝑥 − 4) +

1

6
𝑥(𝑥 − 3)(𝑥 − 4) × 0 −

1

6
𝑥(𝑥 − 1)(𝑥

− 4) × 8 +
15

12
𝑥(𝑥 − 1)(𝑥 − 3) 

=
(𝑥 − 1)(𝑥 − 3)(𝑥 − 4)

12
−
8[𝑥(𝑥 − 1)(𝑥 − 4)]

6
+
15𝑥(𝑥 − 1)(𝑥 − 3)

12
 

=
(𝑥 − 1)(𝑥 − 3)(𝑥 − 4) − 16[𝑥(𝑥 − 1)(𝑥 − 4)] + 15[𝑥(𝑥 − 1)(𝑥 − 3)]

12

=
(𝑥 − 1)[(𝑥 − 3)(𝑥 − 4) − 16𝑥(𝑥 − 4) + 15𝑥(𝑥 − 3)]

12
 

=
(𝑥 − 1)[𝑥2 − 7𝑥 + 12 − 16𝑥2 + 64𝑥 + 15𝑥2 − 45𝑥]

12

=
(𝑥 − 1)(12𝑥 + 12)

12
 

= (𝑥 − 1)(𝑥 + 1), 𝑃3(𝑥) = 𝑥
2 − 1, 𝑃3(3.3) = 10.89 − 1 = 9.89

𝑃𝑛(𝑥) = 𝑎0 + 𝑎1𝑥+. . . . +𝑎𝑛𝑥
𝑛 

𝑃𝑛(𝑥𝑗) = 𝑓(𝑥𝑗), 𝑗 = 0,1,2, . . . . , 𝑛

𝑃1(𝑥) = 𝑎0 + 𝑎1𝑥. . . . . . . . . . . . . . . (𝐴)

𝑎1, 𝑎0
𝑷𝟏(𝒙𝟎) = 𝒂𝟎 + 𝒂𝟏𝒙𝟎 

𝑷𝟏(𝒙𝟏) = 𝒂𝟎 + 𝒂𝟏𝒙𝟏

𝑃𝑛(𝑥𝑗) = 𝑓(𝑥𝑗)

∴ 𝒂𝟎 + 𝒂𝟏𝒙𝟎 = 𝒇(𝒙𝟎). . . . . . . . (𝟏) 
∓𝒂𝟎 ∓ 𝒂𝟏𝒙𝟏 = ∓𝒇(𝒙𝟏). . . . . . (𝟐) 
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𝒂𝟏(𝒙𝟎 − 𝒙𝟏) = 𝒇(𝒙𝟎) − 𝒇(𝒙𝟏) 

𝒂𝟏 =
𝒇(𝒙𝟎) − 𝒇(𝒙𝟏)

𝒙𝟎 − 𝒙𝟏
𝑎0𝑥1 + 𝑎1𝑥0𝑥1 = 𝑥1𝑓(𝑥0). . . . . . . . (3) 
∓𝑎0𝑥0 ∓ 𝑎1𝑥0𝑥1 = ∓𝑥0𝑓(𝑥1)

𝒂𝟎(𝒙𝟏 − 𝒙𝟎) = 𝒙𝟏𝒇(𝒙𝟎) − 𝒙𝟎𝒇(𝒙𝟏) 

𝒂𝟎 =
𝒙𝟏𝒇(𝒙𝟎) − 𝒙𝟎𝒇(𝒙𝟏)

(𝒙𝟏 − 𝒙𝟎)

𝑎1, 𝑎0

𝑷𝟏(𝒙) =
𝒙𝟏𝒇(𝒙𝟎) − 𝒙𝟎𝒇(𝒙𝟏)

(𝒙𝟏 − 𝒙𝟎)
+
𝒙𝒇(𝒙𝟎) − 𝒙𝒇(𝒙𝟏)

(𝒙𝟎 − 𝒙𝟏)
 

=
𝒙𝟏𝒇(𝒙𝟎) − 𝒙𝟎𝒇(𝒙𝟏) + 𝒙𝒇(𝒙𝟏) − 𝒙𝒇(𝒙𝟎)

(𝒙𝟏 − 𝒙𝟎)
 

=
𝒙𝟏 − 𝒙

𝒙𝟎 − 𝒙𝟏
𝒇(𝒙𝟎) +

𝒙 − 𝒙𝟎
𝒙𝟏 − 𝒙𝟎

𝒇(𝒙𝟏) 

𝑷𝟏(𝒙) =
𝒙 − 𝒙𝟏
𝒙𝟏 − 𝒙𝟎

𝒇(𝒙𝟎) +
𝒙 − 𝒙𝟎
𝒙𝟏 − 𝒙𝟎

𝒇(𝒙𝟏)

=∑∏
𝑥 − 𝑥𝑖
𝑥𝑗 − 𝑥𝑖

𝑓(𝑥𝑗)

1

𝑖=0
𝑗≠𝑖

1

𝑗=0

𝐿0(𝑥) =
(𝑥 − 2)(𝑥 − 5)(𝑥 − 6)

(−1)(−4)(−5)
=
𝑥3 − 13𝑥2 + 52𝑥 − 60

−20
 

𝐿1(𝑥) =
(𝑥 − 1)(𝑥 − 5)(𝑥 − 6)

(1)(−3)(−4)
=
𝑥3 − 12𝑥2 + 41𝑥 − 30

−20
 

𝐿2(𝑥) =
(𝑥 − 1)(𝑥 − 2)(𝑥 − 6)

(4)(3)(−1)
=
𝑥3 − 9𝑥2 + 20𝑥 − 12

−12
 

𝐿3(𝑥) =
(𝑥 − 1)(𝑥 − 2)(𝑥 − 5)

(5)(4)(1)
=
𝑥3 − 8𝑥2 + 17𝑥 − 10

20
∴

𝑃3(𝑥) = 12𝐿0(𝑥) + 15𝐿1(𝑥) + 15𝐿2(𝑥) + 30𝐿3(𝑥) 
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𝑃3 =
4𝑥3 − 27𝑥2 + 233𝑥 + 510

60
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▪ Calculus of Finite 
Differences

𝑦𝑖 = 𝑓(𝑎 + 𝑖ℎ) , 𝑖 = 0,1,2, . . . . . . , 𝑛

𝛥𝑓(𝑎) = 𝑓(𝑎 + 𝑖ℎ) − 𝑓(𝑎)

𝛥𝑦0 = 𝑦1 − 𝑦0

𝛥𝑓(𝑎 + 𝑖ℎ) = 𝑓(𝑎 + (𝑖 + 1)ℎ) − 𝑓(𝑎 + 𝑖ℎ)

𝛥𝑦𝑖 = 𝑦𝑖+1 − 𝑦𝑖  , 𝑖 = 0,1,2, . . . . . 𝑛 − 1

𝛥2𝑦𝑖 = 𝛥(𝛥𝑦𝑖) = 𝛥(𝑦𝑖+1 − 𝑦𝑖) = 𝛥𝑦𝑖+1 − 𝛥𝑦𝑖  
𝑦𝑖+2 − 𝑦𝑖+1 − (𝑦𝑖+1 − 𝑦𝑖) = 𝑦𝑖+2 − 2𝑦𝑖+1 + 𝑦𝑖 , 𝑖 = 0,1,2, . . . . . . , 𝑛 − 2

𝛥𝑘𝑦𝑖 = 𝛥
𝑘−1(𝛥𝑦𝑖) = 𝛥

𝑘−1(𝑦𝑖+1 − 𝑦𝑖) 
= 𝛥𝑘−1𝑦𝑖+1 − 𝛥

𝑘−1𝑦𝑖

𝛥𝑘𝑦𝑖 =∑(
𝑘
𝑗
) (−1)𝑗𝑦𝑖+𝑘−𝑗

𝑘

𝑗=0

(
𝑘
𝑗
)

(
𝑘
𝑗
) =

𝑘!

(𝑘 − 𝑗)! ∗ 𝑗!

𝛥
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𝜟 𝜟𝟐 𝜟𝟑 𝜟𝟒

𝑓(𝑥) = 𝑥3 − 1

𝛥4𝛥3𝛥2𝛥

3x
− 3y

− 3y
−

 3
2y

−
 3

3y
−

 3
4y

−


2x
− 2y

− 2y
−

 2
2y

−
 2

3y
−

 2
4y

−


1x
− 1y

− 1y
−

 1
2y

−
 1

3y
−

 1
4y

−


0x 0y 0y 0
2y

−
 0

3y 0
4y

1x 1y 1y 1
2y 1

3y

2x 2y 2y 2
2y

3x 3y 3y

4x 4y

0y

1y

2y

3y

4y

0x

1x

4x

3x

4x
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𝛥
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▪ 

𝛥𝑦𝑖 = 𝑦𝑖+1 − 𝑦𝑖

𝑦0, 𝛥𝑦0, 𝛥
2𝑦0, 𝛥

3𝑦0. . . ..

∴ 𝛥𝑦0 = 𝑦1 − 𝑦0 
𝑦1 = 𝑦0 + 𝛥𝑦0 = (1 + 𝛥)𝑦0 
𝑦2 = (1 + 𝛥)𝑦1 = (1 + 𝛥)

2𝑦0 
𝑦3 = (1 + 𝛥)

3𝑦0 
. 
. 

𝑦𝑚 = (1 + 𝛥)𝑚𝑦0

𝑦2 − 𝑦1 = 𝛥𝑦1 
𝑦2 = 𝑦1 + 𝛥𝑦1 
𝑦2 = (1 + 𝛥)𝑦1

𝑦𝑚 = 𝑦0 +𝑚𝛥𝑦0 +
𝑚(𝑚 − 1)

2!
𝛥2𝑦0+. . . . . . ..

ℎ = 𝑥𝑖 − 𝑥𝑖−1 

 

𝑚 =
𝑥𝑚 − 𝑥0

ℎ
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𝛥5𝛥4𝛥3𝛥2𝛥

 

𝑥0ناخذ   =  150اقرب فترة الى  150وذلك لان   120

𝑚 =
𝑥𝑚 − 𝑥0

ℎ
=
150 − 120

60
= 0.5 

 

𝑃(2.5) = 0.2747 +
0.3755

1!
× 0.5 +

0.3594

2!
× 0.5 × (0.5 − 1) +

0.7435

3!
× 0.5 × (0.5 − 1)(0.5

− 2) = 
0.4639𝑚𝑖𝑙/𝑠.
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𝜟𝟒𝜟𝟑𝜟𝟐𝜟

𝑥0ناخذ  =  40اقرب فترة الى  45وذلك لان   40

 

𝑚 −

𝑦𝑚 = 𝑦0 +𝑚𝛥𝑦0 +
𝑚(𝑚 − 1)

2!
𝛥2𝑦0 +

𝑚(𝑚 − 1)(𝑚 − 2)

3!
𝛥3𝑦0

+
𝑚(𝑚 − 1)(𝑚 − 2)(𝑚 − 3)

4!
𝛥4𝑦0 

= 31 +
1

2
(42) +

1
2
(
1
2
− 1)

2!
(9) +

1
2
(
1
2
− 1)(

1
2
− 2)

3!
(−25) +

1
2
(
1
2
− 1)(

1
2
− 2)(

1
2
− 3)

4!
(37)

= 47.868
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𝑃𝑢(𝑥) = 𝑓0 +
𝛥𝑓0
1!
𝑢 +

𝛥2𝑓0
2!

𝑢(𝑢 − 1) +
𝛥3𝑓0
3!

𝑢(𝑢 − 1)(𝑢 − 2)+. . . . . ..

𝑢 =
𝑥 − 𝑥0
ℎ

, 𝑥0 = 3.5, ℎ = 0.05 ⇒ 𝑢 = 20(𝑥 − 3.5)

𝜟𝟑𝜟𝟐𝜟

𝑃3(𝑥) = 33.115 + 1.698 × 20(𝑥 − 3.5) + 0.087 × 20(𝑥

− 3.5) ×
20(𝑥 − 3.5) − 1

2
 

+
0.005

6
(20(𝑥 − 3.5)) × (20(𝑥 − 3.5) − 1)(20(𝑥 − 3.5) − 2)

𝛥3𝛥2𝛥
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▪ 

∴ 𝛻𝑦𝑖 = 𝑦𝑖 − 𝑦𝑖−1 
𝛻2𝑦𝑖 = 𝛻(𝛻𝑦𝑖) = 𝛻(𝑦𝑖 − 𝑦𝑖−1) = 𝛻𝑦𝑖 − 𝛻𝑦𝑖−1 
= 𝑦𝑖 − 𝑦𝑖−1 − (𝑦𝑖−1 − 𝑦𝑖−2) = 𝑦𝑖 − 2𝑦𝑖−1 + 𝑦𝑖−2 
𝛻3𝑦𝑖 = 𝛻(𝛻2𝑦𝑖)

𝛻𝑘𝑦𝑖 = 𝛻𝑘−1𝑦𝑖 − 𝛻
𝑘−1𝑦𝑖−1 =∑(−1)𝑗 (

𝑘
𝑗
) 𝑦𝑖−𝑗

𝑘

𝑗=0

𝛻𝑦0, 𝛻
2𝑦0, 𝛻

3𝑦0, . . . . ..

𝛥𝑦−1, 𝛥
2𝑦−2, 𝛥

3𝑦−3, . . . . ..

𝛻𝑦𝑖 = 𝑦𝑖 − 𝑦𝑖−1 = 𝛥𝑦𝑖−1

𝜟𝒚𝒊 = 𝒚𝒊+𝟏 − 𝒚𝒊, 𝜟𝒚𝒊−𝟏 = 𝒚𝒊 − 𝒚𝒊−𝟏 ⇒ 𝒚𝒊 = 𝒚𝒊−𝟏 + ∆𝒚𝒊−𝟏 ⇒ 𝒚𝒊 = (𝟏 +

∆) 𝒚𝒊−𝟏 

∴ 𝑦𝑖−1 = (1 − 𝛻)𝑦𝑖 ⇒ 𝑦𝑖−1 = 𝑦𝑖 − 𝛻𝑦𝑖 ⇒ 𝑦𝑖
= (1 − 𝛻)−1𝑦𝑖−1……… . (2)

(1 + 𝛥) = (1 − 𝛻)−1

𝛥𝑦𝑖−1 = 𝑦𝑖 − 𝑦𝑖−1 ⇒ 𝑦𝑖 = (𝑦𝑖−1 + 𝛥𝑦𝑖−1) ⇒ 
𝑦𝑖 = (1 − 𝛥)𝑦𝑖−1 ⇒ 𝑦𝑖 = (1 − 𝛻)−1𝑦𝑖−1 ⇒ (1 + 𝛥)𝑛 = (1 − 𝛻)−𝑛
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(1 + 𝛥)𝑛 = (1 − 𝛻)−𝑛

𝑦𝑚 = (1 − 𝛻)−𝑚𝑦0

𝑦𝑚 = 𝑦0 +𝑚𝛻𝑦0 +
𝑚(𝑚+1)

2!
𝛻2𝑦0 +

𝑚(𝑚+1)(𝑚+2)

3!
𝛻3𝑦0+. . . . . . . . . ..

𝜵𝟒𝜵𝟑2

5.0
10

8075
h

xx
m 0m −=

−
=

−
=

𝑦𝑚 = 𝑦0 +𝑚𝛻𝑦0 +
𝑚(𝑚 + 1)

2!
𝛻2𝑦0

+
𝑚(𝑚 + 1)(𝑚 + 2)

3!
𝛻3𝑦0+. . . . . . . . . . . 
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= 190 +
−1

2
(31) +

−0.5(−0.5 + 1)

2!
(−4)

+
−0.5(−0.5 + 1)(−0.5 + 2)

3!
(12) + 

−0.5(−0.5+1)(−0.5+2)(−0.5+3)

4!
(37) = 173.3
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𝜵𝟑𝜵𝟐𝜵

𝑥0 = 1040

∴ 𝑢 =
𝑥𝑚 − 𝑥0

ℎ
=
1044 − 1040

10
= 0.4

𝑃3(𝑥) = 𝑙𝑜𝑔10 1 044

= 3.017033 +
0.004156

1!
× (−0.6)

+
(−0.000047)

2!
× (−0.6)(−0.6 + 1) 

+
(−0.00002)

3!
× (−0.6)(−0.6 + 1)(−0.6 + 2) = 3.01887005
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𝑓(𝑥) = 𝑥3 − 2𝑥 + 1

𝜵𝟑𝜵𝟐𝜵𝑥3 − 2𝑥 + 1

 

𝑥0 = 5

𝑚 =
𝑥𝑚 − 𝑥𝑛

ℎ
=
5.3 − 5

1
= 0.3

𝑃3(𝑥) = 𝑓(5.3) = 116 +
59

1!
× (0.3) +

(24)

2!
× (0.3)(0.3 + 1) 

+
(6)

3!
× (0.3)(0.3 + 1)(0.3 + 2) = 139.277
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𝜵𝟑𝜵𝟐𝜵𝑥3 − 2𝑥 + 1

 

𝑥0 = 6

𝑚 =
𝑥𝑚 − 𝑥𝑛

ℎ
=
5.9 − 6

1
= −0.1

𝑃𝑚(𝑥) = 𝑓(5.9) = 205 +
86

1!
× (−0.1) +

(24)

2!
× (−0.−)(−0.1 + 1) 

+
(6)

3!
× (−0.1)(−0.1 + 1)(−0.1 + 2) = 194.579

𝜵𝟑𝜵𝟐𝜵𝑥3 − 2𝑥 + 1
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𝑥0 = 5

𝑚 =
𝑥𝑚 − 𝑥𝑛

ℎ
=
4.8 − 5

1
= −0.2

𝑃𝑚(𝑥) = 𝑓(4.8) = 116 +
59

1!
× (−0.2) +

(24)

2!
× (−0.2)(−0.2 + 1) 

+
(6)

3!
× (−0.2)(−0.2 + 1)(−0.2 + 2) = 101.992

▪ 

{(𝑥𝑖 , 𝑦𝑖), 𝑖 = 0,1, . . . . . , 𝑛}𝑦𝑖 = 𝑓(𝑥𝑖)

𝛥! 𝑦𝑖 =
𝑦𝑖+1 − 𝑦𝑖
𝑥𝑖+1 − 𝑥𝑖

𝑖 = 0,1,2, . . . , 𝑛 − 1

𝛥!2 𝑦𝑖 =
𝛥! 𝑦𝑖+1 − 𝛥! 𝑦𝑖
𝑥𝑖+2 − 𝑥𝑖

𝑖 = 0,1,2, . . . , 𝑛 − 2

𝛥!𝑘 𝑦𝑖 =
𝛥𝑘−1𝑦𝑖+1−𝛥

𝑘−1𝑦𝑖

𝑥𝑖+𝑘−𝑥𝑖
𝑖 = 0,1,2, . . . , (𝑛 − 𝑘)
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𝛥! 𝑦𝑖 =
𝛥𝑦𝑖

𝑥𝑖+1 − 𝑥𝑖
, 𝛥𝑦𝑖 = 𝑦𝑖+1 − 𝑦𝑖

𝜟!𝟑 𝒚𝟎 =
𝜟𝟐𝒚𝟏 − 𝜟

𝟐𝒚𝟎
𝒙𝟑 − 𝒙𝟎

𝜟!𝟑 𝒚𝟏 =
𝜟𝟐𝒚𝟐−𝜟

𝟐𝒚𝟏

𝒙𝟒−𝒙𝟏

𝜟!𝟑 𝒚𝟐 =
𝜟𝟐𝒚𝟑 − 𝜟

𝟐𝒚𝟐
𝒙𝟓 − 𝒙𝟐

𝜟!𝟐 𝒚𝟎 =
𝜟𝒚𝟏 −𝜟𝒚𝟎
𝒙𝟐 − 𝒙𝟎

𝜟!𝟐 𝒚𝟏 =
𝜟𝒚𝟐 −𝜟𝒚𝟏
𝒙𝟑 − 𝒙𝟏

𝜟!𝟐 𝒚𝟐 =
𝜟𝒚𝟑 −𝜟𝒚𝟐
𝒙𝟒 − 𝒙𝟐

𝜟!𝟐 𝒚𝟑 =
𝜟𝒚𝟒 −𝜟𝒚𝟑
𝒙𝟓 − 𝒙𝟑

𝜟! 𝒚𝟎 =
𝒚𝟏 − 𝒚𝟎
𝒙𝟏 − 𝒙𝟎

𝜟! 𝒚𝟏 =
𝒚𝟐 − 𝒚𝟏
𝒙𝟐 − 𝒙𝟏

𝜟! 𝒚𝟐 =
𝒚𝟑 − 𝒚𝟐
𝒙𝟑 − 𝒙𝟐

𝜟! 𝒚𝟑 =
𝒚𝟒 − 𝒚𝟑
𝒙𝟒 − 𝒙𝟑

𝜟! 𝒚𝟒 =
𝒚𝟓 − 𝒚𝟒
𝒙𝟓 − 𝒙𝟒

𝑓[𝑥𝑗 , 𝑥𝑖] =
𝑓(𝑥𝑗) − 𝑓(𝑥𝑖)

𝑥𝑗 − 𝑥𝑖
, 𝑖 ≠ 𝑗
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𝑓[𝑥𝑖 , 𝑥𝑖+1] =
𝑓(𝑥𝑖+1) − 𝑓(𝑥𝑖)

𝑥𝑖+1 − 𝑥𝑖
= 𝛥𝑦𝑖

𝑓[𝑥𝑖 , 𝑥𝑖+1, 𝑥𝑖+2] =
𝑓[𝑥𝑖+1, 𝑥𝑖+2] − 𝑓[𝑥𝑖 , 𝑥𝑖+1]

𝑥𝑖+2 − 𝑥𝑖
= 𝛥2𝑦𝑖  

∴ 𝑓[𝑥𝑖 , 𝑥𝑖+1, 𝑥𝑖+2, 𝑥𝑖+3] = 𝛥3𝑦𝑖
𝑓[𝑥𝑖 , 𝑥𝑖+1] =

𝑓[𝑥𝑖+1, 𝑥𝑖]

𝑓[𝑥𝑖 , 𝑥𝑖+1, 𝑥𝑖+2] = 𝑓[𝑥𝑖+1, 𝑥𝑖 , 𝑥𝑖+2] 
= 𝑓[𝑥𝑖+1, 𝑥𝑖+2, 𝑥𝑖] 
= 𝑓[𝑥𝑖+2, 𝑥𝑖 , 𝑥𝑖+1] 

𝑓[𝑥0, 𝑥𝑚] =
𝑓(𝑥𝑚) − 𝑓(𝑥0)

𝑥𝑚 − 𝑥0
 

𝑓(𝑥𝑚) − 𝑓(𝑥0) = 𝑓[𝑥0, 𝑥𝑚](𝑥𝑚 − 𝑥0) 
∴ 𝑓[𝑥𝑚] = 𝑓(𝑥0) + (𝑥𝑚 − 𝑥0)𝑓[𝑥0, 𝑥𝑚] 

𝑓[𝑥0, 𝑥1,𝑥𝑚] = 𝑓[𝑥1,𝑥0, 𝑥𝑚] 

𝑓[𝑥0, 𝑥1, 𝑥𝑚] =
𝑓[𝑥1𝑥𝑚] − 𝑓[𝑥0, 𝑥1]

𝑥𝑚 − 𝑥1
 

∴ 𝑓[𝑥0, 𝑥𝑚] = 𝑓[𝑥0, 𝑥1] + [𝑥𝑚 − 𝑥1]𝑓[𝑥0, 𝑥1, 𝑥𝑚]

𝑓(𝑥𝑚) = 𝑓(𝑥0) + (𝑥𝑚 − 𝑥0)𝑓[𝑥0, 𝑥1] + (𝑥𝑚 − 𝑥0)(𝑥𝑚
− 𝑥1)𝑓[𝑥0, 𝑥1, 𝑥𝑚] 

= 𝑓(𝑥0) + (𝑥𝑚 − 𝑥0)𝛥𝑦0 + (𝑥𝑚 − 𝑥0)(𝑥𝑚 − 𝑥1)𝑓[𝑥0, 𝑥1, 𝑥𝑚]

𝑓(𝑥𝑚) = 𝑦0 + (𝑥𝑚 − 𝑥0)𝛥𝑦0 + (𝑥𝑚 − 𝑥0)(𝑥𝑚 − 𝑥1)𝛥
2𝑦0 + (𝑥𝑚 −

𝑥0)(𝑥𝑚 − 𝑥1)(𝑥𝑚 − 𝑥2)𝛥
3𝑦0

𝑦𝑚 = 𝑦0 + (𝑥𝑚 − 𝑥0)𝛥𝑦0 + (𝑥𝑚 − 𝑥0)(𝑥𝑚 − 𝑥1)𝛥
2𝑦0 + (𝑥𝑚 − 𝑥0)(𝑥𝑚 − 𝑥1)(𝑥𝑚 −

𝑥2)𝛥
3𝑦0+..
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𝑓(𝑥) = 𝑥3 − 2𝑥 + 1

y4y3y2y

y3y2y
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𝑓(𝑥𝑚) = 𝑦0 + (𝑥𝑚 − 𝑥0)𝛥! 𝑦0 + (𝑥𝑚 − 𝑥0)(𝑥𝑚 − 𝑥1)𝛥!
2 𝑦0 + (𝑥𝑚 −
𝑥0)(𝑥𝑚 − 𝑥1) 

(𝑥𝑚 − 𝑥2)𝛥!
3 𝑦0+. . . ..

𝑓(2) = 𝑦0 + (2 − 𝑥0)𝛥𝑦0 + (2 − 𝑥0)(2 − 𝑥1)𝛥
2𝑦0 + (2 − 𝑥0)(2 − 𝑥1)(2

− 𝑥2)𝛥
3𝑦0

𝑦0 = −10, 𝛥𝑦0 = 30, 𝛥
2𝑦0 = −8, 𝛥

3𝑦0 = 10/6

𝑓(2) = −10 + (2)(30) + (2)(1)(−8) + (2)(1)(−2)(5/3) = 27.333
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Numerical Integration

 

𝐼 = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

∫𝑒𝑥
2
𝑑𝑥,∫√𝑠𝑖𝑛 𝑥 𝑑𝑥,∫

1

2 + 𝑐𝑜𝑠 𝑥
𝑑𝑥

2.443

3.446

4.004 
. 
. 

10.230 
12.006 

0.1

0.2

0.3 
. 
. 

1.0

1.2 

𝑖. 𝑒𝑣 =
𝑑𝑠

𝑑𝑡
𝑜𝑟𝑠 = ∫𝑣𝑑𝑡 

)(xfy =

A 

y

x
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Trapezium method

[𝑥0, 𝑥1]

[0,1]t

∫ 𝑓(𝑥)𝑑𝑥
𝑥1

𝑥0

= ℎ∫ [𝑓0 + 𝑡𝛥𝑓0 +
𝑡(𝑡 − 1)

2!
𝛥2𝑓0

1

0

+
𝑡(𝑡 − 1)(𝑡 − 2)

3!
𝛥3𝑓0+. . . . . . . ] 

= ℎ [𝑡𝑓0 +
𝑡2

2
𝛥𝑓0 + (

1

6
𝑡3 −

1

4
𝑡2)𝛥2𝑓0 + (

1

24
𝑡4 −

1

6
𝑡3

+
1

6
𝑡2)𝛥3𝑓0+. . . . . . . ]

 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥1

𝑥0

ℎ [𝑓0 +
1

2
𝛥𝑓0 −

1

12
𝛥2𝑓0 −

1

24
𝛥3𝑓0+. . . . . . . ] . . . . . . . . . . . . . (1)

1

 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥1

𝑥0

ℎ

2
(𝑓0 + 𝑓1). . . . . . . . . . . . . (2)

f(x)

((𝑥1, 𝑓(𝑥1), (𝑥2, 𝑓(𝑥2))

2

𝑇 =
−ℎ

12
𝛥2𝑓0+. . . . . . 

=
−ℎ3

12
𝑓″(𝜃). 𝜃 (𝑥0, 𝑥1) 
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f

f1

2[𝑥𝑖−1, 𝑥𝑖]

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥𝑖

𝑥𝑖−1

ℎ

2
(𝑓𝑖−1 + 𝑓𝑖). . . . . . . . . . . . . (2) 

 

∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥 =
𝑥1

𝑥0

𝑏

𝑎

∑∫ 𝑓(𝑥)𝑑𝑥
𝑥𝑖

𝑥𝑖−1

𝑛

𝑖−1

 

 

∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂

𝒉

𝟐
[𝒇𝟎 + 𝟐(𝒇𝟏+. . . . . . . +𝒇𝒏−𝟏) + 𝒇𝒏]. . . . . . . . . . . . . (𝟑)

1 a,b𝑓(𝑥)

2 n 

3 ha,bℎ =
𝑏−𝑎

𝑛
 

4 𝑖 = 0,1, . . . . . , 𝑛 − 1, 𝑥𝑖 = 𝑎 + 𝑖ℎ 

5 𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2∑ 𝑓(𝑥𝑖)

𝑛−1
𝑖=1 ] 

 

a,b,n

H=(b–a)/2 
 

𝑥𝑖 = 𝑎 + 𝑖ℎ, 𝑖 = 0, . . . . , 𝑛 − 1
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𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2∑ 𝑓(𝑥𝑖)

𝑛−1
𝑖=1 ]

I
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1 𝑰 = ∫ 𝒆𝒙𝒅𝒙
𝟒

𝟎
n=4

𝑓(𝑥) = 𝑒𝑥 , 𝑓(𝑎) = 𝑓(0) = 𝑒0 = 1, 𝑓(𝑏) = 𝑓(4) = 𝑒4 = 54.598 

ℎ =
𝑏 − 𝑎

𝑛
=
4 − 0

4
= 1 

𝑥𝑖+1 = 𝑥𝑖 + ℎ 𝑜𝑟 𝑥𝑖+1 = 𝑥0 + 𝑖ℎ 
𝑥0 = 0 ⇒ 𝑓(𝑥0) = 𝑒

0 = 1 
𝑥1 = 𝑥0 + ℎ = 0 + 1 = 1 ⇒ 𝑓(𝑥1) = 𝑓(1) = 𝑒1 = 2.71828 
𝑥2 = 𝑥1 + ℎ = 1 + 1 = 2 ⇒ 𝑓(𝑥2) = 𝑓(2) = 𝑒2 = 7.38906 
𝑥3 = 𝑥2 + ℎ = 2 + 1 = 3 ⇒ 𝑓(𝑥3) = 𝑓(3) = 𝑒3 = 20.08554 
𝑥4 = 𝑥3 + ℎ = 3 + 1 = 4 ⇒ 𝑓(𝑥4) = 𝑓(4) = 𝑒4 = 54.59815 

𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2∑𝑓(𝑥𝑖)

𝑛−1

𝑖=1

] 

𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2(𝑓(𝑥1) + 𝑓(𝑥2) + 𝑓(𝑥3))] 

𝐼 =
ℎ

2
[1 + 𝑒4 + 2(𝑒1 + 𝑒2 + 𝑒3)] 

𝐼 =
1

2
[1 + 54.59815 + 2(2.71828 + 7.38906 + 20.08554)] 

𝐼 = 57.99187 

2 ∫ 𝒔𝒊𝒏𝒅𝒙
𝟓

𝟎
n=5

1141.03sin)3(f)x(f312hxx

9092.02sin)2(f)x(f211hxx

8414.01sin)1(f)x(f110hxx

0x,1
5

05
h

323

212

101

0

====+=+=

====+=+=

====+=+=

==
−

=

 
𝒙𝟒 = 𝒙𝟑 + 𝒉 = 𝟑 + 𝟏 = 𝟒 ⇒ 𝒇(𝒙𝟒) = 𝒇(𝟒) = 𝒔𝒊𝒏𝟒 = −𝟎. 𝟕𝟓𝟔𝟖 
𝒙𝟓 = 𝒙𝟒 + 𝒉 = 𝟒 + 𝟏 = 𝟓 ⇒ 𝒇(𝒙𝟓) = 𝒇(𝟓) = 𝒔𝒊𝒏𝟓 = −𝟎. 𝟗𝟓𝟖𝟗 

𝑰 =
𝟏

𝟐
[𝟎 + (𝒔𝒊𝒏 𝟓) + 𝟐(𝒔𝒊𝒏 𝟏 + 𝒔𝒊𝒏𝟐 + 𝒔𝒊𝒏𝟑 + 𝒔𝒊𝒏𝟒)] 

𝑰 =
𝟏

𝟐
[𝟎 + (−𝟎. 𝟗𝟓𝟖𝟗) + 𝟐(𝟎. 𝟖𝟒𝟏𝟒 + 𝟎. 𝟗𝟎𝟗𝟐 + 𝟎. 𝟏𝟒𝟏𝟏 + (−𝟎. 𝟕𝟓𝟔𝟖))] 
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𝑰 =
𝟏

𝟐
[−𝟎. 𝟗𝟓𝟖𝟗 + 𝟏. 𝟔𝟖𝟐𝟖 + 𝟏. 𝟖𝟏𝟖𝟒 + 𝟎. 𝟐𝟖𝟖 − 𝟏. 𝟓𝟏𝟑𝟔] =

𝟏

𝟐
[𝟏. 𝟑𝟏𝟔𝟕] 

𝑰 = 𝟎. 𝟔𝟓𝟖𝟑𝟓 

3  
x 1 1.25 1.5 1.75 2 

f(x) 1 1.56 2.25 3.06 4 
 

 n=4  h=0.25 a=1,b=2 

𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2∑𝑓(𝑥𝑖)

𝑛−1

𝑖=1

] 

𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2(𝑓(𝑥1) + 𝑓(𝑥2) + 𝑓(𝑥3))] 

=
ℎ

2
[1 + 4 + 2(1.56 + 2.25 + 3.06)] = 2.3437 

 

4 ∫ (𝟐 − 𝒙𝟐) 𝒅 𝒙
𝟒

𝟎
n=8

 
 

Simpson’s 
method

[𝑥0, 𝑥2][0,2]

t

∫ 𝑓(𝑥)𝑑𝑥
𝑥2

𝑥0

= ℎ [𝑡𝑓0 +
𝑡2

2
𝛥𝑓0 + (

1

6
𝑡3 −

1

4
𝑡2)𝛥2𝑓0 + (

1

24
𝑡4 −

1

6
𝑡3

+
1

6
𝑡2)𝛥3𝑓0+. . . . . . . ]

0

2

 

= ℎ [2𝑓0 + 2𝛥𝑓0 +
1

3
𝛥2𝑓0 + 0. 𝛥

3𝑓0 −
1

90
𝛥4𝑓0+. . . . . . . ]
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∫ 𝑓(𝑥)𝑑𝑥 =
𝑥2

𝑥0

ℎ

3
(𝑓0 + 4𝑓1 + 𝑓2). . . . . . . . . . . . . (4) 

𝑇 = −
1

90
ℎ𝛥4𝑓0+. . . . . . 

=
−ℎ5

90
𝑓4(𝜃). 𝜃 (𝑥0, 𝑥2)

𝜃(ℎ5)4

f

4

[𝑥𝑖 , 𝑥𝑖+2]

∫ 𝑓(𝑥)𝑑𝑥
𝑥𝑛

𝑥0

=
ℎ

3
[𝑓0 + 4𝑓1 + 2𝑓2+. . . . . . . +2𝑓𝑛−2 + 4𝑓𝑛−1

+ 𝑓𝑛]. . . . . . . . . . . . . (5)

n

n[𝑥0, 𝑥1]

1a,b𝑓(𝑥)

2nn 

3ℎ =
𝑏−𝑎

𝑛
a,b 

4𝑖 = 0,1, . . . . . , 𝑛 − 1, 𝑥𝑖 = 𝑎 + 𝑖ℎ 

5𝐼 =
ℎ

3
[𝑓(𝑎) + 𝑓(𝑏) + 2∑ 𝑓(𝑥2𝑖)

𝑛

2
−1

𝑖=1
+ 4∑ 𝑓(𝑥2𝑖−1)

𝑛

2

𝑖=1
] 

1 ∫ 𝒆𝒙𝒅𝒙
𝟒

𝟎
𝒉 = (𝟒 − 𝟎)/𝟖
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ℎ =
1

2
, 𝑛 = 8, 𝑎 = 0, 𝑏 = 4 

𝑓(𝑎) = 𝑓(0) = 𝑒0 = 1, 𝑓(𝑏) = 𝑓(4) = 𝑒4 = 54.598 
𝑥0 = 0 
𝑥1 = 𝑥0 + ℎ = 0 + 0.5 = 0.5 ⇒ 𝑓(𝑥1) = 𝑓(0.5) = 𝑒0.5 = 1.64872 
𝑥2 = 𝑥1 + ℎ = 0.5 + 0.5 = 1 ⇒ 𝑓(𝑥2) = 𝑓(1) = 𝑒1 = 2.71828 
𝑥3 = 𝑥2 + ℎ = 1 + 0.5 = 1.5 ⇒ 𝑓(𝑥3) = 𝑓(1.5) = 𝑒1.5 = 4.48168 
𝑥4 = 𝑥3 + ℎ = 1.5 + 0.5 = 2 ⇒ 𝑓(𝑥4) = 𝑓(2) = 𝑒2 = 7.38905 
𝑥5 = 𝑥4 + ℎ = 2 + 0.5 = 2.5 ⇒ 𝑓(𝑥5) = 𝑓(2.5) = 𝑒2.5 = 12.18249 
𝑥6 = 𝑥5 + ℎ = 2.5 + 0.5 = 3 ⇒ 𝑓(𝑥6) = 𝑓(3) = 𝑒3 = 20.08553 
𝑥7 = 𝑥6 + ℎ = 3 + 0.5 = 3.5 ⇒ 𝑓(𝑥7) = 𝑓(3.5) = 𝑒3.5 = 33.11545 

𝐼 =
0.5

3
[55.59815] +

1

3
[30.19286] +

2

3
[51.42834] 

𝐼 = 160.848615/3 = 53.616205 

2 ∫
𝟏

𝟏+𝒙𝟐
𝒅𝒙

𝟏

𝟎

𝒏 = 𝟔, 𝒂 = 𝟎, 𝒃 = 𝟏, 𝒉 = (𝒃 − 𝒂)/𝒏 = (𝟏 − 𝟎)/𝟔 = 𝟏/𝟔 

𝑥𝑖 = 𝑎 + 𝑖ℎ 
𝑥0 = 𝑎 + 0ℎ = 𝑎 + 0 = 𝑎 ⇒ 𝑓(𝑥0) = 𝑓(0) = 0 

𝑥1 = 𝑎 + ℎ = 0 +
1

6
=
1

6
⇒ 𝑓(𝑥1) = 𝑓(

1

6
) =

1

1 + (
1
6)
2
= 0.97302 

𝑥2 = 𝑎 + 2ℎ = 0 + 2(
1

6
) =

2

6
⇒ 𝑓(𝑥2) = 𝑓(

1

3
) =

1

1 + (
1
3)
2
= 0.9 

𝑥3 = 𝑎 + 3ℎ = 0 + 3(
1

6
) =

3

6
⇒ 𝑓(𝑥3) = 𝑓(

1

2
) =

1

1 + (
1
2)
2
= 0.8 

𝑥4 = 𝑎 + 4ℎ = 0 + 4(
1

6
) =

4

6
⇒ 𝑓(𝑥4) = 𝑓(

2

3
) =

1

1 + (
2
3)
2
= 0.69230 

𝑥5 = 𝑎 + 5ℎ = 0 + 5(
1

6
) =

5

6
⇒ 𝑓(𝑥5) = 𝑓(

5

6
) =

1

1 + (
5
6
)2
= 0.5901639 

𝑥6 = 𝑎 + 6ℎ = 0 + 6(
1

6
) =

6

6
= 1 = 𝑏 ⇒ 𝑓(𝑥6) = 𝑓(1) =

1

1 + (1)2
= 0.5 

𝐼 =
ℎ

3
[𝑓(𝑎) + 𝑓(𝑏) + 2∑𝑓(𝑥2𝑖)

𝑛
2−1

𝑖=1

+ 4∑𝑓(𝑥2𝑖−1)

𝑛
2

𝑖=1

] 
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𝐼 =
1/6

3
[𝑓(𝑎) + 𝑓(𝑏) + 4(𝑓(𝑥1) + 𝑓(𝑥3) + 𝑓(𝑥5)) + 2(𝑓(𝑥2) + 𝑓(𝑥4))] 

𝐼 =
1

18
[1 +

1

2
+ 4(0.97 + 0.8 + 0.59) + 2(0.9 + 0.69)] 

𝐼 =
1

18
[1 +

1

2
+ 9.44 + 3.18] =

1

18
(14.12) = 0.784444
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 3/8

[𝑥0, 𝑥3] 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥3

𝑥0

3

8
ℎ[𝑓0 + 3𝑓1 + 3𝑓2 + 𝑓3]. . . . . . . . . . . . . (6)

𝜃(ℎ5)n

3

𝐼 = ∫ 𝑥4𝑑𝑥
1

0

⇒
𝑥5

5
]
0

1

=
1

5
, 𝑛 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
1 − 0

6
=
1

6
 

𝐼 =
3

8
ℎ [𝑓𝑎 + 3∑𝑓(𝑥𝑖)

𝑛−1

𝑖=1

+ 𝑓𝑏] 

𝑥𝑖 = 𝑎 + 𝑖ℎ𝑎 = 0 
𝑥0 = 𝑎 + 0ℎ = 0 ⇒ 𝑓(0) = (0)4 = 0 

𝑥1 = 0 + 1ℎ =
1

6
⇒ 𝑓(𝑥1) = 𝑓(

1

6
) = (

1

6
)4 = 0.00077 

𝑥2 = 0 + 2ℎ =
2

6
⇒ 𝑓(𝑥2) = 𝑓(

2

6
) = (

2

6
)4 = 0.01234 

𝑥3 = 0 + 3ℎ =
3

6
⇒ 𝑓(𝑥3) = 𝑓(

3

6
) = (

3

6
)4 = 0.06251 

𝑥4 = 0 + 4ℎ =
4

6
⇒ 𝑓(𝑥4) = 𝑓(

4

6
) = (

4

6
)4 = 0.1975 

𝑥5 = 0 + 5ℎ =
5

6
⇒ 𝑓(𝑥5) = 𝑓(

5

6
) = (

5

6
)4 = 0.482253 

𝑥6 = 0 + 6ℎ =
6

6
⇒ 𝑓(𝑥6) = 𝑓(

6

6
) = (

6

6
)4 = 1

𝐼 =
3

8
ℎ[𝑓(𝑥0) + 3𝑓(𝑥1) + 3𝑓(𝑥2) + 3𝑓(𝑥3) + 3𝑓(𝑥3) + 3𝑓(𝑥4)

+ 3𝑓(𝑥5) + 𝑓(𝑥6)] 
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𝐼 = 0.2002243  

6

 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥4

𝑥0

2ℎ

45
[7𝑓0 + 32𝑓1 + 12𝑓2 + 32𝑓3 + 7𝑓4]. . . . . . . . . . . . . (7) 

1

𝐼 = ∫ 𝑥4𝑑𝑥
1

0

𝐼 =
𝑥5

5
]
0

1

=
1

5
, 𝑛 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
1 − 0

6
=
1

6
 

𝑓(𝑥0) = 0, 𝑓(𝑥1) = 0.00077, 𝑓(𝑥2) = 0.01234, 𝑓(𝑥3) = 0.06251 
𝑓(𝑥4) = 0.1975, 𝑓(𝑥5) = 0.482253, 𝑓(𝑥6) = 1 

∫ 𝑓(𝑥)𝑑𝑥
𝑥6

𝑥0

=
2ℎ

45
[7𝑓(𝑥0) + 32𝑓(𝑥1) + 12𝑓(𝑥2) + 32𝑓(𝑥3) + 12𝑓(𝑥4) + 32𝑓(𝑥5) + 7𝑓(𝑥6)] 

=
2

45
×
1

6
[7(0) + 32(0.00077) + 12(0.01234) + 32(0.06251) 

+12(0.1975) + 32(0.482233) + 7(1)] 

=
1

135
(0 + 0.02464 + 0.1481 + 2.00032 + 2.37 + 15.432069 + 7) 

= 0.147963979
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1

𝐼 = ∫ 𝑥2𝑑𝑥
1

0

𝐼 =
𝑥3

3
]
0

1

=
1

3
, 𝑛 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
1 − 0

6
=
1

6
, 𝑎 = 0 

𝑥𝑖 = 𝑎 + 𝑖ℎ 
𝑥0 = 𝑎 + 𝑖ℎ = 0 + 0ℎ = 0 ⇒ 𝑓(𝑥0) = 0 

𝑥1 = 𝑎 + 𝑖ℎ = 0 + 1ℎ =
1

6
⇒ 𝑓(𝑥1) = 𝑓(

1

6
) = (

1

6
)2 = 0.027 

𝑥2 = 𝑎 + 𝑖ℎ = 0 + 2ℎ =
2

6
⇒ 𝑓(𝑥2) = 𝑓(

2

6
) = (

2

6
)2 = 0.111 

𝑥3 = 𝑎 + 𝑖ℎ = 0 + 3ℎ =
3

6
⇒ 𝑓(𝑥3) = 𝑓(

3

6
) = (

3

6
)2 = 0.250 

𝑥4 = 𝑎 + 𝑖ℎ = 0 + 4ℎ =
4

6
⇒ 𝑓(𝑥4) = 𝑓(

4

6
) = (

4

6
)2 = 0.444 

𝑥5 = 𝑎 + 𝑖ℎ = 0 + 5ℎ =
5

6
⇒ 𝑓(𝑥5) = 𝑓(

5

6
) = (

5

6
)2 = 0.694 

𝑥6 = 𝑎 + 𝑖ℎ = 0 + 6ℎ =
6

6
⇒ 𝑓(𝑥6) = 𝑓(

6

6
) = (

6

6
)2 = 1 

∫ 𝑓(𝑥)𝑑𝑥
𝑥6

𝑥0

=
2ℎ

45
[𝑓(𝑥0) + 32𝑓(𝑥1) + 12𝑓(𝑥2) + 32𝑓(𝑥3) + 12𝑓(𝑥4)

+ 32𝑓(𝑥5) + 7𝑓(𝑥6)] 

=
2

45
×
1

6
[7(0) + 32(0.027) + 12(0.111) + 32(0.250) 

+12(0.444) + 32(0.694) + 7(1)] 

=
1

135
(0 + 0.864 + 1.332 + 8 + 5.328 + 22.208 + 7) 

=
2

270
[44.732] = 0.331 
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2

𝐼 = ∫ 𝑥𝑑𝑥
2

1

 

𝐼 =
𝑥2

2
]
1

2

= 2 −
1

2
= 1.5, 𝑛 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
2 − 1

6
=
1

6
, 𝑎 = 1 

𝑥𝑖 = 𝑎 + 𝑖ℎ ⇒ 𝑥0 = 𝑎 = 1 ⇒ 𝑓(𝑥0) = 1 
𝑥1 = 1 + 1/6 = 1.166 ⇒ 𝑓(𝑥1) = 1.166 
𝑥2 = 1 + 2/6 = 1.333 ⇒ 𝑓(𝑥2) = 1.333 
𝑥3 = 1 + 3/6 = 1.5 ⇒ 𝑓(𝑥3) = 1.5 
𝑥4 = 1 + 4/6 = 1.666 ⇒ 𝑓(𝑥4) = 1.666 
𝑥5 = 1 + 5/6 = 1.833 ⇒ 𝑓(𝑥5) = 1.833 
𝑥6 = 1 + 6/6 = 2 ⇒ 𝑓(𝑥6) = 2

∫ 𝑥𝑑𝑥
𝑥6

𝑥0

=
2ℎ

45
[7𝑓(𝑥0) + 32𝑓(𝑥1) + 12𝑓(𝑥2) + 32𝑓(𝑥3) + 12𝑓(𝑥4)

+ 32𝑓(𝑥5) + 7𝑓(𝑥6)] 

=
2

45
∗
1

6
[7(1) + 32(1.166) + 12(1.333) + 32(1.5) 

+12(1.666) + 32(1.833) + 7(2)] 

=
1

135
(7 + 37.312 + 15.996 + 48 + 19.9992 + 58.656 + 14) 

=
1

135
[200.956] = 1.488 
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(Weddle's formula)

∫𝑓(𝑥)𝑑𝑥 =
3ℎ

10
[𝑓0 + 5𝑓1 + 𝑓2 + 6𝑓3 + 𝑓4 + 5𝑓5 + 𝑓6]. . . . . . . . . . . . . (8) 

 دائما   n=6اي ان 

1

∫ 2𝑥𝑑𝑥
6

0

𝐼 = 𝑥2]0
6 = 36, 𝑛 = 6, 𝑎 = 0, 𝑏 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
6 − 0

6
= 1 

𝑥𝑖 = 𝑎 + 𝑖ℎ ⇒ 𝑥0 = 𝑎 + 0ℎ = 𝑎 = 0 ⇒ 𝑓(𝑥0) = 2(0) = 0 
𝑥1 = 𝑎 + 1ℎ = 𝑎 + 1 = 1 ⇒ 𝑓(𝑥1) = 2(1) = 2 
𝑥2 = 𝑎 + 2ℎ = 𝑎 + 2 = 2 ⇒ 𝑓(𝑥2) = 2(2) = 4 
𝑥3 = 3 ⇒ 𝑓(𝑥3) = 2(3) = 6 
𝑥4 = 4 ⇒ 𝑓(𝑥4) = 2(4) = 8 
𝑥5 = 5 ⇒ 𝑓(𝑥5) = 2(5) = 10 
𝑥6 = 6 ⇒ 𝑓(𝑥6) = 2(6) = 12

∫ 2𝑥𝑑𝑥
6

0

=
3ℎ

10
[𝑓0 + 5𝑓1 + 𝑓2 + 6𝑓3 + 𝑓4 + 5𝑓5 + 𝑓6] 

=
3

10
(0 + 5(2) + 4 + 6(6) + 8 + 5(10) + 12) 

=
3

10
(0 + 10 + 4 + 36 + 8 + 50 + 12) 

=
360

10
= 36
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2

∫ 𝑥𝑑𝑥
1

0

𝐼 =
𝑥2

2
]
0

1

=
1

2
, 𝑛 = 6, 𝑎 = 0, 𝑏 = 6, ℎ =

1

6
 

𝑥𝑖 = 𝑎 + 𝑖ℎ ⇒ 𝑥0 = 𝑎 + 0ℎ = 𝑎 = 0 ⇒ 𝑓(𝑥0) = 0 

𝑥1 = 0 + 1ℎ =
1

6
⇒ 𝑓(𝑥1) =

1

6
 

𝑥2 = 0 + 2ℎ =
2

6
⇒ 𝑓(𝑥2) = 2/6 

𝑥3 =
3

6
⇒ 𝑓(𝑥2) = 3/6 

𝑥4 =
4

6
⇒ 𝑓(𝑥4) = 4/6 

𝑥5 =
5

6
⇒ 𝑓(𝑥5) = 5/6 

𝑥6 =
6

6
= 1 ⇒ 𝑓(𝑥6) = 1 

𝐼 =
3ℎ

10
[𝑓0 + 5𝑓1 + 𝑓2 + 6𝑓3 + 𝑓4 + 5𝑓5 + 𝑓6] 

=
3(1/6)

10
[0 + 5(

1

6
) +

2

6
+ 6(

3

6
) +

4

6
+ 5(

5

6
) +

6

6
] 

=

3
6
10
[
5

6
+
2

6
+
18

6
+
4

6
+
25

6
+
6

6
] 

=
1

20
[
5 + 2 + 18 + 4 + 25 + 6

6
] 

=
1

20
(
60

6
) =

3

6
=
1

2
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Numerical Integration

 

𝐼 = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

∫𝑒𝑥
2
𝑑𝑥,∫√𝑠𝑖𝑛 𝑥 𝑑𝑥,∫

1

2 + 𝑐𝑜𝑠 𝑥
𝑑𝑥

2.443

3.446

4.004 
. 
. 

10.230 
12.006 

0.1

0.2

0.3 
. 
. 

1.0

1.2 

𝑖. 𝑒𝑣 =
𝑑𝑠

𝑑𝑡
𝑜𝑟𝑠 = ∫𝑣𝑑𝑡 

)(xfy =

A 

y

x
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Trapezium method

[𝑥0, 𝑥1]

[0,1]t

∫ 𝑓(𝑥)𝑑𝑥
𝑥1

𝑥0

= ℎ∫ [𝑓0 + 𝑡𝛥𝑓0 +
𝑡(𝑡 − 1)

2!
𝛥2𝑓0

1

0

+
𝑡(𝑡 − 1)(𝑡 − 2)

3!
𝛥3𝑓0+. . . . . . . ] 

= ℎ [𝑡𝑓0 +
𝑡2

2
𝛥𝑓0 + (

1

6
𝑡3 −

1

4
𝑡2)𝛥2𝑓0 + (

1

24
𝑡4 −

1

6
𝑡3

+
1

6
𝑡2)𝛥3𝑓0+. . . . . . . ]

 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥1

𝑥0

ℎ [𝑓0 +
1

2
𝛥𝑓0 −

1

12
𝛥2𝑓0 −

1

24
𝛥3𝑓0+. . . . . . . ] . . . . . . . . . . . . . (1)

1

 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥1

𝑥0

ℎ

2
(𝑓0 + 𝑓1). . . . . . . . . . . . . (2)

f(x)

((𝑥1, 𝑓(𝑥1), (𝑥2, 𝑓(𝑥2))

2

𝑇 =
−ℎ

12
𝛥2𝑓0+. . . . . . 

=
−ℎ3

12
𝑓″(𝜃). 𝜃 (𝑥0, 𝑥1) 
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f

f1

2[𝑥𝑖−1, 𝑥𝑖]

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥𝑖

𝑥𝑖−1

ℎ

2
(𝑓𝑖−1 + 𝑓𝑖). . . . . . . . . . . . . (2) 

 

∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥 =
𝑥1

𝑥0

𝑏

𝑎

∑∫ 𝑓(𝑥)𝑑𝑥
𝑥𝑖

𝑥𝑖−1

𝑛

𝑖−1

 

 

∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂

𝒉

𝟐
[𝒇𝟎 + 𝟐(𝒇𝟏+. . . . . . . +𝒇𝒏−𝟏) + 𝒇𝒏]. . . . . . . . . . . . . (𝟑)

6 a,b𝑓(𝑥)

7 n 

8 ha,bℎ =
𝑏−𝑎

𝑛
 

9 𝑖 = 0,1, . . . . . , 𝑛 − 1, 𝑥𝑖 = 𝑎 + 𝑖ℎ 

10 𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2∑ 𝑓(𝑥𝑖)

𝑛−1
𝑖=1 ] 

 

a,b,n

H=(b–a)/2 
 

𝑥𝑖 = 𝑎 + 𝑖ℎ, 𝑖 = 0, . . . . , 𝑛 − 1
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𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2∑ 𝑓(𝑥𝑖)

𝑛−1
𝑖=1 ]

I
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5 𝑰 = ∫ 𝒆𝒙𝒅𝒙
𝟒

𝟎
n=4

𝑓(𝑥) = 𝑒𝑥 , 𝑓(𝑎) = 𝑓(0) = 𝑒0 = 1, 𝑓(𝑏) = 𝑓(4) = 𝑒4 = 54.598 

ℎ =
𝑏 − 𝑎

𝑛
=
4 − 0

4
= 1 

𝑥𝑖+1 = 𝑥𝑖 + ℎ 𝑜𝑟 𝑥𝑖+1 = 𝑥0 + 𝑖ℎ 
𝑥0 = 0 ⇒ 𝑓(𝑥0) = 𝑒

0 = 1 
𝑥1 = 𝑥0 + ℎ = 0 + 1 = 1 ⇒ 𝑓(𝑥1) = 𝑓(1) = 𝑒1 = 2.71828 
𝑥2 = 𝑥1 + ℎ = 1 + 1 = 2 ⇒ 𝑓(𝑥2) = 𝑓(2) = 𝑒2 = 7.38906 
𝑥3 = 𝑥2 + ℎ = 2 + 1 = 3 ⇒ 𝑓(𝑥3) = 𝑓(3) = 𝑒3 = 20.08554 
𝑥4 = 𝑥3 + ℎ = 3 + 1 = 4 ⇒ 𝑓(𝑥4) = 𝑓(4) = 𝑒4 = 54.59815 

𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2∑𝑓(𝑥𝑖)

𝑛−1

𝑖=1

] 

𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2(𝑓(𝑥1) + 𝑓(𝑥2) + 𝑓(𝑥3))] 

𝐼 =
ℎ

2
[1 + 𝑒4 + 2(𝑒1 + 𝑒2 + 𝑒3)] 

𝐼 =
1

2
[1 + 54.59815 + 2(2.71828 + 7.38906 + 20.08554)] 

𝐼 = 57.99187 

6 ∫ 𝒔𝒊𝒏𝒅𝒙
𝟓

𝟎
n=5

1141.03sin)3(f)x(f312hxx

9092.02sin)2(f)x(f211hxx

8414.01sin)1(f)x(f110hxx

0x,1
5

05
h

323

212

101

0

====+=+=

====+=+=

====+=+=

==
−

=

 
𝒙𝟒 = 𝒙𝟑 + 𝒉 = 𝟑 + 𝟏 = 𝟒 ⇒ 𝒇(𝒙𝟒) = 𝒇(𝟒) = 𝒔𝒊𝒏𝟒 = −𝟎. 𝟕𝟓𝟔𝟖 
𝒙𝟓 = 𝒙𝟒 + 𝒉 = 𝟒 + 𝟏 = 𝟓 ⇒ 𝒇(𝒙𝟓) = 𝒇(𝟓) = 𝒔𝒊𝒏𝟓 = −𝟎. 𝟗𝟓𝟖𝟗 

𝑰 =
𝟏

𝟐
[𝟎 + (𝒔𝒊𝒏 𝟓) + 𝟐(𝒔𝒊𝒏 𝟏 + 𝒔𝒊𝒏𝟐 + 𝒔𝒊𝒏𝟑 + 𝒔𝒊𝒏𝟒)] 

𝑰 =
𝟏

𝟐
[𝟎 + (−𝟎. 𝟗𝟓𝟖𝟗) + 𝟐(𝟎. 𝟖𝟒𝟏𝟒 + 𝟎. 𝟗𝟎𝟗𝟐 + 𝟎. 𝟏𝟒𝟏𝟏 + (−𝟎. 𝟕𝟓𝟔𝟖))] 
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𝑰 =
𝟏

𝟐
[−𝟎. 𝟗𝟓𝟖𝟗 + 𝟏. 𝟔𝟖𝟐𝟖 + 𝟏. 𝟖𝟏𝟖𝟒 + 𝟎. 𝟐𝟖𝟖 − 𝟏. 𝟓𝟏𝟑𝟔] =

𝟏

𝟐
[𝟏. 𝟑𝟏𝟔𝟕] 

𝑰 = 𝟎. 𝟔𝟓𝟖𝟑𝟓 

7  
x 1 1.25 1.5 1.75 2 

f(x) 1 1.56 2.25 3.06 4 
 

 n=4  h=0.25 a=1,b=2 

𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2∑𝑓(𝑥𝑖)

𝑛−1

𝑖=1

] 

𝐼 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2(𝑓(𝑥1) + 𝑓(𝑥2) + 𝑓(𝑥3))] 

=
ℎ

2
[1 + 4 + 2(1.56 + 2.25 + 3.06)] = 2.3437 

 

8 ∫ (𝟐 − 𝒙𝟐) 𝒅 𝒙
𝟒

𝟎
n=8

 
 

Simpson’s 
method

[𝑥0, 𝑥2][0,2]

t

∫ 𝑓(𝑥)𝑑𝑥
𝑥2

𝑥0

= ℎ [𝑡𝑓0 +
𝑡2

2
𝛥𝑓0 + (

1

6
𝑡3 −

1

4
𝑡2)𝛥2𝑓0 + (

1

24
𝑡4 −

1

6
𝑡3

+
1

6
𝑡2)𝛥3𝑓0+. . . . . . . ]

0

2

 

= ℎ [2𝑓0 + 2𝛥𝑓0 +
1

3
𝛥2𝑓0 + 0. 𝛥

3𝑓0 −
1

90
𝛥4𝑓0+. . . . . . . ]



 ملزمة تحليل عددي  كلية التربية  -جامعة الموصل 
 

 : إعداد

 أ.صهيب عبد الجبار  أ.يونس حازم

- 86 - 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥2

𝑥0

ℎ

3
(𝑓0 + 4𝑓1 + 𝑓2). . . . . . . . . . . . . (4) 

𝑇 = −
1

90
ℎ𝛥4𝑓0+. . . . . . 

=
−ℎ5

90
𝑓4(𝜃). 𝜃 (𝑥0, 𝑥2)

𝜃(ℎ5)4

f

4

[𝑥𝑖 , 𝑥𝑖+2]

∫ 𝑓(𝑥)𝑑𝑥
𝑥𝑛

𝑥0

=
ℎ

3
[𝑓0 + 4𝑓1 + 2𝑓2+. . . . . . . +2𝑓𝑛−2 + 4𝑓𝑛−1

+ 𝑓𝑛]. . . . . . . . . . . . . (5)

n

n[𝑥0, 𝑥1]

1a,b𝑓(𝑥)

2nn 

3ℎ =
𝑏−𝑎

𝑛
a,b 

4𝑖 = 0,1, . . . . . , 𝑛 − 1, 𝑥𝑖 = 𝑎 + 𝑖ℎ 

5𝐼 =
ℎ

3
[𝑓(𝑎) + 𝑓(𝑏) + 2∑ 𝑓(𝑥2𝑖)

𝑛

2
−1

𝑖=1
+ 4∑ 𝑓(𝑥2𝑖−1)

𝑛

2

𝑖=1
] 

3 ∫ 𝒆𝒙𝒅𝒙
𝟒

𝟎
𝒉 = (𝟒 − 𝟎)/𝟖



 ملزمة تحليل عددي  كلية التربية  -جامعة الموصل 
 

 : إعداد

 أ.صهيب عبد الجبار  أ.يونس حازم

- 87 - 

ℎ =
1

2
, 𝑛 = 8, 𝑎 = 0, 𝑏 = 4 

𝑓(𝑎) = 𝑓(0) = 𝑒0 = 1, 𝑓(𝑏) = 𝑓(4) = 𝑒4 = 54.598 
𝑥0 = 0 
𝑥1 = 𝑥0 + ℎ = 0 + 0.5 = 0.5 ⇒ 𝑓(𝑥1) = 𝑓(0.5) = 𝑒0.5 = 1.64872 
𝑥2 = 𝑥1 + ℎ = 0.5 + 0.5 = 1 ⇒ 𝑓(𝑥2) = 𝑓(1) = 𝑒1 = 2.71828 
𝑥3 = 𝑥2 + ℎ = 1 + 0.5 = 1.5 ⇒ 𝑓(𝑥3) = 𝑓(1.5) = 𝑒1.5 = 4.48168 
𝑥4 = 𝑥3 + ℎ = 1.5 + 0.5 = 2 ⇒ 𝑓(𝑥4) = 𝑓(2) = 𝑒2 = 7.38905 
𝑥5 = 𝑥4 + ℎ = 2 + 0.5 = 2.5 ⇒ 𝑓(𝑥5) = 𝑓(2.5) = 𝑒2.5 = 12.18249 
𝑥6 = 𝑥5 + ℎ = 2.5 + 0.5 = 3 ⇒ 𝑓(𝑥6) = 𝑓(3) = 𝑒3 = 20.08553 
𝑥7 = 𝑥6 + ℎ = 3 + 0.5 = 3.5 ⇒ 𝑓(𝑥7) = 𝑓(3.5) = 𝑒3.5 = 33.11545 

𝐼 =
0.5

3
[55.59815] +

1

3
[30.19286] +

2

3
[51.42834] 

𝐼 = 160.848615/3 = 53.616205 

4 ∫
𝟏

𝟏+𝒙𝟐
𝒅𝒙

𝟏

𝟎

𝒏 = 𝟔, 𝒂 = 𝟎, 𝒃 = 𝟏, 𝒉 = (𝒃 − 𝒂)/𝒏 = (𝟏 − 𝟎)/𝟔 = 𝟏/𝟔 

𝑥𝑖 = 𝑎 + 𝑖ℎ 
𝑥0 = 𝑎 + 0ℎ = 𝑎 + 0 = 𝑎 ⇒ 𝑓(𝑥0) = 𝑓(0) = 0 

𝑥1 = 𝑎 + ℎ = 0 +
1

6
=
1

6
⇒ 𝑓(𝑥1) = 𝑓(

1

6
) =

1

1 + (
1
6)
2
= 0.97302 

𝑥2 = 𝑎 + 2ℎ = 0 + 2(
1

6
) =

2

6
⇒ 𝑓(𝑥2) = 𝑓(

1

3
) =

1

1 + (
1
3)
2
= 0.9 

𝑥3 = 𝑎 + 3ℎ = 0 + 3(
1

6
) =

3

6
⇒ 𝑓(𝑥3) = 𝑓(

1

2
) =

1

1 + (
1
2)
2
= 0.8 

𝑥4 = 𝑎 + 4ℎ = 0 + 4(
1

6
) =

4

6
⇒ 𝑓(𝑥4) = 𝑓(

2

3
) =

1

1 + (
2
3)
2
= 0.69230 

𝑥5 = 𝑎 + 5ℎ = 0 + 5(
1

6
) =

5

6
⇒ 𝑓(𝑥5) = 𝑓(

5

6
) =

1

1 + (
5
6
)2
= 0.5901639 

𝑥6 = 𝑎 + 6ℎ = 0 + 6(
1

6
) =

6

6
= 1 = 𝑏 ⇒ 𝑓(𝑥6) = 𝑓(1) =

1

1 + (1)2
= 0.5 

𝐼 =
ℎ

3
[𝑓(𝑎) + 𝑓(𝑏) + 2∑𝑓(𝑥2𝑖)

𝑛
2−1

𝑖=1

+ 4∑𝑓(𝑥2𝑖−1)

𝑛
2

𝑖=1

] 
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𝐼 =
1/6

3
[𝑓(𝑎) + 𝑓(𝑏) + 4(𝑓(𝑥1) + 𝑓(𝑥3) + 𝑓(𝑥5)) + 2(𝑓(𝑥2) + 𝑓(𝑥4))] 

𝐼 =
1

18
[1 +

1

2
+ 4(0.97 + 0.8 + 0.59) + 2(0.9 + 0.69)] 

𝐼 =
1

18
[1 +

1

2
+ 9.44 + 3.18] =

1

18
(14.12) = 0.784444
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 3/8

[𝑥0, 𝑥3] 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥3

𝑥0

3

8
ℎ[𝑓0 + 3𝑓1 + 3𝑓2 + 𝑓3]. . . . . . . . . . . . . (6)

𝜃(ℎ5)n

3

𝐼 = ∫ 𝑥4𝑑𝑥
1

0

⇒
𝑥5

5
]
0

1

=
1

5
, 𝑛 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
1 − 0

6
=
1

6
 

𝐼 =
3

8
ℎ [𝑓𝑎 + 3∑𝑓(𝑥𝑖)

𝑛−1

𝑖=1

+ 𝑓𝑏] 

𝑥𝑖 = 𝑎 + 𝑖ℎ𝑎 = 0 
𝑥0 = 𝑎 + 0ℎ = 0 ⇒ 𝑓(0) = (0)4 = 0 

𝑥1 = 0 + 1ℎ =
1

6
⇒ 𝑓(𝑥1) = 𝑓(

1

6
) = (

1

6
)4 = 0.00077 

𝑥2 = 0 + 2ℎ =
2

6
⇒ 𝑓(𝑥2) = 𝑓(

2

6
) = (

2

6
)4 = 0.01234 

𝑥3 = 0 + 3ℎ =
3

6
⇒ 𝑓(𝑥3) = 𝑓(

3

6
) = (

3

6
)4 = 0.06251 

𝑥4 = 0 + 4ℎ =
4

6
⇒ 𝑓(𝑥4) = 𝑓(

4

6
) = (

4

6
)4 = 0.1975 

𝑥5 = 0 + 5ℎ =
5

6
⇒ 𝑓(𝑥5) = 𝑓(

5

6
) = (

5

6
)4 = 0.482253 

𝑥6 = 0 + 6ℎ =
6

6
⇒ 𝑓(𝑥6) = 𝑓(

6

6
) = (

6

6
)4 = 1

𝐼 =
3

8
ℎ[𝑓(𝑥0) + 3𝑓(𝑥1) + 3𝑓(𝑥2) + 3𝑓(𝑥3) + 3𝑓(𝑥3) + 3𝑓(𝑥4)

+ 3𝑓(𝑥5) + 𝑓(𝑥6)] 
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𝐼 = 0.2002243  

6

 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑥4

𝑥0

2ℎ

45
[7𝑓0 + 32𝑓1 + 12𝑓2 + 32𝑓3 + 7𝑓4]. . . . . . . . . . . . . (7) 

1

𝐼 = ∫ 𝑥4𝑑𝑥
1

0

𝐼 =
𝑥5

5
]
0

1

=
1

5
, 𝑛 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
1 − 0

6
=
1

6
 

𝑓(𝑥0) = 0, 𝑓(𝑥1) = 0.00077, 𝑓(𝑥2) = 0.01234, 𝑓(𝑥3) = 0.06251 
𝑓(𝑥4) = 0.1975, 𝑓(𝑥5) = 0.482253, 𝑓(𝑥6) = 1 

∫ 𝑓(𝑥)𝑑𝑥
𝑥6

𝑥0

=
2ℎ

45
[7𝑓(𝑥0) + 32𝑓(𝑥1) + 12𝑓(𝑥2) + 32𝑓(𝑥3) + 12𝑓(𝑥4) + 32𝑓(𝑥5) + 7𝑓(𝑥6)] 

=
2

45
×
1

6
[7(0) + 32(0.00077) + 12(0.01234) + 32(0.06251) 

+12(0.1975) + 32(0.482233) + 7(1)] 

=
1

135
(0 + 0.02464 + 0.1481 + 2.00032 + 2.37 + 15.432069 + 7) 

= 0.147963979
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1

𝐼 = ∫ 𝑥2𝑑𝑥
1

0

𝐼 =
𝑥3

3
]
0

1

=
1

3
, 𝑛 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
1 − 0

6
=
1

6
, 𝑎 = 0 

𝑥𝑖 = 𝑎 + 𝑖ℎ 
𝑥0 = 𝑎 + 𝑖ℎ = 0 + 0ℎ = 0 ⇒ 𝑓(𝑥0) = 0 

𝑥1 = 𝑎 + 𝑖ℎ = 0 + 1ℎ =
1

6
⇒ 𝑓(𝑥1) = 𝑓(

1

6
) = (

1

6
)2 = 0.027 

𝑥2 = 𝑎 + 𝑖ℎ = 0 + 2ℎ =
2

6
⇒ 𝑓(𝑥2) = 𝑓(

2

6
) = (

2

6
)2 = 0.111 

𝑥3 = 𝑎 + 𝑖ℎ = 0 + 3ℎ =
3

6
⇒ 𝑓(𝑥3) = 𝑓(

3

6
) = (

3

6
)2 = 0.250 

𝑥4 = 𝑎 + 𝑖ℎ = 0 + 4ℎ =
4

6
⇒ 𝑓(𝑥4) = 𝑓(

4

6
) = (

4

6
)2 = 0.444 

𝑥5 = 𝑎 + 𝑖ℎ = 0 + 5ℎ =
5

6
⇒ 𝑓(𝑥5) = 𝑓(

5

6
) = (

5

6
)2 = 0.694 

𝑥6 = 𝑎 + 𝑖ℎ = 0 + 6ℎ =
6

6
⇒ 𝑓(𝑥6) = 𝑓(

6

6
) = (

6

6
)2 = 1 

∫ 𝑓(𝑥)𝑑𝑥
𝑥6

𝑥0

=
2ℎ

45
[𝑓(𝑥0) + 32𝑓(𝑥1) + 12𝑓(𝑥2) + 32𝑓(𝑥3) + 12𝑓(𝑥4)

+ 32𝑓(𝑥5) + 7𝑓(𝑥6)] 

=
2

45
×
1

6
[7(0) + 32(0.027) + 12(0.111) + 32(0.250) 

+12(0.444) + 32(0.694) + 7(1)] 

=
1

135
(0 + 0.864 + 1.332 + 8 + 5.328 + 22.208 + 7) 

=
2

270
[44.732] = 0.331 
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2

𝐼 = ∫ 𝑥𝑑𝑥
2

1

 

𝐼 =
𝑥2

2
]
1

2

= 2 −
1

2
= 1.5, 𝑛 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
2 − 1

6
=
1

6
, 𝑎 = 1 

𝑥𝑖 = 𝑎 + 𝑖ℎ ⇒ 𝑥0 = 𝑎 = 1 ⇒ 𝑓(𝑥0) = 1 
𝑥1 = 1 + 1/6 = 1.166 ⇒ 𝑓(𝑥1) = 1.166 
𝑥2 = 1 + 2/6 = 1.333 ⇒ 𝑓(𝑥2) = 1.333 
𝑥3 = 1 + 3/6 = 1.5 ⇒ 𝑓(𝑥3) = 1.5 
𝑥4 = 1 + 4/6 = 1.666 ⇒ 𝑓(𝑥4) = 1.666 
𝑥5 = 1 + 5/6 = 1.833 ⇒ 𝑓(𝑥5) = 1.833 
𝑥6 = 1 + 6/6 = 2 ⇒ 𝑓(𝑥6) = 2

∫ 𝑥𝑑𝑥
𝑥6

𝑥0

=
2ℎ

45
[7𝑓(𝑥0) + 32𝑓(𝑥1) + 12𝑓(𝑥2) + 32𝑓(𝑥3) + 12𝑓(𝑥4)

+ 32𝑓(𝑥5) + 7𝑓(𝑥6)] 

=
2

45
∗
1

6
[7(1) + 32(1.166) + 12(1.333) + 32(1.5) 

+12(1.666) + 32(1.833) + 7(2)] 

=
1

135
(7 + 37.312 + 15.996 + 48 + 19.9992 + 58.656 + 14) 

=
1

135
[200.956] = 1.488 
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(Weddle's formula)

∫𝑓(𝑥)𝑑𝑥 =
3ℎ

10
[𝑓0 + 5𝑓1 + 𝑓2 + 6𝑓3 + 𝑓4 + 5𝑓5 + 𝑓6]. . . . . . . . . . . . . (8) 

 دائما   n=6اي ان 

1

∫ 2𝑥𝑑𝑥
6

0

𝐼 = 𝑥2]0
6 = 36, 𝑛 = 6, 𝑎 = 0, 𝑏 = 6, ℎ =

𝑎 − 𝑏

𝑛
=
6 − 0

6
= 1 

𝑥𝑖 = 𝑎 + 𝑖ℎ ⇒ 𝑥0 = 𝑎 + 0ℎ = 𝑎 = 0 ⇒ 𝑓(𝑥0) = 2(0) = 0 
𝑥1 = 𝑎 + 1ℎ = 𝑎 + 1 = 1 ⇒ 𝑓(𝑥1) = 2(1) = 2 
𝑥2 = 𝑎 + 2ℎ = 𝑎 + 2 = 2 ⇒ 𝑓(𝑥2) = 2(2) = 4 
𝑥3 = 3 ⇒ 𝑓(𝑥3) = 2(3) = 6 
𝑥4 = 4 ⇒ 𝑓(𝑥4) = 2(4) = 8 
𝑥5 = 5 ⇒ 𝑓(𝑥5) = 2(5) = 10 
𝑥6 = 6 ⇒ 𝑓(𝑥6) = 2(6) = 12

∫ 2𝑥𝑑𝑥
6

0

=
3ℎ

10
[𝑓0 + 5𝑓1 + 𝑓2 + 6𝑓3 + 𝑓4 + 5𝑓5 + 𝑓6] 

=
3

10
(0 + 5(2) + 4 + 6(6) + 8 + 5(10) + 12) 

=
3

10
(0 + 10 + 4 + 36 + 8 + 50 + 12) 

=
360

10
= 36
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2

∫ 𝑥𝑑𝑥
1

0

𝐼 =
𝑥2

2
]
0

1

=
1

2
, 𝑛 = 6, 𝑎 = 0, 𝑏 = 6, ℎ =

1

6
 

𝑥𝑖 = 𝑎 + 𝑖ℎ ⇒ 𝑥0 = 𝑎 + 0ℎ = 𝑎 = 0 ⇒ 𝑓(𝑥0) = 0 

𝑥1 = 0 + 1ℎ =
1

6
⇒ 𝑓(𝑥1) =

1

6
 

𝑥2 = 0 + 2ℎ =
2

6
⇒ 𝑓(𝑥2) = 2/6 

𝑥3 =
3

6
⇒ 𝑓(𝑥2) = 3/6 

𝑥4 =
4

6
⇒ 𝑓(𝑥4) = 4/6 

𝑥5 =
5

6
⇒ 𝑓(𝑥5) = 5/6 

𝑥6 =
6

6
= 1 ⇒ 𝑓(𝑥6) = 1 

𝐼 =
3ℎ

10
[𝑓0 + 5𝑓1 + 𝑓2 + 6𝑓3 + 𝑓4 + 5𝑓5 + 𝑓6] 

=
3(1/6)

10
[0 + 5(

1

6
) +

2

6
+ 6(

3

6
) +

4

6
+ 5(

5

6
) +

6

6
] 

=

3
6
10
[
5

6
+
2

6
+
18

6
+
4

6
+
25

6
+
6

6
] 

=
1

20
[
5 + 2 + 18 + 4 + 25 + 6

6
] 

=
1

20
(
60

6
) =

3

6
=
1

2
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𝐸(ℎ) =∑𝑎𝑖

∞

𝑖=𝑘

ℎ
𝑖

khiah

𝑌 = 𝑦1(ℎ1) +∑𝑎𝑖ℎ
𝑖

∞

𝑖=𝑘

 

𝑌 = 𝑦2(ℎ2) +∑𝑎𝑖ℎ
𝑖

∞

𝑖=𝑘

𝑌 = 𝑦1(ℎ1) +∑𝑎𝑖ℎ1
𝑖

∞

𝑖=𝑘

 

𝑌 = 𝑦2(ℎ2) +∑𝑎𝑖ℎ2
𝑖

∞

𝑖=𝑘

𝐼 = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
[𝑎, 𝑏]

IT(h)

h

𝑇(ℎ) = 𝐼 +∑𝑎𝑗ℎ
2𝑗

∞

𝑗=1

 

𝑇(ℎ) =
ℎ

2
[𝑓0 + 2𝑓1+. . . . . +2𝑓𝑛−1 + 𝑓𝑛], 𝑛 = 2

𝑘  
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𝑇(ℎ) = 𝑇0,𝑘𝑇(
ℎ

2
) = 𝑇0,𝑘+1 

𝑇0,𝑘 = 𝐼 +∑𝑎𝑗ℎ
2𝑗

∞

𝑗=1

𝑇0,𝑘+1 = 𝐼 +∑𝑎𝑗(
ℎ

2
)2𝑗

∞

𝑗=1

 

4𝑇0,𝑘+1 − 𝑇0,𝑘
3

= 𝐼 +∑
𝑎𝑗ℎ

2𝑗

3
(
4

22𝑗
− 1)

∞

𝑗=2

𝑇𝑚,𝑘 =
1

4𝑚 − 1
(4𝑚𝑇𝑚−1,𝑘+1 − 𝑇𝑚−1,𝑘) 

𝑘 = 0,1, . . . . . . . . . . 𝑚 = 1,2, . . . . . . . . . . . . ..

𝒉𝟖 𝒉𝟔 𝒉𝟒 𝒉𝟐 

𝑻𝟑,𝟎

𝑻𝟐,𝟎 
 

𝑻𝟐,𝟏

 
 

𝑻𝟏,𝟎 
 

𝑻𝟏,𝟏
 

𝑻𝟏,𝟐

𝑻𝟎,𝟎 
 

𝑻𝟎,𝟏 

𝑻𝟎,𝟐 

𝑻𝟎,𝟑
 

𝒉

𝟏
𝒉

𝟐
 

𝒉

𝟒
𝒉

𝟖

𝑇0,0, 𝑇0,1, 𝑇0,2, 𝑇0,3

1- ∫
𝟏

𝟏+𝒙
𝒅𝒙

𝟏

𝟎
 

𝑇0,0, 𝑇0,1, 𝑇0,2, 𝑇0,3
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𝐼 = ∫ 𝑓(𝑥)𝑑𝑥 =
𝑏

𝑎

ℎ

2
[𝑓0 + 𝑓𝑛 + 2∑ 𝑓𝑖

𝑛−1
𝑖=1 ], 𝑥𝑖 = 𝑥0 + 𝑖ℎ 

ℎ =
𝑏−𝑎

𝑛
=

1−0

1
= 1 ⇐ 𝑛 = 1

𝑥0 = 0 + 0 × 1 = 0 ⇒ 𝑓(𝑥0) = 𝑓(0) =
1

1 + 0
= 1 

𝑥𝑛 = 0 + 1 × 1 = 1 ⇒ 𝑓(𝑥𝑛) = 𝑓(𝑛) =
1

1 + 1
=
1

2
 

𝑇0,0 = 𝐼𝑇 =
ℎ

2
[𝑓0 + 𝑓𝑛] =

1

2
[
1

2
+ 1] = 0.75 

ℎ =
𝑏−𝑎

𝑛
=

1−0

2
=

1

2
⇐ 𝑛 = 2

𝑥0 = 0 + 0 ×
1

2
= 0 ⇒ 𝑓(𝑥0) = 𝑓0 =

1

1 + 0
= 1 

𝑥1 = 0 + 1 ×
1

2
=
1

2
⇒ 𝑓(𝑥1) = 𝑓(

1

2
) =

1

1 +
1
2

=
2

3
 

𝑥𝑛 = 0 + 2 ×
1

2
= 1 ⇒ 𝑓(𝑥𝑛) = 𝑓(1) =

1

1 + 1
=
1

2
 

𝑇0,1 = 𝐼𝑇 =
ℎ

2
[𝑓0 + 2𝑓1 + 𝑓𝑛] =

1

4
[1 +

4

3
+
1

2
] = 0.708333 

ℎ =
𝑏−𝑎

𝑛
=

1−0

4
=

1

4
⇐ 𝑛 = 4

𝑥0 = 0 + 0 ×
1

4
= 0 ⇒ 𝑓(𝑥0) = 𝑓0 =

1

1 + 0
= 1 

𝑥1 = 0 + 1 ×
1

4
=
1

4
⇒ 𝑓(𝑥1) = 𝑓(

1

4
) =

1

1 +
1
4

=
4

5
 

𝑥2 = 0 + 2 ×
1

4
=
1

2
⇒ 𝑓(𝑥2) = 𝑓(

1

2
) =

1

1 +
1
2

=
2

3
 

𝑥3 = 0 + 3 ×
1

4
=
3

4
⇒ 𝑓(𝑥3) = 𝑓(

3

4
) =

1

1 +
3
4

=
4

7
 

𝑥𝑛 = 0 + 4 ×
1

4
= 1 ⇒ 𝑓(𝑥𝑛) = 𝑓(1) =

1

1 + 1
=
1

2
 

𝑇0,2 = 𝐼𝑇 =
ℎ

2
[𝑓0 + 2𝑓1 + 2𝑓2 + 2𝑓3 + 𝑓𝑛] =

1

8
[1 +

8

5
+
4

3
+
8

7
+
1

2
]

= 0.697024
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ℎ    نأ   =
𝑏−𝑎

𝑛
=

1−0

8
=

1

8
⇐ 𝑛 = 8

𝑥0 = 0 + 0 ×
1

8
= 0 ⇒ 𝑓(𝑥0) = 𝑓0 =

1

1 + 0
= 1 

𝑥1 = 0 + 1 ×
1

8
=
1

8
⇒ 𝑓(𝑥1) = 𝑓(

1

8
) =

1

1 +
1
8

=
8

9
 

𝑥2 = 0 + 2 ×
1

8
=
1

4
⇒ 𝑓(𝑥2) = 𝑓(

1

4
) =

1

1 +
1
4

=
4

5
 

𝑥3 = 0 + 3 ×
1

8
=
3

8
⇒ 𝑓(𝑥3) = 𝑓(

3

8
) =

1

1 +
3
8

=
8

11

𝑥4 = 0 + 4 ×
1

8
=
1

2
⇒ 𝑓(𝑥4) = 𝑓(

1

2
) =

1

1 +
1
2

=
2

3
 

𝑥5 = 0 + 5 ×
1

8
=
5

8
⇒ 𝑓(𝑥5) = 𝑓(

5

8
) =

1

1 +
5
8

=
8

13
 

𝑥6 = 0 + 6 ×
1

8
=
6

8
⇒ 𝑓(𝑥6) = 𝑓(

6

8
) =

1

1 +
6
8

=
8

14
 

𝑥7 = 0 + 7 ×
1

8
=
7

8
⇒ 𝑓(𝑥7) = 𝑓(

7

8
) =

1

1 +
7
8

=
8

15
 

𝑥𝑛 = 0 + 8 ×
1

8
= 1 ⇒ 𝑓(𝑥𝑛) = 𝑓(1) =

1

1 + 1
=
1

2

𝑇0,3 = 𝐼𝑇 =
ℎ

2
[𝑓0 + 2𝑓1 + 2𝑓2 + 2𝑓3 + 𝑓4 + 2𝑓5 + 2𝑓6 + 2𝑓7 + 𝑓𝑛] 

=
1

16
[1 +

16

9
+
8

5
+
16

11
+
4

3
+
16

13
+
16

14
+
16

15
+
1

2
] = 0.69412185

𝑇𝑚,𝑘 =
1

4𝑚 − 1
(4𝑚𝑇𝑚−1,𝑘+1 − 𝑇𝑚−1,𝑘)

𝑇1,0 =
1

41 − 1
(41𝑇1−1,0+1 − 𝑇1−1,0) =

1

3
(4𝑇0,1 − 𝑇0,0)

=
1

3
(4 × 0.708333 − 0.7500) = 0.69444 
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𝑇1,1 =
1

41 − 1
(41𝑇1−1,1+1 − 𝑇1−1,1) =

1

3
(4𝑇0,2 − 𝑇0,1)

=
1

3
(4 × 0.697024 − 0.708333) = 0.693254 

𝑇1,2 =
1

41 − 1
(41𝑇1−1,2+1 − 𝑇1−1,2) =

1

3
(4𝑇0,3 − 𝑇0,2)

=
1

3
(4 × 0.694122 − 0.697024) = 0.693155 

𝑇2,0 =
1

42 − 1
(42𝑇2−1,0+1 − 𝑇2−1,0) =

1

15
(16𝑇1,1 − 𝑇1,0)

=
1

15
(16 × 0.693254 − 0.69444) = 0.693175 

𝑇2,1 =
1

42 − 1
(42𝑇2−1,1+1 − 𝑇2−1,1) =

1

15
(16𝑇1,2 − 𝑇1,1)

=
1

15
(16 × 0.6931155 − 0.693254) = 0.693148 

𝑇3,0 =
1

43 − 1
(43𝑇3−1,0+1 − 𝑇3−1,0) =

1

63
(64𝑇2.1 − 𝑇2.0)

=
1

63
(64 × 0.693148 − 0.693175) = 0.693147 

𝒉𝟖 𝒉𝟔 𝒉𝟒 𝒉𝟐 

𝑻𝟑,𝟎

𝑻𝟐,𝟎 
 

𝑻𝟐,𝟏

 
 

𝑻𝟏,𝟎 
 

𝑻𝟏,𝟏
 

𝑻𝟏,𝟐

𝑻𝟎,𝟎 
 

𝑻𝟎,𝟏 

𝑻𝟎,𝟐 

𝑻𝟎,𝟑
 

𝒉

𝟏
𝒉

𝟐
 

𝒉

𝟒
𝒉

𝟖

𝒉𝟖 𝒉𝟔 𝒉𝟒 𝒉𝟐 
 
 
 
 

 
 
 
 

 
 

0.69444

 

0.75000 
 

0.708333 
 

𝒉

𝟐
 

1

h
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0.693147 

0.693175 
 

0.693148 

0.693254 
 

0.693155

0.697024 
 

0.69412185 

𝒉

𝟒
𝒉

𝟖

2- 𝑰 = ∫
𝟏

𝒙𝟑+𝟏𝟐
𝒅𝒙

𝟏

𝟎
 

𝑇0,0, 𝑇0,1, 𝑇0,2, 𝑇0,3

𝐼 = ∫ 𝑓(𝑥)𝑑𝑥 =
𝑏

𝑎

ℎ

2
[𝑓0 + 2∑𝑓𝑖 + 𝑓𝑛

𝑛−1

𝑖=1

] , 𝑥𝑖 = 𝑥0 + 𝑖ℎ

ℎ =
𝑏−𝑎

𝑛
=

1−0

1
= 1 ⇐ 𝑛 = 1

𝑥0 = 0 + 0 × 1 = 0 ⇒ 𝑓(𝑥0) = 𝑓(0) =
1

0 + 12
=
1

12
 

𝑥𝑛 = 0 + 1 × 1 = 1 ⇒ 𝑓(𝑥𝑛) = 𝑓(1) =
1

1 + 12
=
1

13
 

𝑇0,0 = 𝐼𝑇 =
ℎ

2
[𝑓0 + 𝑓𝑛] =

1

2
[
1

12
+
1

13
] = 0.80128 

ℎ =
𝑏−𝑎

𝑛
=

1−0

2
=

1

2
⇐ 𝑛 = 2

𝑥0 = 0 + 0 ×
1

2
= 0 ⇒ 𝑓(𝑥0) = 𝑓(0) =

1

0 + 12
=
1

12
 

𝑥1 = 0 + 1 ×
1

2
=
1

12
⇒ 𝑓(𝑥1) = 𝑓(

1

2
) =

1

(
1
13
)3 + 12

=
8

97
 

𝑥𝑛 = 0 + 2 ×
1

2
= 1 ⇒ 𝑓(𝑥𝑛) = 𝑓(1) =

1

1 + 12
=
1

13
 

𝑇0,1 = 𝐼𝑇 =
ℎ

2
[𝑓0 + 2𝑓1 + 𝑓𝑛] =

1

4
[
1

12
+
16

97
+
1

13
] = 0.81301 
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𝑥0 = 0 + 0 ×

1

4
= 0 ⇒ 𝑓(𝑥0) = 𝑓(0) =

1

1 + 0
=
1

12
 

𝑥1 = 0 + 1 ×
1

4
=
1

4
⇒ 𝑓(𝑥1) = 𝑓(

1

4
) =

1

(
1
4)
3 + 12

=
64

769
 

𝑥2 = 0 + 2 ×
1

4
=
1

2
⇒ 𝑓(𝑥2) = 𝑓(

1

2
) =

1

(
1
2)
2 + 12

=
8

97
 

𝑥3 = 0 + 3 ×
1

4
=
3

2
⇒ 𝑓(𝑥3) = 𝑓(

3

4
) =

1

(
3
4)
3 + 12

=
64

795 

𝑥𝑛 = 0 + 4 ×
1

4
= 1 ⇒ 𝑓(𝑥𝑛) = 𝑓(1) =

1

1+12
=

1

13
 

𝑇0,2 = 𝐼𝑇 =
ℎ

2
[𝑓0 + 2𝑓1 + 2𝑓2 + 2𝑓3 + 𝑓𝑛] =

1

8
[
1

12
+
128

769
+
16

97
+
128

795
+

1

13
] = 0.081583        ℎ =

𝑏−𝑎

𝑛
=

1−0

8
=

1

8
⇐ 𝑛 = 8

𝑥0 = 0 + 0 ×
1

8
= 0 ⇒ 𝑓(𝑥0) = 𝑓(0) =

1

0 + 12
=
1

12
 

𝑥1 =
1

8
⇒ 𝑓(𝑥1) =

512

6145
, 𝑥2 =

1

4
⇒ 𝑓(𝑥2) =

64

795
 

𝑥3 =
3

8
⇒ 𝑓(𝑥3) =

512

6171
, 𝑥4 =

1

2
⇒ 𝑓(𝑥4) =

8

97
 

𝑥5 =
5

8
⇒ 𝑓(𝑥5) =

512

6269
, 𝑥6 =

6

8
⇒ 𝑓(𝑥6) =

64

795
 

𝑥7 =
7

8
⇒ 𝑓(𝑥7) =

512

6487
, 𝑥𝑛 = 1 ⇒ 𝑓(𝑥𝑛) =

1

13

𝑇0,3 = 𝐼𝑇 =
ℎ

2
[𝑓0 + 2𝑓1 + 2𝑓2 + 2𝑓3 + 2𝑓4 + 2𝑓5 + 2𝑓6 + 2𝑓7 + 𝑓𝑛] 

=
1

8
[
1

12
+
1024

6145
+
128

795
+
1024

6171
+
16

97
+
1024

6269
+
128

795
+
1024

6478
+
1

13
]

= 0.16265

𝑇𝑚,𝑘 =
1

4𝑚 − 1
(4𝑚𝑇𝑚−1,𝑘+1 − 𝑇𝑚−1,𝑘) 

𝑇1,0 =
1

41 − 1
(41𝑇1−1,0+1 − 𝑇1−1,0) =

1

3
(4𝑇0,1 − 𝑇0,0)

=
1

3
(4 × 0.081301 − 0.080128) = 0.081692 

4n
4
1

4
01

n
ab

h ==
−

=
−

=
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𝑇1,1 =
1

41 − 1
(41𝑇1−1,1+1 − 𝑇1−1,1) =

1

3
(4𝑇0,2 − 𝑇0,1)

=
1

3
(4 × 0.081583 − 0.081301) = 0.081677 

𝑇1,2 =
1

41 − 1
(41𝑇1−1,2+1 − 𝑇1−1,2) =

1

3
(4𝑇0,3 − 𝑇0,2)

=
1

3
(4 × 0.16265 − 0.081583) = 0.1996723 

𝑇2,0 =
1

42 − 1
(42𝑇2−1,0+1 − 𝑇2−1,0) =

1

15
(16𝑇1,1 − 𝑇1,0)

=
1

15
(16 × 0.081677 − 0.081692) = 

0.081676 

𝑇2,1 =
1

42 − 1
(42𝑇2−1,1+1 − 𝑇2−1,1) =

1

15
(16𝑇1,2 − 𝑇1,1)

=
1

15
(16 × 0.189623 − 0.081677) = 

0.1968194 

𝑇3,0 =
1

43 − 1
(43𝑇3−1,0+1 − 𝑇3−1,0) =

1

63
(64𝑇2.1 − 𝑇2.0)

=
1

63
(64 × 0.1968194 − 0.081676) = 

0.198647 
 

𝒉𝟖 𝒉𝟔 𝒉𝟒 𝒉𝟐 

 
 
 
 
 
 

0.198647 

 
 
 
 

0.081676 
 

0.1968194 

 
 

0.081692

 
0.081677 

 
0.1896723

0.080128 
 

0.081301 
 

0.081583 
 

0.16265 

 

 

1

h

2

h

4

h

8

h
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