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Accelerated Coordinate Systems and Inertial Forces:

Consider the case of a coordinate system that undergoes pure
translation. In Figure Oxyz are the primary coordinate axes
(assumed fixed), and O'x'y'z' are the moving axes. In the case of pure
translation, the respective axes Ox and O'x', and so on, remain
parallel. The position vector of a particle P is denoted by r in the
fixed system and by r' in the moving system. The displacement OO'
of the moving origin is denoted by Ro Thus, from the triangle OO'P,

we have:
r = BO + l"

Taking the first and second time
derivatives gives:

v=V,+V
a=A,+a’




In which Vo and Ao are the velocity and acceleration of the
moving system, and v' and a' are the velocity and acceleration of the
particle in the moving system.

In particular, if the moving system is not accelerating, so that Ao =0,
then:

a=a’

So the acceleration is the same in either system. Consequently,
If the primary system is inertial, Newton's second law F = ma
becomes F = ma' in the moving system; that is, the moving system is
also an inertial system (provided it is not rotating). Thus, as far as
Newtonian mechanics Is concerned, we cannot specify a unique
coordinate system; if Newton's laws hold in one system, they are also
valid in any other system moving with uniform velocity relative to the
first



On the other hand if the moving system is accelerating, then Newton's
second law becomes:

F =mA,+ma’
or (1)
F -mA, =ma’

For the equation of motion in the accelerating system. If we
wish, we can write Equation (1b) in the form:

F’ =ma’

In which F' = F + (-mA,). That Is, an acceleration A, of the
reference system can be taken into account by adding an inertial term
—mA., to the force F and equating the result to the product of mass and
acceleration In the moving system. Inertial terms in the equations of
motion are sometimes called inertial forces, or fictitious forces. Such
"forces" are not due to interactions with other bodies, rather, they stem
from the acceleration of the reference system.



Example:

A block of wood rests on a rough horizontal table. If the table Is
accelerated in a horizontal direction, under what conditions will the
block slip?

Solution:

Let us be the coefficient of static friction between the block
and the table top. Then the force of friction F has a maximum value of
us mg where, m Is the mass of the block. The condition for slipping is
that the inertial force —-mAo exceeds the frictional force, where Ao IS
the acceleration of the table. Hence, the condition for slipping is:

|-mAy| > u;mg

or
Ay > u.g



Rotating Coordinate Systems:

We consider the case in which the reference system undergoes
both translation and rotation relative to the inertial system. The
position vector of the particle in the inertial system is denoted by R,
and in the moving system by r, as shown in figure.




Let the direction of the axis of rotation of the moving system
be specified by the unit vector e, as shown in figure and let o be the
angular speed about the axis:

Then the angular velocity of the moving
system Is:
W=ne
The velocity iImparted to a
particle due to rotation about an axis
can be expressed by the cross product

Vrot:(D>< r wWXr

To find how we get v.. ,we have:
R — RO + I Axis of rotation

Where r = ix +Jy +kz



Then we can write

R = Ro + ix +}y +kz
Taking the first time derivative we find:

[ N
dR =V, +i:x:+;'13,r+k:z+x-g---j-'---*'-:Y'(l'-'l"""5(3""E

| . N Bir
Velocity vector in _ iTLE
the fixed system Velocity of the particle in the

moving system denoted by? Represent the velocity due to
rotation of the coordinate

To find the time derivatives system. ch :
A A A - . . A ange|n
dk/at, dj/dt, ai/at consider Figure: (p | theunt

From the figure we see that the magnitude
IAEI 2~ (sin f) A0

Where ¢ Is the angle between 7 and w. AO Is
the magnitude of rotation axes oxyz.




Let At be the time Interval for this change. Then we can write

A

[ ] Lim e r =(sin ﬁ) =uJ sin #
At

Now the dlrectlon of Al is perpendicular to both @ and consequently,
from the definition of the cross product, we can write:

Al Y TG wly | G
. ] . d't vector
Similarly, we find ~ i e A%
Al - wox 3
dt W
0 — A
dk . _w3X X 0
dt
We now apply the preceding result to the last three terms in Equation
as follows: - -

a3 V +i1.x-|-;jy-’-kz+x-g-§=+y-(la»+zd--ls
dt dt at dt




g’-é: -d-i g‘-}t{-—- wf 3 o 5 r-'* “'
xdt+ydt+zdt-x(wA1)+y(w}{3)+.,(ka)
= wX (ix + jy + Lz)

::'.C"JX,I'

We can be generalized the equation V= v + vt + Vo to include the
rotation by writing:

dR
—=Fft+t oXr+V,
dit
The velocity of a moving particle measured In a primary
Inertial coordinate system can expressed as the sum of three vector (1)
the velocity r of the particle in the moving system, (2) the rotational
velocity wxr and (3) the velocity Vo of the origin of the moving

system.




The case of any vector guantity g, the time derivative in the
primary system (fixed) is given by adding the term ® X g to the time
derivative In the rotating system, namely:

()0
dt’ fixed—q ® :

Note:

If we let g=w, then we find ((Z—‘;) = o Since oxw=0
fixed

that is the angular acceleration is the same in both systems
Thus for the second derivative we find:

d‘..’
((_ﬁ&l) —i+ (XA + (06X + 0X @+ oXaq)
fixed

= +20Xqt+oXq+ eX(eXq)



Use this equation to find the relationship between acceleration vectors
(hint: let g be equal to the quantity dR/dt — Vo=t + 0 X 1 ).
We then find the following result

%125.—_i=+2mx1‘-+cb><r+m><(wxr)+Ao

The first term on the right — hand side Is just the acceleration
of the particle in the moving system. The next three terms are
rotational terms for the acceleration of the particle as seen in the fixed
system. The last term is the acceleration of the moving origin.

The term 2w % 1 Is known as Coriolis acceleration. The term
® X I IS the transverse acceleration. The last term ® X (wxr) Is the
centripetal acceleration. It is always directed toward the axis of
rotation and is perpendicular to the axis.
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1- Find the force for each of the following potential energy functions:

(@) V=cxyz+C
) V=02’ +py* +y2*+C

d) V =cr" in spherical coordinates

| Y. 4
:—;—-—-J__k_
ox oy 0z

F= —c(i:vz + jxz + Agxy )

gradient of V

YV =-i2ax- j2Byv—k2yz

(b) F

(€) F=-Vp=ce o) (l: a+ jp+ky ) '

- = .oV _lcVv .
(d) F=—VV=-—e,?-l—--e,,-]-—C———e¢ ,l i
or r 06 rsiné o¢

F=-écnr




2- Which of the following forces are conservative:

a) F-nx+jy+kz
) F=iy jx+kz
(o) F-1y+jx+kz
d) F =—kr"e, in spherical coordinates

=k(-1-1)%0

(c)
e.r é.rsind|
(] é

L |a & o
r’sin@| or 060  0¢
z’ —kr™" 0 0

=)

<
x
Byl
]

i
al -
—|=k(l-1)=0
5| =K(0-1)




(a) F=ixy +jcx2 +kz°
(b) F =i(z/y) +cj(xz/y’) + kix/y)

o J
i k a
- - lo o o %
VXF= =k(26'.\'—.’() 2 CXZ X
o & o izl
2 3 r y 7
il iz e 1) e,
2cx-x=0 Ly : y oy y oy
|
C== -'—”z-i:=0 c=-1
2 y
also Ez+i,=0 implies that ¢=-1 asit must
|




4- A particle of mass m moving in three dimensions under the potential energy
function V(x, y, z) = ax + By? + v z> has speed Vo when it passes through the origin.

(a) What will its speed be if and when it passes through the point (1,1,1)?
(b) If the point (1, 1, 1) is a turning point in the motion (v = 0), what IS Vo?
(c) What are the component differential equations of motion of the particle?

Solution:

(a) E =constant=V(x, y.z)+ %rnv:

. . I,
attheorigin £ =0+ Emv;

at (1.1.1) E=a+ﬂ+y+%mv3=%mv2

5 =vf——2-(a+ﬂ+}/)

m

2

v=|:vf ——(at+[1’+}/)j|2

m




my =—

mz =—

av

—
—
—_—
.

oV

=23y

—3yz’




5- A particle is placed on a smooth sphere of radius b at a distance b/2
above the central plane. As the particle slides down the side of the
sphere, at what point will it leave?

Solution:
l b

2
—mv" +mqgh=mg—
2 2

v =g(b-2h)

F = —% =-mgcosf+R

r

cosf = ﬁ
b
h mv*  mg mg
R=mg—— = h—(b-2h)|=—=>(3h-b
g = (= (b~-2h)] )
the particle leaves the side of the sphere when R =0
= g ,l.e.. g above the central plane




6- A bead slides on a smooth rigid wire bent into the form of a circular
loop of radius b. If the plane of the loop is vertical, and if the bead
starts from rest at a point that is level with the center of the loop, find
the speed of the bead at the bottom and the reaction of the wire on the
bead at that point.

Solution:

| .
—mv- +meh =0
> & y

at the bottom of the loop, A=-b h

1 by

,
SO —mv" =mgh .

v=/2gb

F =-mg+R=

2
myv

b

2
my

b =mg +2mg = 3Img

R=mg+
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(Thesphericalipendminms

The case is illustrated by a heavy
bob attached to a light inextensible rod or
cord which Is free to swing In any
direction about a fixed point ,see In
figure, this is called spherical pendulum.

There are two forces acting on the
particle, namely the downward forces of
gravity, and the tension S In the
constraining rod or cord. The differential
equation of motion is

mi = mg + S




If we choose the z-axis to be vertical, the rectangular component
of the equation of motion are as the follows:

mi = S,
my = Sy
mz = S, — mg

mg

An approximate solution is obtained for the case in which the
displacement from the equilibrium position iIs very small. The
magnitude of the tension Is then very nearly constant and equal to mg,
and we have |x| < [, |y| « I,z=0. The x and y component of S are
then given by the approximate relations

S, o~ —mg—la—:

S, o~ —mg%



The x-y differential equation of motion then reduce to
& 1 %x =0

ﬁ+%y=0
The solution are:

8
|

A cos (vt + a)
B cos (wt + B)

<
I

In which



Solution in spherical coordinate:

For more accurate treatment of the spherical pendulum we
shall employ spherical coordinate. The tension S has only a radial
component, but the weight mg has both a radial component
mgcosO and a transverse component —mgsin®. Hence the differential
equation of motion can be resolved in to spherical components as

follow:
ma, = F, = mgcos§ — S

may = Fyg = —mgsin @
ma, = F, =0
since the constraint is that:
r = [l = constant

(#-r¢*sin® 0 —r8%)e,
a= +(rf+270—r¢*sinOcosH)e,
+ (r@ sin 0 + 2@ sin O + 2r0¢ cos Oe,

and the acceleration in
spherical components is:



we can ignore the radial component of the acceleration. The other two
component reduce to:

as = 16 — l¢®sin @ cos @

a, = lg sin 8 + 26 cos 6

Thus, after transposing and performing cancellations, the
differential equations in ©6 and ¢ become

(9'—4:2sin00039+§sin0=0 --------- (1)

1 d,, .
S S 2)

The second equation implies that the quantity in the
parentheses Is constant let call h. it is the angular momentum (per
unit mass) about the vertical axis. The reason that It IS constant
stems from the absence of any moment of force about that axis.

Then we can write: h
@ =

sin? @



Upon inserting the above value of ¢ in to equ.(1), we obtain

the separated equation in ©: § — ¢*sin 0 cos 8 + g sin§ = 0
i 9o 2088 2
6+lsm9 hsin30 o ... (3)

Consider some special cases at this point. First, if the angle ¢
IS constant then ¢ =0 and so h =0, equ. (1) reduce to:

6 + ngin =0
Is just the differential equation of simple pendulum.

the second special case Is that of the conical pendulum;
0 = 60= constant. In this case 6 =0, 6 = 0 so equ.(3) reduce to:

g sin 90 — h?

: COS 00 -0

sind fo B

h? = -g sint @, sec 8, 0 e (4)



from the value of h given above we find:

"002 = g secfy, 00 ... 3)

As the condition for conical motion of the pendulum. The
above equation can be obtained by considering the forces acting on
the particle in its circular motion as shown in figure. The
acceleration Is constant in magnitude, and its directed toward the
center of the circular path. Hence, upon taking horizontal and
vertical component, we have:

S Siﬂ 00
S cos 6,

(ml sin 00)@02
mg




Which reduce to equation (5) elimination of S.

Let us now consider the case in which the motion iIs
almost conical; the value of 6 remains close to the value of O.. If
we insert the expression for h? into the separated differential
equation for 0, the result is

sin' §pcos 6\ 0
cos O, sin® 8/

§+lg(sin6—
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Motion of a Projectile in a Uniform Gravitational Field

E Linear Air Resistance: ‘

\WWe now consider the motion of a projectile subject to the
orce of air resistance. In this case, the motion does not conserve
total energy, which continually diminishes during the flight of the
projectile . To simplify the resulting equation of motions, we take
the constant of proportionality to be my where m is the mass of the
projectile. The equation of motion is then;

F=ma=F+G




g, we write Equation (2) in component form

X =-yx
y=-ry
Z2=-Y2—¢g

\We see that the equations are separated; therefore, each can
solved individually. We can write down the solutions, noting that
ere y= cl/m, cl being constant. The results for the velocity
components are:
% =%
y=foe
=%, " ~Eq-em
Y

We orient the coordinate system such that the x-axis lies
along the projection of the initial velocity onto the xy horizontal
plane. Then y = y, = 0 and the motion is confined to the xz
vertical plane. Integrating once more, we obtain the position

coordinates




r=22(1-¢")

z=(ﬁ+—g2-)(1-e'")-§t
Y ¥ Y

We have taken the initial position of the projectile to be zero,
e origin of the coordinate system. This solution can be written
ectorially as:

r =[—v——°—+—k—§-)(1—e'7‘)—k§t-
A i Y

Contrary to the case of zero air resistance the path of the
projectile Is not a parabola, but rather a curve that lies below the
corresponding parabolic trajectory. Inspection of the x equation shows
that, for large t, the value of x approaches the limiting value

x— 20
Y




that the complete trajectory of the projectile, if it
Ing, would have a vertical asymptote as shown iIn

/Path with no air resistance

——

- o

// \\\ o~ Vertical asymptote
/ \
/ \
/ \
\
/ \

4 Path with \

air resistance \

Igure: Comparison of the paths of a projectile with and without air
resistance.



» Constrained Motion of a Particle:

\WWhen a moving particle is restricted geometrically in the sense
L It must stay on a certain definite surface or curve, the motion Is
ald to be constrained. A piece of ice sliding around a bowl and a bead
sliding on a wire are examples of constrained motion

» The Energy Equation for Smooth Constraints .

The total force acting on a particle moving under constraint
can be expressed as the vector sum of the net external force F and the
force of constraint R. The latter force iIs the reaction of the
constraining agent upon the particle. The equation of motion may,
therefore, be written

dv
2V _F+R
mdt +



the dot product with the velocity v, we have

mﬁ-v=F-v+R-v
dt

Now In the case of a smooth constraint the reaction R is
ormal to the surface or curve while the velocity v is tangent to the
surface. Hence, R Is perpendicular to v, and the dot product R . v
vanishes. Equation above then reduces to:

-étd—(%mv-v) =F-v
If F Is conservative we find that even though the particle Is
constrained to move along the surface or curve, its total remains

constant, namely

%mv2 +V(x,y,z) = constant = E

We have expected this to be the case for frictionless constraints



Example:
article is placed on top of a smooth sphere of radius a. If
e is slightly disturbed, at what point will it leave the sphere?

he forces acting on the particle are the downward force of gravity
and the reaction R of the spherical surface. The equation of motion is:

m%=mg+R

| et us choose coordinate axes as shown
In Figure.

The potential energy is then mgz, and
the energy equation reads:

~mv® +mgz=E

2




the Initial conditions (v = 0 for z = a) we have E = mga,
article slides down, its speed is given by the equation:

=2g(a —z)
If we take radial components of the equation of motion, we can
e the force equation as:

""g (32— 2a)

Thus, R vanlshes when z =2/3a which point the particle leaves
the sphere. This may be argued from the fact that the sign of R
changes from positive to negative there.



Example:

onsider a particle sliding under gravity in a smooth
gdal trough , as shown in figure, represented by the parametric

ations: x = A(20 + sin 20) ;
2= A(1- cos29) .
here ¢ Is the parameter. Find the energy )

equation for the motion 2
The energy equation for the motion, assuming no y-motion, Is:

E=%02+V(z)=%(i2+i2)+mgz

Because % = 2A@(1 + cos2¢) and %z = 249 sin2¢, we find the following expression for
the energy in terms of ¢:

E = 4mA®$*(1 + cos2¢) + mgA(l— cos2¢)




f the identities
1+cos2¢=2 cos” ¢ and 1 — cos 2¢ =2 sin” ?,
E=8mA"9" cos®§+2mgA sin” ¢

Let us introduce the variable s defined by s = 4A sing. The
energy equation can then be written:

This Is just the energy equation for harmonic motion in the
single variable s. Thus, the particle undergoes periodic motion whose
frequency Is independent of the amplitude of oscillation ,unlike the
simple pendulum for which the frequency depends on the amplitude.
The periodic motion in the present case Is said to be isochronous .
(The linear harmonic oscillator under Hooke's law Is, of course,
Isochronous.)



General Motion of a Particle in Three Dimensions

, Jua gall daal
i ) il L Rl
5L 3a8l) awid

dr.alil969a@gmail.com
dr.alil969@uomosul.edu.iq



mailto:dr.ali1969a@gmail.com
mailto:dr.ali1969a@gmail.com
mailto:dr.ali1969a@gmail.com
mailto:dr.ali1969@gmail.com
mailto:dr.ali1969@gmail.com
mailto:dr.ali1969@gmail.com

Forces of the Separable Type: Projectile Motion

The components of a force field involve the respective
coordinates alone, that is,

F =iF, (x) +jF,(y) + kE, )

Forces of this type are separable. In which the curl of such a
force is identically zero. The field is conservative because each
partial derivative is of the mixed type and vanishes identically,
because the coordinates X, y, and z are independent variables. If
the force iIs separable, then the component equations of motion
are of the form

mx = fx(x; X; t)



Motion of a Projectile in a Uniform Gravitational Field

A:'No Air Resistance:

we first consider the case of a projectile moving with no air

resistance. Only one force, gravity, acts on the projectile. Choosing

the z-axis to be vertical, we have the following equation of motion:

2
m % =kmg = 1

Because = there are no

horizontally directed forces acting on

the projectile, the motion occurs solely

In the rz vertical plane. Thus, the

position of the projectile at any time
1S: (see figure)

r=ix + kz



The speed of the projectile can be calculated as a function of its
height, z, using the energy equation:

1, 22, 22 _1_ 2
Fm(X” +27)+mgz = s mu,

or equivalently,

2 _ 2
v° =0, —2¢z

We can calculate the velocity of the projectile at any instant
of time by integrating equation (1) to have:

_dr d’*r

The constant of integration is the initial velocity vo. In
terms of unit vectors, the velocity Is: '

v =iy, cosa + k (v, sina — gt)




Integrating once more yields the position vector:
r=—kggt® +vyt+r,

The constant of integration is the initial position of the
projectile, r,, which is equal to zero; therefore, in terms of unit
vectors become:

r =i(v, cos@)t + k((vo sin o)t — ';" gt2)

In terms of components, the position of the projectile at any instant

of time Is:
x = %yt = (v, cos @)t

y=igt=0 L @
Z = Zyt — 2gt —(vosma)t—— t2

Where 1, =vycose, y, =0, and 2, =v,sine are the components of the initial

velocity v,.



We find z(x) by using the first of Equations (2) to solve for t
as a function of x and then substitute the resulting expression in the
third of Equations (2) to show that the path of the projectile is a

parabola. ,__x

x = %yt = (v, cos )t

g } g z:iot—%gtz:(vosinoc)t—%gt2
X

z=(tana)x —
[203 cos’a

We calculate several properties of projectile motion:

 First, we calculate the- maximum height obtained by the projectile
by using equation v? = v2 — 2gz and noting that at maximum
height the vertical component of the velocity of the projectile is
zero so that its velocity is in the horizontal direction and equal to
the constant horizontal component, v,cosa. Thus:

2 2 ., .2



We solve this to obtain
_ v% sin’ax

28
Second, the time It takes to reach maximum height can be obtained
from equation v = iv,cos < +Kk(v, sin «« —gt) where we again
make use of the fact that at maximum height, the vertical
component of the velocity vanishes, so:

. sino
Vg SINO ~ gty =0 I:> t,,nm:U0 :
g

Third, we can obtain the total time of flight T of the projectile by
setting z =0 in the equations (2), which yields:

2

max

_ 20, sinc
&

T




This Is twice the time it takes the projectile to reach
maximum height. This Indicates that the upward flight of the
projectile to the apex of its trajectory is symmetrical to its downward
flight away from it.

« Fourth, we calculate the range of the projectile by substituting the
total time flight, T, into the first of equations (2), obtaining

vﬁ Sin22a x = x4t = (v, cos @)t

g T= 20, sinc
4

R=x=

R has 1ts maximum value

R, . =v,/gat a=45°

max
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