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In case of two-dimensional low, the stream function may be defined mathematically as

VR rann ..for unsteady flow, and

V= fluy .. for steady flow,

ch that. we N (5.38)
such tha 3

.. 70/@ }\r@//\)

For two-dimensional flow the continuity equation is L/Le
&, o
& O

Substituting the values of u and v from eqn. (5.38), we get:

sla)ala) -0

-0

é’w d’w
—_—— =
ay &y

Hence, existence of y means a possible case of fluid flow,
— The flow may be ‘rotational’ or ‘irrotational’.
The rotational component @, is given by: |

l['élr &J]
R

Substituting the values of u and v from equ. (5.38), we get:

e 202205

2 2
or, 0, = - -% [% + -;—?] ..(5.39)
This equation is known as Poisson’s equatioun, For an irrotational flow, since o, =0, eqn.(5.39)
becomes:
& 2
—E}‘\Ee}—g =0 ie, Aly=0
which is the Laplace equation in .
In the polar co-ordinates:
]Ir = l—ag‘ Y, = i’l{
rée or

— Let y(x, y) represent the stream line L (See Fig. 5.21). The (y + dy) represents the adjacent
stream line M. The velocity vector ¥ perpendicular to the line AB has components u and v in the
direction of X-axis and J-axis respectively. From continuity consideration, we have:

7"—"" wdinoccdIIniel 2 wos<e Q}SMI
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oo e 228 Fluid Mechanics

m'=

& oy
\
By substituting the values of u, v and w in term of ¢ from eqn. (5.35), we get:

e 52202
1| &% %
2]

e 2222

_l_"év Eu)

L]

|
b | =
I
Rl
g |-
+
2l
aaa-
| IS — |

o = 1[3[_§]~3(_@]]z1[_ﬂ+ﬁ]
= 2lel ) v\ & 2 &y dyéx
However. if § is a continuous function then,
7 _ P % _ R - S
oz &y @& && &dy oyex
5 o =0=0=0 i.e. the flow is irrotational.
Thus if velocity potential (§) satisfies the Laplace equation, it represents the possible steady,

incompressible, irrotational flow. Often an irrotational flow is known as potential flow.

Equipotential line:
An equipolential line is one along which velocity potential ¢ is constant.
Le. For equipotential line, § = constant,

But, ¢ ={x, y) for steady flow.'

=D b
dé = ardr+6y

But. ﬁ=-—:m1d Do
éx &y

. db = =uds—vdy = (udc +vd)
For equipotential line, d§ =0

or, —(ude +vdy) = 0
or, (udx +vdy) = 0
Dl U
or, e = -(5.37)

where, % = slope of equipotential line. JQ? \ é-JC'.- },_9 &

5.10.2. Stream Function

The stream function is defined as a fimction of space and time, such that its partial derivative

with respect to any direction gives the velocity component at right angles to this direction, It is
denoted by y (psi).

dé =0 WS pS TS AV Y
Tl

Lalnscdiigr 2 wge a>gwadll
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1oy ou) 1 g 3
m'ﬂE[E—S]QE[O—_‘I}‘Z)H--Exyz(ﬁlﬂ-)
I(&w ov 1[, ! ,J
™ 2[.55- )T E\E =T tArs ]
1 L‘n'} | - )

e e = (1) = 0) = =) "
0= 3o - o) =1’ -0 29" (Ans)

5.10. VELOCITY POTENTIAL AND STREAM FUNCTION

5.10.1, Velocity Potential

The velocity potential is defined as a scalar finction of space and time such that its negative
derivative with respect to any direction gives the fluid velocity in that direction. 1t is denoted by ¢
(phi). Thus mathematically the velocity potential is defined as:

d=s(xyzl) ...for unsteady flow.
and, $=s()2) ..for steady flow;
such that: "e= %)
&
v= —g 4 (5.35)
W= - ﬂ
oz

Where, u, v and w are the components of velocity in the x, y and z directions respectively.

The negative sign signifies that ¢ decreases with an increase in the values of x, y and z. In other
words it indicates that the flow is always in the direction of decreasing §.

For an incompressible steady flow the continuity equation is given by:

ou ov ow
i g =)
& & oz

By substituting the values of u, v and w in terms of ¢ from eqn. 5.35, we get:
i(_ﬂ]*.i _ﬁ +£(_-0.9.]=0
ax\ &) oyl o) az\ &
d% % 0%
—_—t—t— = ...(53
o ot &t 9
This equation is known as Laplace equation.

Thus any function § that satisfies the Laplace equation will correspond to some case of fluid

Slow.
The rotational components are given by [eqn. (5.30)]:

5

20y &
l[@n an
e} - | — — —
el B

S udiraldiiier =2 wee "'}9““‘“‘”
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