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The Series



Arithmetic Series:

The sum of the terms of an arithmetic sequence 1s called as arithmetic
series.

7,17,27,37,47, ... = 1s an Arithmetic sequence

7+ 17 + 27 + 37 + 47 + --- = 1s Arithmetic series

The sum of n terms of an Arithmetic Series:
[-ﬂll -+ ﬂn
— n
2

S, ],an=a1+(n—1)d

Where:

a;:is the first term

a,:is the n"term

n: is the number of terms
d:isthe commondif ference



Example 1: Find the sum of the sequence 3,9, 15,21, ... to 10 terms.
Solution:

S,, = ;[2{11 + (n — 1)d], a, = 3
d—=a,, —a,,_.14 =9 —3 =6

S10 = 5 [2(3) + (10 — 1)6] = S;0 = 5[6 + 54]
S,0 = 5[601 = 300

Example 2: Find the sum of the 60 terms of the following series

9+ 14+ 19+ 24 4+ --- 4+ 289 4+ 294 4+ 299 4+ 304
Solution:

d=—a, —a,,_ 1 =24 — 19 =5, n =60, a; =9, agp = 304
1. 5, = %[Zﬂl + (n — 1)d] = Sgp = 52{) [2(9) + (60 — 1)(5)]

Seo = 30[18 + 59(5)] = Sego = 30(313) = 9390

gf‘”’] = Seq = 30(313)

aq t+ay
2

2. s, =n| | = se0o =60]

SEID — 9390



(eometric Series:

The geometric series is a series that has the form E ar™ , where (a) 1s a

real constant and (7)) is a real number. =0

E ar™ = S, —=a+ar +ar? +ar® + ---+ ar™
Lo
Example: find the sum of the series E ik
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Example: Write out the first four terms of the series
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Rules of limits: Useful rules for finding limits

I i) }(,1_1’}}: J ()
x>cg(G)  lim g0’

where g(x) = 0

Example:
% 4 22 1 lin:*i(;:u:'ilr + x2 — 1)
lim = I
21 x2 4+ 5 liI’I:‘{(:.rlh:'2 + 5)
e

- 4 - 2 L -
lim (™) + jLl_lHl[.:»c: ) Lﬂ(lj 14 3+ 12 _ 1

x>l +
lim(x?2) + lim((5) 12 + 5
x—1 x—1

1
6

« Rule no.1

1. If the degree of the numerators is lower than the degree of the

denominator, the numerator be expressed as n(x). and the denominator
be expressed as d(x), then:

. n(x)
lim —

= 0
X — 0O d{:x)




Example:

. 5x3% —2x? +17x — 13 ~ 5x3 _
lim = lim = lim —= 0
x—>c0 12 — 2x + x* x—oo x% x—00 X

Note: Any value divided by infinity equals O

2. If the degree of the numerator i1s higher than the degree of denominator,
then:

I n(x)
im — oo or — CoO
A —> OO d(:x)
Example:
. 3x°+x2 -5  3x° 3 4
lim = lim = lim —x~° = oo
x—soco0 6 4+ x + Tx2 x—o0 FX2 x—oo

3. If the degree of the numerator is equal the degree of denominator, then
is equal to the leading coefficient of n(x) over the leading coefficient of

d(x).

Example:

i 3x3 —2x2 +x — 4 i 3x3 i 3 3
im = lim —— = 1lim ——= — —

ac— 00 4 + 2x — 5x3 x—oo —5x3  x=eo0 § 5



¢ Rule no.2
L Hopital’s Rule: It is a rule used in Limits, when the results of the

Limits are not specified

If the lim AL results in one of the following forms:
xr—o GLX

r

0 X .
+ > ,o0 + oo, And lim % exits and g'(x) + 0, then:

oo x—ec g'(x)

lim '
x
F(x) = X=¢ This is called L’'Hbépital's Rule
x—eg(x) lim g’ (x)
X—C

Example 1: Find the lim et -1
ac—=0 e
Solution:

e* — 1 Iim{(e™ — 1) 0
lim = X 20 = —
a0 x litma () (0]

2 —0

TUsing L. Hopital s Rule

i e™ i 1
lilm — = lilm — = 1
ac—0 22— 0

e —1—x—(xZ 2
=2

Example 2: Find lim

ac—» 0 ac

Solution:

A — — =
lim = S i Sl € V-3 %, Tsing LL."Hopital s Rule

2ac— 0 =
. e —1—x o . - - . - .

}Cll;%? = 5 - TUUsing IL."Hopital® s Rule again
] e™ — 1 (o] . L N ] e e?® 1
litm —— = —, Using L'Hépital's Rule lim - e o

20— 0 (%' () 2 —0
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1. Convergence and Divergence of Arithmetic Series:

M]3

ﬂ'i"l— =ﬂ1 +'|:I-_-2 +ﬂ-3 +ﬂ4+--+ﬂ,n
n=1
5, =—=a, +ta, +az; +ay, +---+ a,
iy n
5, = E[al +a,] or 5, = E[Zal + (n — 1)d]
Convergent, where lim S,, = L

5, = . A

" Divergent, where lim 5, = *+oo

T — O

a,:The first term.
S,: The sum of terms from 1 to n.

L: Specific number.

[ a ]

Example 1: Test the following series for convergence or divergence E (Zn — 1)

=1

Solution:
E 2n—-—1)=1+3+5+7 + -+ (2n — 1) + ---
=721

d=a, —a,_, =5—3=7—-—5=2=d,anda; =1

S, — =[a, +a,] = S, =%[1+(2n—1)] = S, =;—1 [1+2n — 1]

2
T
S, =35 [2n] = S, =n® = lim §, — lim n? — o

[}

E (2 — 1) is divergent.

=721



2. Convergence and Divergence of Geometric Series:

[ ]
E ar™ = ar + ar®2 + ar® + -+ + ar™
=1

- — || << 1, then the series is convergent,and 5,, = E—
|| = 1, then the series is divergent, and It has no sum

a: the first term.

1: The result of dividing each term by the previous term.

S,:The sum of terms from 1 to n.

(o)
1
Example 1: Test the following series for convergence or divergence E >7
i—1

if convergent then find the sum of this series.

Solution:
[o ]
1_1 1 1 1 1
Z?_E+22+23+24+'"+2"+"'
i—1
1 1 1
a =2 =3
T = n_ _ 22 _ 2 = —,|r]l = =< 1, then it is convergent.
Oy —1 l L 2 2
2 22
1 1
S, = a = 5., = 2 = 5 §:>S —1 2 =1
n_l—?" bt 1 n_l n_2 -
1—3 73

o
1
Therefore the series E >7 is convergent, and the sum is 1.
i—1



3. Convergence and Divergence of P-series:

o0

1

Z — p: is constant number.
n

n=1

o { p > 1,then the series is convergent
P~=10< p = 1,then the series is divergent

o 1
Example 1: Show that E — is convergent?
r
r=1

Solution:

This series is p — series,wherep =2 > 1

(8]
1
threrfore the series Z — 1s convergent.
-

r=1



f—\.:u\JJ\ oJm\.;AJ\
LU Alibidia g (5 al) Alialidia
Power series and Taylor series



Centered of Power Series:

Le o

This series Z a,(x — c)"is centered at(c),wherec =a = x

n=0

Example: where the following series are centered?

1. Z x" centered atc =0

1=0
1

oo

T
1 I
2. Z (— 5) (x —3)" centered atc =3

Radius and Interval of convergence of the power series:

for any power series there are only 3 possibilities for the value of (x) for which the

series c ONvVeErges:

convergent only forx = 0
1. |x] * o0 = Interval = 0
Radius = 0

convergent for all value of x
2.|x| 0 = [ interval = (—o0, +00)
Radius = oo

3. |x| * number



— (x + 1"
Example 5: Determine the radius and interval of convergence for Z %
n=0 ’
Solution:
a x + 1)n+t n!
Using Ratio Test: lim |2 | im ( ) *
11— o0 I{Inl 1n— oo (H -+ 1:]' (I + l:ln
. x+1 ) 1
= lim = |x + 1| lim =|lx+1|*0=0<1
n—oo N+ 1 n—oo 11 + 1
The series converges for all value of x.
Interval = (—oo, oo)
Radius = oo
) X ] ] = (x — 2)"
Example 6: Find the radius and interval of convergence of the series Z —z
n=1
Solution:
{I _ 2)n+1
Ian+1| {Tl + 1)2 {I _ 2)n+1 n?
Using Ratio Test: lim = lim = lim -
8 n—soo I{lnl n—oo {.1’ — 2)”’ 11— oo {:ﬂ =+ 1)2 - {I — 2)"’
nE‘.

i 2
— |x — 2| lim (m —x—2]*1=|x—2]

T1—= 30

The series convergeswhen|x — 2| <1 = —-1<x—2<l1l=1<x<3

The Interval = (1,3)
o e e l: . j—u
) -4 -3 2 -1 0 1 2 3 -




Tawviory Servies

2 Tawvlor series 15 an infinite sy that represents a particular function, The Tawlor

series for a function Fax). centered at x — . 1s the mnfinite series.
= ()
ST e o
7zl
rr—10
I Cea) Fla) > F' ) = F L) v
f{ﬂj—FT(.x—{I]—FT(x—ﬂj —|—T[:I—ﬂ:} + --- 4% — (I—t‘-l:.j
MNoide:- Ol — 1.
Example 1: Find the first five terms of the Tavilor series for: Ff{ax) = sim ax,
centered at o« — O7
Solutiom:
Filix) = sinx = FfF0O0) = sin0O = 0O
F'{x) =m cosx = F'{O) = cos O = 1
F" " {Ux) = —sinx = F"'(0O) = — sin O = O
F""{(x) = —cosx = F""'(0) = —cos0O = —1
F""" U x) = sinax = FNM0)Y = sin 0 = O
£ (a)d £ Ca) . A - £ (a) -
23 (o CE o))
= F{0) +f'513'(ﬂj:{x—£}]1+f > -I::A:—-E}jz—l—f Y (x — 0% + ---
The Tayvlor series for FfF{x) — sin x_. centered at (aa = O) is:
= IS I'.T" I‘El
D—I—x—l—ﬂ—EE—I—{]—I—E[—I—D—_?[—I—U—I—Q[—-
x= x> x x
* T 3 T er T m T e T
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e First Order Partial Derivatives:

0z

— is read as partial derivative of z with respect to x

dx

and means differentiate with respect to x holding vy constant.

dz

— is read as partial derivative of z with respecttoy

dy

and means differentiate with respect to y holding x constant.

Another common notation is the subscript notation:

z
Z, means — and Z, means ——

dx

z
Example 1: Calculate — and —

dx
Solution:
dz _, 3
i X+ 2y
dz

0z
dy

dz
dy

whenz=x*+3xy+y—1



e Second Order Partial Derivatives:

We express the second partial derivative in the form:

0%z 92z

dx=2 = Zaxxcs ayz - Zyy

9%z o R, (32 9%z o 0 Bz)
dx0y Fxy = dy \dx dydx Zyx = gx ay

a2z
x2
%z
ay?
a2z
dxdy

means the second derivative with respect to x holding v constant.

means the second derivative with respect to ¥ holding x constant.

means differentiate first with respect to x and then with respect

to v.
a2z
dyax

means differentiate first with respect to ¥ and then with respect

to x.

Example 1: Find all second order partial derivatives of the following

function f(x.y) = x%2y% + y2 + 2yx3

Solution:
d
é = 2xy? + 6x°%y
ad
% = 2x%y + 2y + 2x3
62
axj: = 2y< + 12xy
o2f
— 2

ERE = 2Z2x= + 2

32

ayéfx = 4xy + 6x7%
9%z

= 4xy + 6x°2

dxdy



