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Inequalities ool

Definition 1. Inequalities: The real numbers can be ordered by size ik

if a — b is positive, then we write it either a > b or b < a.

Example 1. Solve the inequality: 3x +1 <5 — =z

3r+1<b—=x
3r+zr<b—1
4o <4

Then, the solution set S ={z:x <1} or S = (—o0,1)
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A B C Example 2. Solve the inequality: 22 4+ x > 12
() ()
& &
-4 3 2?4+ —12 >0

(x+4)(x—3)>0
z+4=0andz—-3=0

z=—4andx =3

We need to check the correct set of solution S

Region A:

take x = —5 substitut in (x 4+ 4)(x — 3) =

(&

4 3\/ —1x —8 =8 > 0, which is satisfy our condition.
Then, 51 = {z:z < —4}
Region C:

~ take x = 4 substitut in (x +4)(x — 3) =

: 3 8 x 1 =8 > 0, which is satisfy our condition.
Then, S5 = {z : = > 3}
Region B:

@%@@ take x = 0 substitut in (x +4)(x — 3) =

o 3 4 x =3 = —12 < 0, which is not satisfy our

condition.

Then, the solution set S = S1U Sy ={zx:z < —-4}U{x:z >3} or
S = (—00,—4) U (3,00).

Example 3. Find the set of solution of -t <1

k ok ok ok ok ok P k. kL kL k ok ok,

Aok ok ok ok ek kikk ok ok then = > § Now, from the question

325 < 1, then x < 3z — 2, which is
x > 1. Then, the intersection between

two solutions gives 51 = {z : z > 1}
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I

| |
R

Figure 1: To avoid the denominatorr\il‘ not to be zero

B —: First, take 3z —2 < 0 simplify, then z < %

Now, from the question -5 <1, then

x > 3z—2, which is x < 1. Then, the intersection

between two solutions gives Sy = {z : z < 2}
Then, the solution set S =S1USy ={z:z>1}U{zr:z< %}

Homework

Question 1. Find the set of solution

1)—9<7—3x§12
2r 4+ 5
r+4

2) <1

Definition 2. The absolute value or magnitude of a real number x € R is
defined by:
5] = 5 —4| 4
R A e
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Properties of Absolute value: if x,a and b are real numbers, then
L. [—a| = lal,
2. |ab] = |al[0],
3. |a/b| = |al/[b], b # 0,
4. la+b| < |al + |b|,
5. |a| =0,
6. la—0b| =1b—al,

7. la =0 > |a] — [0,

8. |z| < a, —a <z < a,
9. |x| > a, r>a or x< —a,
10. =1 x (x > a) » —x < —a, —1l(x <a) > —x > —a.

Note 1. If f(z) = |z| and a € R, then we have two important cases that
the question can be:

A) |f(z)| <aor|f(x)] < a. The set of solution will be S ={z: —a <z <
a} or S ={x:—a <z < a}, respectively.

B) |f(z)| > a or |f(z)] > a. The set of solution will be S = {z : x >
afU{r:x < —afor S={x:2z>a}lU{x: 2 < —a}, respectively.

Example 4. Find the set of solution for this inequality: |z — 6] < —3.
Solution: We will use number 8 in the above note, then
3<r—-—6<—3

3+6<xr—-—6+6<—-3+6

9<zxr <3
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then, the set of solution S = {z:9 <z} U{x:z <3}

Example 5. Find the set of solution for this
inequality: |z + 6] > 3.

-9 -3 We will use number 9 in the above note, then

r+6>3 or z+6< -3
T > -3 x*x < —9.

Then, the set of solution S = {z:x > -3} U{z:

x < —9}.

Example 6. Find the set of solution of }2§j45| < 1.

This example looks like number 8 in the above note, then

2x + 5

<1
Tz +4

—1<

z+4
|

| |

z+4>0 rz+4<0
A + B —

Figure 2: To avoid the denominator r\.'é.“ not to be zero

A +: First, take v +4 > 0 =, x > —4. Now, from the question

—1< 2;j45 < 1, multiply it by (z + 4) then,
—(r+4) <2x+5<x+4
—r—4<2x+5<x+4
Find the possible solution

—rx—4<2x+5 % K 2r+5<x+4
20 +x > —-4—-5 * % 2 —x<4—-5

3r > -9=2> -3 * % r < —1
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Then, there is an intersection region {—3 < z < —1}.

A +: we had from the denomenator {z > —4},

AN A 1 from the question we had {—3 < = < —1}. Then,
&Y &
—1

—4 =3

the intersection will be, S} = {z: -3 <z < —1}

B —: First, take z +4 < 0 =, x < —4. Now, from the question

—1< ijf < 1, multiply it by (z + 4) then,

—(z+4)>2x+5>r+4
—x—4>2x+4+5>r+4

Find the possible solution

—x—4>2x+5 * % 20 +b>ax+4
20 +r < —4—-5 * % 20 —x>4—5
3> -9=1r< -3 * % z > —1

Then there is no intersection, Which means {z :

r<=3nN{z:z>-1}=¢

B —: we had from the denomenator {x < —4},

from the question we had ¢. Then the intersec-

tion between them Sy = ¢({zr < -4} =¢

Finally, the set of solution S =S U S, ={z: -3 <z < —1}.
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Functions db.}J‘

Definition 1. Function: If a variable y depends on a variable x in such a
way that each value of x determines exactly one value of y is a function of
x. So, If f(x) =y, then the set of all possible input (z- values) is called
the domain of f (D) and the set of output (y- values) is called the range
of [ (Ry). We can write the mapping as:

f : domain — co-domain. ]

Present Different Type of Functions Graphing and
Analysing their Domain and Range

1) The absolute value function &allall o)l DI sally Jald!

The graph of the function f(x) = |x| can be obtained by the two parts of

r x>0
2| =
—x x <0.

equation:
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T f(z) = |z
) —(—=2) =2
(—2) 9l |
1 —(-1) =1
0 0 E 0l i
2 2
1 1 =2 1
: —4 5 6 5 4
Dy=R, Ry ={y:y >0}

Example 1. Graph the equation and find the Dy and Ry y = f(x) = 3 — ||

3—x x>0
3—|z| =

3+zx x<O.
T f(z)=3—|z|
4

-3 0
-1 2 20 |

B
0 3 o

o 0 )
2 1
1 2 2t 1

Dy =R, Ry ={y:y <3}

Example 2. Graph the equation and find the Dy and Ry y = f(z) = |3 — %x\

\3—1x|: 3—3r 3—3x>0
2 r—3 3—3x<0.

1

1 3—1g <6
13— =z| = 2
2 50 —3 = >6.
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x f(@)=[3— 32|
0 3 5|
9 9
4 1 E\] 9
6 0 |

o«
8 1 1
10 9

0 2 4 6 8 10 12
Dy =R, Ry ={y:y >0} T

Definition 2. Surjective mapping: if the range = the co-domain.

Definition 3. Injective mapping: If each element in B (range) connected

with only one element in A (domain).

Definition 4. Bijective mapping: If the mapping is surjective and injective

at the same time.

Example 3. Example of a function:

f:A—= B, where f(x)=y=x—-1

A
6
5
0
-3
-9

A={6,50,-3,—5}
B={54,-1,-4,-6},

Df=A, R;=B.
f is surjective and injective. Then, f is bijective.
Example 4. Find the Dy and Ry to this function
y=fla)=z+3,
where f: R — R. In this case Dy = R and the co-domain is R.
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T fl@)=w+3
Y ay=x+3
0 3
1 4
¢ — > T
-1 2
-2 1 ke

f @ surjective, injective, bijective.

Example 5. Example of a function:

fA_>Ba f'(:):):y:xVQ—:):z,

re-3<zxr<3=A4, ye€eB.

f is surjective, not injective. Then, f it is

not bijective.

Example 6. Find the Dy and Ry to this function

y=f(z) =24 - a2,

where f : {-2 < 2 < 2} — R. In this case Dy = {-2 < o < 2} and the

co-domain is R.
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x f(z) =av4 —a? y
N
2 0
Pae K
Vil o R
L4 ]
1 1.73 :
. K \
' 1
14 1
0 0 —= r —
. ’
1 ,
-1 —1.73 ' .
' e
-2 0 L
not( surjective, injective, bijective).
symmetric arround the origin

Df:{72§x§2}, Rfi{*QSySQ}

Example 7. Example of f which is not a
function:

There are two points y = 4, —1 € B which

are related to a one point x =5 € A.

Question 1. What is the type of the mapping, where Z is represent the
set of integer numbers? f : Z — Z, where f(z) = 2z% — 3.

Solution 1. D; = Z and co-domain= Z. Then, f : is not surjective, not
injective. Then it is not bijective.
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Yy
x flx) =227 -3 A
2 5
»~ N
' ]
1 -1 ] []
' ]
] [
' []
1
0 -3 ¢ L >
' []
] ]
-1 —1 Y !
' '
' [}
-2 5 5 !
. ]
. '
M ’
A .
\‘. ”'
L 4

Dy =7, Ry ={y>-3}

Example 8. Graph the equation and find the Dy and Ry of this function

f(z) =y =|z[+3.

z+3 x>0
lz| + 3 =
—x+3 z<0.
T f(x) =|z[ +3
5
) 5
4, |
-1 4
» 3t i
0 3 +
ER1 i
1 4
1, |
2 5
0—2 -1 0 1 2
X

Dy =R, Ry ={y:y>3}

Note: A is domain, ! is co-domain in the following figures.
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®

S ® . _g® 0 ®.__ o W o
e ™o o ™o o ™o o Txo e— ™o
o ™o B — 6! ®— >0 °— -0 ° o}

"-H__,_____L ;Iﬂ_ﬂ_,—-‘? __-—f’_'; HH:}*;__I-Y
o o~ o0 o- 0 o— o o—<_ 0
o o © e o— ©
NOT a General Injective Surjective Bijective
Function Function (not surjective) (hot injective) (injective, surjective)

Injective, Surjective and Bijective : tells us about how a function behaves.

same.

2) Constant function auW! Yl sally Jiad!

Definition 5. Constant function: A function f whose values are all the

Example: Find the domain and the range for f(z) = —2, in this function the

range [y is always —2 for all x € Dy.

---------------- >y =2
z flz) =2

---------------- sy =1
_2 _2 L N
-1 -2 4mmmmmmadeceana== >y—_1
0 —2 A EREEEEEY EEEEEEED >y = —2
2 _2 v

Dy =R, Rp={y:y=-2}

3) A power function g sall dls

Definition 6. A power function : A function of the form f(z) = xP, where

p is constant.

We can represent the power function as f(x) = zP. In this case we have three

kind of p: when p > 0,p <0 and p is a fractionf.f
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3-A) &> g0 59| Leas goall s

If we say p =n and n is a positive integer.

T y = xlzn T y = x?zn
A r, A
¢ - > T ¢ N > T
h."
Df:R,Rf:R Df:R,Rf:{y:yZO}
| flz)=2 T |f(z) =
—2 —2 —2 4
—1 —1 —1 1
0 0 0
2 2 2 4
7
AY=1
;U\ .:"\y — x3:n F:‘ ;U\ "'A y — .:C6
— Ry Ay =at"
:' \“\‘ l"
! “\ "'
"i s‘\‘ ":I
¢ > T ¢ ol > T
V': 3 L 4
Di>R, Ry =R Di=R, Ry ={y:y >0}
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Note 1. For even value of n, the function f(z) = z™ are even, and their
graphs are symmetric about the y — axis. For odd values of n the functions

f(x) = 2™, are odd and their graphs are symmetric about the origin, that
means about the point (0, 0).

3-B) Wl sed)l Las g9l Als

If we say p = n and p is a negative integer. Say p = —n, n is integer,
then f(z) =27 " = L.
When n = 1,3, ... is odd, symmetric about the origin (0, 0).
Y a
b £\ — 1
s &)=
y] S _..--;'>\ Po s
%:--.::.:~‘ Loy 4 ¥
:l‘\‘ Df ]R {0}
v [Ry =R\ {0}
i) =%
When n = 2,4, ... is even, symmetric about the y — axis.
Y
f('r\ = 1&1\ A A
D R
:' “‘| £l LN 1
R e Ikl) i P
el R 7
Dy =R\ {0}
Rp={y:y>0}

yl
Y
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3-C) oS o= 8l ol Las godll Ay

If we say p = %, n is positive integer. Then f(z) = af = T = .

When n = 2, this means y = \/z or y = —/:

Yy
y — V/E A
Dy = e 2 0) fla) = Vi
~ "‘y
Ry={y:y =0} et -»
N f@) =Nz

Yy = —\,/E e

Y
N
fle) = —3¢ 9 () = 3
J ) V= < ) VP
L CI - —
gl S0 I —
5 Jlr)= vz
L 4
—2 —1 1
$~~
1 Seas
( —_— | | | Teeea
4// ."'--ib
Rr=R
f h 4
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4) Polynomial function >que §34xte

Definition 1. The polynomial function has this form:y = f(x) = apz™ +

arz” '+ +ay. ag, a1 ...a, are constants and n is non-negative integer.

3+ b has degreel (linear),

x? — 3z +1 has degree2 (quadratic),

223 — 7 has degree3 (cubic)

(
(
(
(

8z* — 923 4+ 52 — 3 has degree4 (quartic)

Note 1. dogo

When the roots of a function in R, then
e Linear function (degree 1) cross the x-axis on a point.
e Quadratic function (degree 2) cross the x-axis on two points.
e Cubic function (degree 3) cross the x-axis on three points.

e Quartic function (degree 4) cross the x-axis on four points.

4-A) Linear function

The general form of a linear equation is y = mx + b, where m,b € R, m # 0.

If we keep b fixed and vary 4ali2 the parameter m in the equation y = mx + b,

then we obtain a family of lines. b is the point of intersection.

Page 1 of 13
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Y

; oAy =2r—1

vy = 0511

. n
L}
1]

’Df:R, Rf:R

N

]
]
[]
]
]
N
]

A\ d

If we keep m fixed and vary 4ali# the parameter b, then we obtain a family

of parallel line and they all have same slope m.

N

Ly 1.

—2

Question 1. We have y(z)
e Find a parallel line for y and find the Dy, Ry.

e Find a line that cross C%a.a./ y, and share &,lay it with a point

Page 2 of 13
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4-B) Quadratic function

Dr. Amal J. Mohammed

An equation of the form y = az? 4+ bx + ¢,a # 0, where b, c € R, is called

a quadratic equation in z. Depending on a is positive or negative.

Y

N

(x = vertexr =

N
-
-

]
]
]
]
]
]
]
]
A d

y = —22% + 21 + 2
Dy=R, Ry ={y:y <25}

5)-

DO

,2.5)

N

Y

AN

y =222 —2x—2

Dy=R, Ry =

A

~

‘oz = vertex = 3, —2.5)

{y:y>—2.5}
To find the Ry substitute x = vertex into the y function to find
the y(x = vertex =

Note 2. dogo

_ 2 . —b
To find the vertex of y = az” +bx +c: x = 5.

of y.

Question 2. Sketch the graph and find the D; and Ry and find the vertex

1)y =2% -2z —2

Ny=a®—2+1

Page 3 of 13
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4-C) Cubic function i}Uo}U

x y=12%—42% — 0250 + 4
—2 —19.50
-1 —-0.75

0 4

1 0.75

2 —4.50

Y
— 3 402 _
N y=ua>—4z* —0.250 +4
i B
o |
2N I
1 Y
1 Y
1 A}
L] A}
1 1
L] 1
] 1
1 1
L] \}
' ' A
] 1) M
[] ] "
[ ! '
1 1 [
L] 1
L] 1
yl N
) > T
[ ]
L]
v

4-D) Quartic function &)LL)U
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<t
A_V
[a]
I
i 8
_ N
<t
N L G
__ llllllllllllllll -~ i
> ¥ %
II“
||||||||| - >_
-------- SN
ll‘l“lll :
s 2
3 > |l
J‘l \
......... mw
lllllllllll R
..
——. Il
-
=}
P &
~
<t
A_v
(o]
=
NeJ
|
~
=
I
=
<t — N
_ |
a
= | 9 7

The roots are —2.288245611, —.8740320489, .8740320489, 2.288245611.

has two real roots and two imagenary roots

Example of a quartic function:

y=axa*—4252> -2z +4

Page 5 of 13



Calculus /Mosul-Uni-1-12-2024 Dr. Amal J. Mohammed

9) Rational function & w1 dlal) gudly Jld!

Definition 2. A function that expressed as a ratio of two polynomials called a rational function.

If P(xz) and Q(x) are polynomials, then the domain of ggg is defined as in the arithmetic operation on

functions (3).

z2—z—2
x—2

Example 1. Find the domain and range for this function: f(z) =

Since f(z) is rational then, we need to avoid the zero of the denominator : = = 2.

) 2D

f@)y=y=c+1

The graph of y = z + 1 is a linear function but, the graph will have a hole i s Sjb bK..z 5} at =2,y =3.

At the same time, if we change the function x — y, this will be x = y — 1 has no problem.

T T T T
4, |
3, |

=2 | Dy =R\ {2}
and Ry =R\ {3}

1 |
07 ]

Il Il Il | Il

-1 0 1 2 3

X

Question 3. Sketch the graph and find the domain and range for this function:

_ 3-8
v= x—2
note: use the vertex.
Example 2. Find the domain and range for this function: f(x) = w%rg —5.
First, simplify:
1-5(z+3)
45
YT
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In this case, Dy = R\ {—3}.

So we have a vertical line x = —3.

L 4
-y

If we change the function x — y, this will be

8
\
w

ylx +3)=—14 — bz,
yx + 3y = — 14 — bz,
yxr + d5xr = — 14 — 3y,
x(y+5) =—14 — 3y,

LR SR S S I

X xxxx XK KKK

1
]
KKK K K kD kK K K koAl K K K K
Kk ok k ok ki, kkkkk Ak k*xk
Kk ok ok ok kol kok ok ok kA ok k ok Kk
Kk kokkoks ) kokok ok ok oAk ok ok ok
Kk ok k ok ki kk ok ok kA Kk ok kK
ok kok ok ks Tk k ok ok ok ok ok ok ok
Kk kkhkkia kk ok ok kA Kk Kk xk
Kk kkkks ! kokokk kAN Kk ok kK
ok ok ok dkokty kokokok kN ok ok Kk
W v
rx=-3 -y

—14 — 3y

r ==+
y+5

In this case, y = —5
is a problem.

NS UNT I
Ceme?r G L8 ) Y1 LU
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-10

20

D =R\ {z=-3}and Ry =R\ {y = -5}

Question 4. Find the domain and the range for the following functions:

_z*—3z—-4 x?

f@) =T )= o

More Prosperities of Quadratic 4=y 7 and Rational 4u.J Functions.

Example 3. Sketch and find the Domain and the Range of the following function:
f(z) =10 — 3z — 22
1) y-intersection: f(0) =10, (0,10).
2) z-intersection: 10 — 3z — 22 =0— (5+z)(2 —x) =0, so z = —5 and x = 2, then (—5,0), (2,0).

3) the vertex y is # = 32 = 359 = —15, then, f(~15) = 10 — 3(~1.5) — (=1,5) = 1225, (-
1.5,12.25)(convex).

\
(-1.5,12.25)
(0,10)

10

(—5,0) (2,0)

Dy =R and Ry ={y:y < 12.25}
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Question 5. Find the domain and the range for the following functions:

f(z) =20 — 3z — 22, fx) =2 +4z +3

J

Example 4. Sketch and find the Domain and the Range and find the symmetric point (or line) of the following
function:

The symmetric line is y — axis.

(3

Dy =R\ {0} and Ry = {y : y > 0}

Example 5. Sketch and find the Domain and the Range and find the symmetric point (or line) of the following
function:

1) y-intersection: f(0) = % = 0.333, (0,0.333).

yz? + 3y =1
z? =1 -3y
1-3y
y

r ==+

which means, D, = {y : y < 0} makes problem. #&is il y <0 ols J{

‘ [

(0,0.333)

RN S

-3 -1 0 1 p 3

Dy =Rand Ry = {y:0 <y <0.3333}

Example 6. Sketch and find the Domain and the Range and find the symmetric point (or line) of the following

function:
1

1@ = 295

Page 9 of 13
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Di=Rand Ry ={y:0<y <4}

1) y-intersection: f(0) = 55; =4, (0,4)

Note 3. When the numerator lawd! has lower degree than the denominatorrul\, we can not change x — y.

x
1) y-intersection: f(0) =0, (0,0).
2) function y symmetric around (0, 0).
(1,0.5)
(0,0)
2 2 4
(-1,-0.5)

Dy=Rand Ry ={y: —0.5 <y <0.5}

Note 4. When the numerator and the denominator have the same degree.

Example 7. Sketch and find the Domain and the Range and find the symmetric point (or line) of the following

function:
3z +2

fla) = 2¢ + 4

In this case, Dy = R\ {—2}, so we have a vertical line z = —2. To find the R, we need to change the function
T — y, this will be

y(2x +4) =3z + 2
2zy + 4y =3z + 2
2zy —3xr =—4y +2
2 —4y
x:2y—3

In this case y = % is a problem, which means, we have a horizontal line y = 1.5.
1) y-intersection: f(0) =2 = 0.5, (0,0.5).

2) z-intersection: giﬁ =0-3r+2=0—z=—%=-0.667, (—0.667,0).

3) symmetric point: (—2,1.5).
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=-2

Dy =R\ {-2} and Ry =R\ {1.5}

Example 8. Sketch and find the Domain and the Range and find the symmetric point (or line) of the following

function:

1) y-intersection: f(0) =0, (0,0) = z-intersection.

If we change the function x — y, this will be
YT
y(z® 4+ 1) =22,
ya® +y =2,
.’L'2 (y - 1) =—Y,

9

i
—_

Df=Rand Ry ={y:0<y <1}

Example 9. Sketch and find the Domain and the Range of the following function:

The numbers which make the denominator = 0 are z = %1, then Dy = R\ {£1}.

1) y-intersection: f(0) = —1, (0,—1)
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but we can not simplify the function, then we need to change the function x — y, this will be

!
y_x2 _ 1a
y(xQ - ]') :17
ya® —y =1,
1
2 _tty

Y )
1
o=t 2TY
)

Which means D, = {y : =1 < y < 0} makes problem.

x=1

Dy=R\{£l}and Ry ={y:y < -1} U{y:y >0}

Example 10. Sketch and find the Domain and the Range and find the symmetric point (or line) of the following

function:
T

2 —4

fz) =

The numbers which make the denominator = 0 are & = 2, then Dy = R\ {£2},
1) y-intersection: f(0) = —0, (0,0).

we do not need to change the function x — y
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r

x=-2

x=2

LS

4
4

Df=R\{:|:2} and Rf=R

Question 6. Sketch and find the domain and the range for the following functions:
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Limit and Continuity & oYy ]

Definition 1. Limits: we write it as

lim f(z) = L, L : constant

r—a

which is read | 25 the limit of f(z) as « approaches _A&5 to a is L

Theorem: Let a and k be numbers,

lim f(z) =lim k =k

T—a r—a

lim f(z) = limz=a
T—a T—a

Theorem: Let a and k be numbers and suppose that

lim f(z) = L1, lim g(z) = Ly

T—a

1) im[f(x) £ g(x)] = lim f(z) £ lim g(x)

T—a T—a T—a

=L+ Lo

limz+3]=limzr+lim3=2+£3=5 or -1

r—2 r—2 T—2

2) lim[f(x) x g(z)] = lim f(x) x lim g(x)

Tr—a T—a Tr—a

:L1 X L2

lim[z x e’] =limz x lime* =0x1=0
xz—0 z—0 z—0
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) f(ﬂ?) _hmx—m f(x) o ﬂ
R e i

=+/L1, L1 >0, when n is even

lim \/7 N hm T =v1=1
r—1 r—1 X

5)lim k x f(z) =k x lim f(x) =k L

rT—a T—a

lIlm3xz=3xlmaxr=3x1=3
r—1 r—1

The above statements are true for one-side limit as £ — a™ or £ — a .

Remark: If n is a positive integer, then

tim (/(@))" = (1m 7(2))" = (f(@)"

T—a (IL‘—)CL

2
lim (z+1)% = ( lim (x+1)) —
T——2 T——2

Theorem: For any polynomial P(z) = apz™ + a1z~ ! + --- + a, for any

real number a

lim P(x) = aoc™ + a1 L+ -+ a, = P(c).

Tr—C
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Example 1. Find

lim P(z),  where  P(z)=2°—4z+3

r—b

lim P(x) =P(5) = 5° —4(5) + 3 =38

r—5

Note: A function f(x) has a limit at x — « if and only if

lim f(z)= lim f(z)= L(exists), L is constant.
rx—at T—a~

Example 2. Show that f(z) has limit at z — 2

"
lim f(z)? where f(x)z{ g e

T2 4 x<2
First,
2
—4
lim f(z)= lim °
x—2+t z—2t x — 2
— lim (x —2)(z+2)
T2t r— 2
= lim (zx+2) =4
T2t -
Second,

In this case,

lim f(z) = lim f(z)=4

rz—2+ T—2~

Then, f(z) has limit at  — 2

lim f(z) =4

r—2
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Theorem: Consider the rational function f(z) = % where p(x) and ¢(z)
are polynomials.

For any real number a:

o if g(a) # 0,
lim f(z) = f(a)
e if g(a) = 0, but p(a) # 0, then
lim f(x), DNE: does not exist.

r—a
Ll

Example 3. Show that

. X
lim 1
=3 s — 1
3
is not exist. Solution:
lim z =3
z—3
Ka !
lim -z —-1=1-1=0"
z—3
Then,
. X
lim =7, DNE
z—3 =1 — 1
3
41 | Example 4. For the function f in the picture,
the one-side limits
2 a lim f(z) and lim f(x)
> x—)xsr =T
both are exist but they are not the same. Then
0 ) lim f(z)
T—T0
‘ ‘ ‘ ‘ ‘ dose not exist (DNE)
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4 | Example 5. Check whether f(z) has limit at
T — 2
z+1 x>2
3 where f(x):{ 1 z<2
=N
g fle) = lim 1=1
11 <
—1 0 1
x
In this case,
lim f(z)# lim f(x)
x—2+ T2~
Then,
lim f(z) DNE.
Limit at infinity +o0
Remark
lim 2" = +o0, n=123,4,...
T—r—+00
n=13,5,...
lim 2" =
T—=—00 n=24,60,...
lim (apx™ + a1z”™ ‘+ap) = lim agz"
T——00 T——00
lim (apz" + a1z™™ 4 ap) = lim apz”
T——+00 T—r—+00
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Example 6. Find the limit for the following functions

1) lim —=a%=—

T—r—+00

1
2) lim 2x2—6x4

T—r—+00

)

"-...__>

PR RTINS

S H»nl T

Ce~=
? S

.."-...._>

- ~
¢ ‘----' T

8 H»l =

(+00) = —00
1

lim <—— x4)
T—-+00 §)

Example 7. Find

lim f(z), where f(z)=—

Dy =R\{0} and Ry = {y:y > 0}
1
| —=0= 1 —
mﬁlg‘* x? xﬁlg— x4
Example 8. Find
lim f(z), where f(z)=—
11m T =
Jim, r), Wwhere T o
1 1
lim - = oot = lim —
z—0tT T z—0— T
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v Example 9. Find
~ lim f(z), where f(z)
H z—0E
v Dy =R\{0} and Ry = R\{0}
% .1 + .
S (7)== lim — =00 lim — =00
_ Seo k ) r z—0t T =0 T
) ) AL
¥___... ? L
._~\ 0—1—
w
Y Example 10. Find
N lim f(z), where f(z)=
\ z—o0t
A . 1
' lim —=0= lim -
* z—oot T z—00~ T
‘5 ( 3 — =
. (r) =73
© alnlalelet
% -l _I L
..~‘ m
w
/ T =3 Example 11. Find
lim_ f(r), where f(r)=
im f(x where x) =
l': r—oo¥ ’ z—3
D;=R\{3} and R;=R\{0}
..-..-"') [ 1
“s 1 lim =0= lim
A z—oot T — 3 z—00~ T — 3
1
1l ¥
z—3 v
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Example 12. Find

Y T =09
lim f(z), where f(r)=—
im f(z), where T) =
l‘: z—3% r—3
1 1
- _ + _ —_
meemaaay =00 lim =00
Sy 2, z—3+ T —3 z—=3- T — 3
L
Nol=7=s"

Question 1. Find Dy, Ry, and check whether f(x) has limit for the

following functions:

1
lim f(2), where (z) =
6
lim f), whee (o) = 5
lim f(y). where f(y) = 5

Question 2. Define the function and find the domain and range that

represent the following graph

-2

D; =? and Ry =7
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Trigonometric functions and their limits

Properties of the trigonometric functions :

sin(A + B) =sin(A) cos(B) £ sin(B) cos(A)
cos(A £ B) =cos(A) cos(B) F sin(B) sin(A)

sin’(z) + cos?(z) =1
1 4 cot?(z) = csc?(z)

tan?(z) + 1 =sec?(z)

sin(2x) =2sin(x) cos(x)
cos(2z) =1 — 2sin’(x)

cos(2z) =2 cos?(x) — 1

Theorem: If ¢ is any number in the N domain of the stated trigonometric

function, then

lim sin(z) = sin(¢) , lim cos(z) = cos(c), lim tan(z) = tan(c)
T—c T—c T—c
:}Ul—>nlc csc(x) = csc(e) %1_)1116 sec(x) = sec(c), il_)HlC cot(z) = cot(c).
Theorem:
: 1
n sin(z) 1 n cos(z) _0
z—0 I x—0 x
Example 13. Find :
. tan(z)
lim
z—0 T
1 I 1
lim (tan(a:) X —) = lim (sm(:v) X —)
20 x a—0 \ cos(x) =
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X lim
=0 T 2—0 cos(x)

\&)

—
=N

—
\V) X
[N

Example 14. Find :

lim sin(26) 2 lim sin(26)

9 im sin(26)
0—0 26
=2x1=2

Example 15. Find
fim 222 — sin(z)
x—0 sin (x)

o sin(xz) Sin(x)
lim tan(z) — sin(z) — 1 cos(z)

20 sind(z) o0 sind(a)

(Sin(:c) — sin(x) cos(x) ;(x))

= lim
z—0

X
cos(z) sin

= lim (Sm(l’)(l —cos(z)) 1 >

7—0 cos(x) sin?’(m)
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t — I 1— 1
lim an(x_)?) S _ iy cos() . _ — |, sin?(2) + cos?(x) = 1
z—0 sin (;1:) z—0 COS(QZ sin (l’)

1 — cos(x) 1 )

(
)
( X
=0\ cos(x) 1 — cos?(z)
(
)

—_
|

Q
@}
wn
8

~—
—_

8 (1 — cos(x))(1 + cos(z ))

. 1 1 1 1
= lim X =1X=-=-
z—0 \ cos(xz) (1 + cos(z)) 2 2

2
1
x
—27 = 10 T 2m
2
Then,

lim tan(x.) 3— sin(z) 1
z—0 sin®(x) 2
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Find the Domain and Range of the following functions

flz)=lz+1],  Dy=R,

R =7
f(x):[xil], Dy =R\ [-1,0). Rf:{y:ye%,neZ\{O}}
fla) = —

o Dr=R\DY), Rf:{y:ye%,neZ\{O}}

:m, Dy =R\[-0.5,0.5), Ry = {y:ye %,né Z\{O}}

f(x) =[x —1.2], Dy =R, Ry =17
f(x):[x_—ll.Q], Dy =1R\[1.2,2.2), Rf:{y:yE%,TLGZ\{O}}
f) =

e Dy =R\ (0.2,1.2], Rf:{y:yE%,neZ\{O}}

Applying limit on different types of functions

Example 1.
lim [z] = lim [4.9] =4
T—5" T—5~
Example 2.
lim [z] = lim [5.1] =5
ot x—dT
Example 3.
lim [z]= lim [-4.1]=-5
r(—4.2)F w3 (—4.2)*
Example 4.
lim [z]= lim [-4.3]=-5
o (—4.2)- w—(—4.2)-
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Example 5.

lim [z]= lim [4.3] =4
T (4.2)F T (4.2)F

Example 6.

lim [z]= lim [4.1] =14
x—(4.2)~ x—(4.2)~

Question 1. Find the Dy and Ry and the limit when s approaches 1.

1
£6) = =
Example 7.
Jim 1 i =Tt 1=
Example 8.
g 5=y = i 1=
Example 9.
A 24—_11 = = _;)—(ﬁz t s = 1)(9;:11)(%2 g
Question 2. Let
%JFQ r < —2
fl(x)=¢ 22—-5 —2<z<3
Vo +13 x>3

Check and find if it is possible
1 limy o f(x).
2 lim,_0 f(x).

3 limg 3 f(x)
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Solution 1.

e i ol 2 iz Gl g a2 s 5L ey ?J ol
Sol.1

1
1 = 1 —
Jim,_f(0) = lim = = —oo
lim f(z)= lim 2*—-5=-1

T——27F T——27F

Thus, the lim,_, o f(z) DNE.

Sol.2
lim f(z) = lim2®> — 5= -5
z—0 z—0
SRS Ol o il ol s Ol ol s et 3, wlle
Sol.3

lim f(z)= lim 2> —5 =4

T3~ T3~
lim f(z) = lim Vx+ 13 =14
x—3+ x—=3T

Thus, the lim,_,3 f(z) is exist =4.

If we want to find the lim of a rational function f(x) at

r — oo, and the substitution is 32, we can divide the numer-

ator and the denominator by the highest indices (power) of .

Example 10.
E 5 + 3 342 11
lim T lim §:3 lim 5:3—:
T—400 oxr — :B—>—|—oo -2 r—+00 G — 2 2 \3/§
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Question 3. Find and check whether f(z) has limit for the following

functions: 5
2
Jim f(z), where  f(z) = SZ:;—jG
. x2 42
xkr_noof(x), where f(x) = P

Continuity

Definition 1. A function f(x) is said to be continuous at x = ¢, if the

following conditions are hold oUs! &I by &l sa=t o)
1. f(x) is defined at x = c.
2. The limit of f(x) at v — ¢ must be exist, which means

lim f(z) = lim f(x).

T—ct T—>C~

3. The limit of f(x) at x — ¢ must be equal to f(c), which means

lim f(z) = (o)

Tr—C

If one or more condition of the above definition fails  |fia to hold sa=U
then, we will say that f(z) has a discontinuity 8 oluwes A& at x = c.

Example 11. Prove (show) that f(x) = 2? + 2 + 10 is continuous at z = 2.
odel &M by & sdai ) CL#

1. f(z)at 2 =2, f(2) = (2)> + 2+ 10 = 16.
2. & me ) o LWl ned! e L] 3gue Braate DI G oS

lim f(z) = (2)*+2+ 10 = 16.

r—2%

Page 4 of 10



Calculus /Mosul-Uni-15-12-2024 Dr. Amal J. Mohammed

lim f(z) = f(2) = 16.

r—2

Then, f(z) is continuous at = = 2.

Example 12. Show that

has a discontinuity at x = 3.

1. f(3) =8.
2. We need to find the limit of f(x) at  — 3:
2
x“—9
li = i
A = S
— 1im (x —3)(x + 3)
x—3* r—3
= lim (x +3) =6
x—3*
3.
lim f(z) # f(3).
z—3
Then, f(z) has a discontinuity at x = 3.
Example 13. Show that
x3—11, r#l—x21
fle)=4q "
3, T =

1s continuous at x = 1.

1. f(1) =3
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2. We need to find the limit of f(x) at x — 1:

3
x° —1
li = li
Jm, fle) = lim =
— lim (z -1z +x+1)
rz—1* r—1
= lim (2 4+2+1)=3
rz—1*

lim f(z) = f(1) = 3.

r—1

Then, f(x) is continuous at = = 1.

Example 14. Check whether this function is continuous or has a discontinuity

at r = 0, where

T
f(x) _ Va+l -1’ z>0
T+ 2, x <0

1. f(0)=0+2=2
2. We need to find the limit of f(z) at z — 0:

e the limit of f(z) at x — 0T

lim f(z)= lim ’

xz—0t =0t /r+1 —1

5 T X\/CIJ—|—1 +1
= lim

=0t y/r+1 —1 Vor+1 +1
— lim r(vVr+1 +1)
250t r+1 —1

. xz(vVr+1 +1)
= lim

z—07t T
=lm VvVor+1 +1=2

z—07t

e the limit of f(x) at x — 0~

lim f(z) = lim (x 4+2) =2

x—0- rx—0-
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lim f(z) = f(0) = 2.

x—0

Then, f(x) is continuous at = = 0.

Example 15. Is f(x) = [z + 0.5] continuous at x = 07

1. £(0) = [0 +0.5] = [0.5] = 0.
2. We need to find the limit of f(x) at x — 0:
e the limit of f(z) at x — 0T

lim f(z)= lim [z + 0.5]

=0T x—0F

= lim [0+ 0.5] = [0.51] = 0

z—07*

e the limit of f(z) at z — 0~

lim f(z) = lim [z + 0.5]

r—0~ rz—0~

= lim [0+ 0.5] = [0.49] = 0

z—0~

lim f(z) = f(0) = 0.

x—0

Then, f(x) is continuous at x = 0.

Question 4. Is f(x) continuous at x =97

r—9
f(:z:) _ T o3 z>9
0, <9
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Example 16. Find the value of & which makes the function f(x) (if it is possible)

continuous at x = 1, where k is a constant and

f(:c)—{7x2’ <1

k a2, x>1

Since f(x) is continuous at x = 1, then the conditions must be hold which are
L. f(1)=(7Tx1-2)=5.
2. The limit of f(x) is exist at + — 1 which means

lim f(z) = lim f(z)

Tz—1+ T—1-
lim k 2? = lim (7z — 2)
Tz—1t T—1-
k =5.

3. the limit of f(z) when x — 1 equal to f(1) when k = 5.

Then, the function f(x) is continuous at x = 1 when k = 5.

Example 17. Find the value of & which makes the function f(x) (if it is possible)

continuous at x = 2, where k is a constant and

ka:2, r <2
f(x) =
20+ k, x>2

Since f(x) is continuous at = = 2, then the conditions must be hold which are
1. The limit of f(z) is exist at  — 2 which means

lim f(z)= lim f(x)

x—2+ T2~
lim (22 + k) = lim (k 2°
g2t R = g he)
4+ k =4k
4 =4k — k
k=2
3
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?.
3.

4 16

lim (2 k)= lim 2 - = —.

S Gutk) = Jig 2t 3 =3

4 16

lim (k 2%) = lim - x 2* = =,

Jgp (k) = lig gt =3

Then, the function f(x) is continuous at x = 2 when k = %.

The following Figures illustrate a discontinuity at x = c:

The function is not defined at x = 1, then the
first condition of the defenition does not satisfy.

Then, the function has a discontinuity at x = 1.

Y
vy = f(z)
a=O
Raad The function is defined at = = ¢, but the limit of
¢ 5 > f(z) when & — ¢ DNE. Then the function has a
discontinuity at x = c.
Yy
4 A N
R The function is defined at = = ¢, but the limit of
N \ f(x) when z — ¢ DNE. Then the function has a
) Y
4 A
L . discontinuity at x = c.
¢ é=-=-1 i b 'k, -
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Example 18. Define g(4) in away that extends Faed

22— 16

g(x):xQ—Sa:—él

to be continuous at x = 4.

Since we need g(x) to be continuous at x = 4, first we need to simplify g(z)

2 — 16
22 -3z —4
(x —4)(x+4)
(x —4)(x+1)
_r+4
41

g(z) =

Then

8
lim g(z) ==, which means lim g(z) is exist.
r—A4* 5 r—4

So, we can define

g(z) =
% r =41

216
{ :cg;?)xfél £ 7é 4

to be continuous at x = 4.

Example 19. Make h(z) continuous at x = 2 by extending the function h(x).
Where
h(z) =7 —2z.

First we need to find h(2) : h(2) =7 — 2(2) = 3. In this case we can define the

7T — 2x T #£ 2
3 Tr =2

function h(x) as

to be continuous at x = 2.
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