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Arithmetic Series:

The sum of the terms of an arithmetic sequence is called as arithmetic
series.

7,17,27,37,47, ... = 1s an Arithmetic sequence

7+ 17 + 27 + 37 + 47 + --- = 1s Arithmetic series

The sum of n terms of an Arithmetic Series:
[ul + a,
= n
2

S., ],an=a1+(n—1)d

Where:

a;:is the first term

a,:is the n"term

n: is the number of terms
d:isthe commondif ference



Example 1: Find the sum of the sequence 3,9, 15,21, ... to 10 terms.
~Solution:

S, = ;[2-:11 + (n — 1)d], a, = 3
d=a, —a,, 1 =9 —3 =6

Si0 = > [2(3) + (10 — 1)6] = 5,0 = 5[6 + 54]
S0 = 5[60]1 = 300

Example 2: Find the sum of the 60 terms of the following series
9+ 14 + 19 + 24 + --- + 289 + 294 + 299 + 304

Solution:

d—=a,, —a,, 1 =24 — 19 =5, m =60, a; =9, agg = 304

1. 5, = %[Zﬂl + (n — 1)d] = Sgo = % [2(9) + (60 — 1)(5)]

Seo = 30[18 + 59(5)] = Sgo = 30(313) = 9390

gf‘”’] = Seo = 30(313)

aq +ay
2

2. S5, =n| | = S0 = 60|

5'5[} — 9390



Geometric Series:

The geometric series is a series that has the form E ar™ , where (a) 1s a

real constant and (7)) is a real number. n=0

E ar™ = S, —=a+ar +ar? +ar® + ---+ ar™

e
Example: find the sum of the series E 1
=1

o 211':
B | 1 1 1
2k 21 ' 32 T 33 P&t
k=1
— 1 1 1 1 1
E — = =4+ — 4+ =+ — + ---
2k 2 4 8 16
k=1
Example: Write out the first four terms of the series Z (é)
=3

2T g 16 32 64
E (—) = + + + 4+ .-

3 >7 ' 81 @ 243 @ 729
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Rules of limits: Useful rules for finding limits

i fix) }(,1_1’2 ()
x>egGO  lim g’

where g(x) = 0

Example:
x4 4 2 1 lirq(x4+x2—1)
lim = =
1 x2 + 5 liI’l’:ll(:xz + 5)
M —s

- 4 - E _ -
lim(x®) + }g_l;t}(x ) :Ll_r}I;ll(lj 14 4+ 12 _ 1

x>l +
lim(x?2) + lim((5) 12 4+ 5
x—1 x—1

1
6

e Rule no.1

1. If the degree of the numerators is lower than the degree of the
denominator, the numerator be expressed as n(x). and the denominator
be expressed as d(x). then:

 n(x)
lim —

= 0
A—> 0O d(x)




Example:

. 5x3 —2x?2 +17x — 13 ~ B5x3 _
lim = lim = limm — = 0
x—> o0 12 — 2x + x* x—oo x4 x—00 X

Note: Any value divided by infinity equals O

2. If the degree of the numerator i1s higher than the degree of denominator,
then:

i n(x)
im — oo or — O
A —> 0O d(:x)
Example:
. 3x°+x2 -5  3x° 3
lim = lim = lim —x~° = oo
x—o0o 6 +x + Tx2 x—o0 FX2 x—oo f

3. If the degree of the numerator is equal the degree of denominator, then
is equal to the leading coefficient of n(x) over the leading coefficient of
d(x).

Example:
i 3x3 —2x2 +x — 4 i 3x3 y 3 3
2 —> 00 4 + 2x — 5x3 x—oo —5x3  x=ce § 5



e Rule no.2
L ’Hopital’s Rule: It is a rule used in Limits, when the results of the

Limits are not specified

If the lim £lx) results in one of the following forms:

x—c gL
0 oo f!(x)
et _ im ———— exits and g'(x) = 0, then:
U:im,mim,ﬂnd };ﬂég’(x} g'(x)

F) lim £’
lim = X2¢ This is called L'Hépital's Rule
x—e g(x) limg’'(x)

Xx—C

Example 1: Find the lim er—1
a—=0 a0
Solution:
e*x 1 lim({e* — 1) 0
lim = xX=0 = —
x—>0 X lirr (x) 0]

2 — 0
TTsing T."Haopital s Rule
e™ 1

lim — = lim — = 1
a0 2a—0 1

e —1—ax—(xZ 2
E)

Example 2: Find lim

20— 0 a0

Solution:

= — — 2
lim = rox—lx f2) %, TUUsing I."Hopital s Rule

=

2e—> 0 -
- eX—1—ax 0 - - .= - .

,LIL;IE)T = 5 - TTsing IT."Hopital s Rule again
] e™ — 1 (8] . L N ] e e? 1
litlmmn ————— = —, Using L'"Hopital’'s Rule lim - e o

2e—0 52X Q ac—»0
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1. Convergence and Divergence of Arithmetic Series:

M

n=1
5, —a, +ta, +az; +ay +---+a,
n 1yl
5, = E[a:1 +a,] or S5, = E[Zal + (n — 1)d]
Convergent, where lim S,, = L

5, = . L

" Divergent, where lim 5,, = *+oo

L — O

a,:The first term.
S5,: The sum of terms from 1 to n.

L: Specific number.

(= a]

Example 1: Test the following series for convergence or divergence E (Zn — 1)

n=1

Solution:
E 2n—1)=1+3+5+7+---+ (2Zn — 1) + ---
n=1

d=a, —a,,_, =5—3=7—-—5b=2=d,anda; =1

S, — =[a, +a,] = S, =%[1+=:2n—1)] = S, =;—1 [1+2n — 1]

2
T
S, =35 [2n] = S, =n? = lim S, — lim n® — o

[ ]

E (2 — 1) is divergent.

n=1



2. Convergence and Divergence of Geometric Series:

ar™ —mar +ar2 +ar® + --- 4+ ar™

[Ms

1

=
I

- — || << 1, then the series is convergent,and S,, = T
|| = 1, then the series is divergent, and It has no sum

a:the first term.

1: The result of dividing each term by the previous term.

S,:The sum of terms from 1 to n.

(o)
1
Example 1: Test the following series for convergence or divergence E 57
i—1

if convergent then find the sum of this series.

Solution:
[o ]
1_1 1 1 1 1
Z?_E+22+23+24+'"+2”+"'
i—1
1 1 1
a =2 >3
T = n_ _ 22 _ 2 = —,|rl = =< 1, then it is convergent.
[ r— l L 2 2
2 22
1 1
S, = a = 5., = 2 = 5 §:>S —1 2 =1
n_]_—?' Fr 1 n_l n_2 -
1—3 73

[eca}
1
Therefore the series E >7 is convergent, and the sum is 1.
i—1



3. Convergence and Divergence of P-series:

(e8]

1

Z — p: is constant number.
n

n=1

_ { p > 1,then the series is convergent
p 0 < p = 1,then the series is divergent

o 1
Example 1: Show that E — is convergent?
r
r=1

Solution:

This series is p — series,wherep =2 > 1

o0
1
threrfore the series Z — is convergent.
-

=1



Azl 5 3 paladll
Dbl Alulidia 5 (5 sl Alididia
Power series and Taylor series



Centered of Power Series:

oo

This series Z a,(x —c)"is centered at(c),wherec =a = x

n=0

Example: where the following series are centered?

1. Z x" centeredatc =0

n=0
=) 1 n

2. Z (— E) (x — 3)" centeredatc = 3

n=0

Radius and Interval of convergence of the power series:

for any power series there are only 3 possibilities for the value of (x) for which the

series converges.

convergent only forx = 0
1. |x] * o0 = Interval = 0
Radius = 0

convergent for all value of x
2.x] x 0 = [ interval = (—oo, +-00)
Radius = oo

3. x| * number



— (x + 1"
Example 5: Determine the radius and interval of convergence for Z %
n=0 ’
Solution:
a x + 1)n+d mn!
Using Ratio Test: lim LEEEY im ( ) *
11— 00 I{Inl fn—co (H =+ l:ll (I =+ 1]”’
] x+1 ) 1
= lim =|lx+1]lim——=|x+1]|*0=0<1
n—oo [0 + 1 n—oo M + 1
The seres converges for all value of x.
Interval = (—oo, o0)
Radius = oo
. . . N —2)m
Example 6: Find the radius and interval of convergence of the series Z Dz
n=1
Solution:
{x _ 2)n+1 . ,
. . . Ia11+1| . {:Tl + 1)2 . (I _ 2)n+ n
Using Ratio Test: ;—IIEI-}: ol }111_1;130 x—2)" |~ il—lﬂ: CEEVE = x—2)
nz
" ﬂ 2
= II_ZIALH{}:. 1) = lx —2] =1 = |x — 2|

The seriesconvergeswhen|x — 2| <1 = —-1<x—-2<1=1<x< 3

The Interval = (1,3) E g



Tavior Servies

A Tawvlor series 15 an infinite s that represents a particular function, The Tawlor

serites for a function Fx). centered at a — ., 1s the infinite sernies.
= )
P s S
o A
=i
F(a) Fla) - F' e = F ) -
f{:ﬂj—FT{:x—{I]—FT(:‘:—ﬂ] —|—T[:.’-l:-'—ﬂ:} + --- % — (x—a}
MNote: O — 1.
Example 1:- Find the first five terms of the Tavilor series for: Ff{ax) — sim ax,
centered at «« — 07
Solutiom:
Filx) = sinx = F{0O) = sin 0 = 0O
F'{ix) =m cosx = F'{(O) = cos O = 1
F " 'U{x) = —sinx = F"(O) = — sinm0O = O
F"""{(x) = —cosx = §F""{O0O) = —cos0O = —1
F """ x) = sinx = JF"7""NM0) = sin 0 = O
F ia) ' Ca) F" ) FCa) -
23 Co) G230
= F£{0o) +f':1:'(ﬂ](x—£}jl+f S (2 — )2 + L =7 (x — 023 &+ ---
The Tavlor series for F{x) — sin x. centered at (a =— 0O) is:
= IE I'.T" I'E'
D—I—x—l—ﬂ—g[—I—'EI—I—SE—I—D—_?[—I—D—I—?[—-"
ax® x = a P
= R A= E e R =T S
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e First Order Partial Derivatives:

0z
I is read as partial derivative of z with respect to x
X

and means differentiate with respect to x holding y constant.

0z
E is read as partial derivative of z with respecttoy

and means differentiate with respect to y holding x constant.

Another common notation is the subscript notation:

z
Z, means —— and Z, means ——

dx

Example 1: Calculate — and —

dx

Solution:

EJ‘lg—z +3
dx X Y

0z
dy

0z
dy

whenz=x*+3xy+y—1



e Second Order Partial Derivatives:

WWe express the second partial derivative in the form:

g%z a2z
Ax2 | Txx 8y 2 = Zyy
%z 0 (az 8%z _a 32)
dxdy Zxy = dy \ax/"’ dydx Zyvx = ay
02z . ] . .
Fxz means the second derivative with respect to x holding ¥ constant.
92z . . . .
32 means the second derivative with respect to ¥ holding x constant.
a2z . . . . .
xdy means differentiate first with respect to x and then with respect
to .
9%z . . . .
3y dx means differentiate first with respect to ¥ and then with respect
to =

Example 1: Find all second order partial derivatives of the following

function f(x.y) = x%2y% + y2 + 2yx3

Solution:
d
é = 2xy? + 6x7%y
d
% = 2x%y + 2y + 2x?3
62
Bxi = 2y?% + 12xy
a2f
5y2 = 2x% + 2
82
ay;x = 4xy + 6x°
9%z
= 4xy + 6x°2

dxdy



