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Chapter Four: Logical Systems, Propositional Functions, Quantifiers, 

and the Method of Proof 

Introduction 

The transition from propositional logic to predicate logic represents an 

advanced stage in the evolution of mathematical logic. Attention is no 

longer confined to studying propositions as isolated units with fixed truth 

values; instead, the focus shifts toward analyzing the internal structure of 

the proposition, uncovering its constituent elements, and examining the 

relations that bind its parts. This development has led to the emergence of 

logical systems far more capable of expressing complex relations that 

simple formulas in propositional logic fail to capture . 

A logical system refers to a structured set of symbols, definitions, and 

rules used to construct logical expressions and derive conclusions 

precisely and consistently. A logical system is not merely a collection of 

characters; rather, it is an integrated intellectual framework aimed at 

organizing thought and inference processes according to specific 

principles. Its importance lies in providing a formal language that permits 

the analysis of propositions far from the ambiguity that characterizes 

natural language . 

The development of logical systems brought forth the concept of 

propositional functions, which is one of the most critical concepts in 

modern mathematical logic. A standard proposition possesses a specific 

truth value, whereas a propositional function is a symbolic expression 

containing one or more variables. It cannot be judged as true or false until 

these variables are replaced by specific values or individuals. For 

instance, if we say "x is human," this expression is not a complete 

proposition as long as the symbol (x) remains unspecified; however, it 



transforms into a proposition with a definitive truth value when we 

replace the variable with a specific name, such as "Ali is human". 

Consequently, it became possible to analyze the internal content of 

propositions with greater accuracy. The proposition is no longer treated as 

a closed unit, but rather as a structure consisting of a subject, a predicate, 

and the relation linking them. This analysis has allowed for uncovering 

the deep logical structures underlying various linguistic expressions, and 

has enabled logicians to study general relations and shared characteristics 

among individuals and things . 

Propositional functions are intimately linked to the concept of variables. 

A variable is a symbol that can refer to an unspecified number of 

individuals or objects, serving as a fundamental tool for expressing 

generality and abstraction within mathematical logic. The use of variables 

has expanded logic's capacity to express general laws and universal 

judgments that cannot be represented through single, isolated 

propositions alone . 

To define the scope of variables and employ them accurately, logical 

quantifiers were introduced as one of the most significant innovations in 

predicate logic. The universal quantifier expresses that a judgment 

encompasses all individuals within a domain, whereas the existential 

(particular) quantifier denotes the existence of at least one individual for 

whom the specified attribute or relation holds true. Quantifiers have 

contributed to transforming general and particular judgments into clear 

symbolic formulas that can be subjected to logical analysis and 

mathematical proof. 

The importance of quantifiers stems from their ability to express 

universal and existential propositions precisely .When we say "All 

humans are mortal," we apply a universal judgment that includes every 

member of the human class. Conversely, when we say "Some students are 

industrious," we express the existence of specific individuals to whom the 

attribute applies, without extending the judgment to all members. This 

distinction has enabled logicians to construct more advanced systems to 

study the logical relations between different judgments . 

Through the study of quantifiers, a clear distinction emerged between free 

variables and bound variables. A free variable is one that appears in a 



propositional function without being subject to a logical quantifier that 

restricts its scope. On the other hand, a variable becomes bound when it 

falls within the scope of a universal or existential quantifier. This 

distinction is vital for understanding the logical structure of compound 

propositions and for determining the exact meaning of symbolic 

expressions. 

The relationship between propositions and propositional functions 

represents a key topic in mathematical logic. A proposition can be viewed 

as a special case of a propositional function where the variables have 

been assigned specific values. Meanwhile, a propositional function 

represents the general formula that can generate a large number of distinct 

propositions depending on the values assigned to its variables. Hence, 

propositional functions have become an effective tool for expressing 

general laws, scientific theories, and mathematical relations . 

This evolution has led to building an integrated network of theorems and 

rules of inference that allow deriving conclusions from premises 

according to strict logical foundations. A theorem is a proposition whose 

truth is proven based on a set of recognized definitions, axioms, and 

inference rules within the logical system. Theorems derive their 

importance from being necessary conclusions resulting from primary 

principles that are assumed to be free of error or contradiction . 

The process of proof relies on a series of organized logical steps that 

begin with given premises and terminate at a necessary conclusion. A 

proof must be consistent, free of fallacies, and grounded upon valid rules 

of inference. Through these rules, one can move from particular 

propositions to general judgments or vice versa, and uncover hidden 

relationships linking different concepts . 

The application of systems of definitions has advanced the deductive 

method within mathematical logic, making it possible to construct 

concepts precisely and determine their core properties before utilizing 

them in reasoning. A logical definition is not merely a linguistic 

explanation of a term; it is a formal tool that determines the domain of a 

concept, its boundaries, and its relations to other concepts. Thus, 

definitions have become an essential part of the logical architecture of 

any scientific or philosophical system . 



The significance of these concepts is not confined to logic alone; it 

extends to mathematics, computer science, artificial intelligence, 

linguistics, and contemporary analytic philosophy. Modern computer 

programming relies heavily on variables, functions, and logical 

quantifiers, while artificial intelligence systems depend on rules of 

inference and proof to process information and make decisions . 

Thus, it is clear that studying logical systems, propositional functions, 

quantifiers, and theorems represents an advanced stage of mathematical 

logic. It exposes the internal structure of human thought and provides 

precise tools to analyze the relations and inferences upon which various 

sciences are built. Through these tools, mathematical logic has managed 

to surpass the limits of traditional propositional logic, moving to a deeper 

and more comprehensive level in the study of thought, language, and 

knowledge . 

 

Chapter Five: Set Theory and Operations Between Sets 

Introduction 

Set theory is one of the most vital foundations upon which the 

contemporary structure of mathematics and mathematical logic rests. 

Indeed, many researchers consider it the common language through 

which diverse mathematical and logical concepts can be expressed. This 

theory has occupied a central position since the late nineteenth century, 

when mathematicians and logicians sought more accurate and rigorous 

foundations to organize mathematical knowledge. They found in the 

concept of a set a powerful tool capable of unifying different concepts 

and relations within a single logical framework . 

The importance of set theory is not limited to mathematics alone; it 

extends directly into logic, philosophy, computer science, artificial 

intelligence, and linguistics because it provides a precise means to 

express relations between objects, classify them, and study their shared 

characteristics. Consequently, set theory has become an essential part of 

studying modern mathematical logic, as it aids in understanding the 

nature of classification, abstraction, and the logical relations that connect 

concepts and individuals . 



Origin and Development of Set Theory 

The emergence of set theory is historically tied to the name of the 

German mathematician Georg Cantor, who is considered the actual 

founder of this branch of knowledge. His research initiated from an  

attempt to study infinite sets and distinguish between their different 

types—an endeavor that yielded results that triggered a profound shift in 

contemporary mathematical thought . 

At their inception, Cantor's ideas faced substantial criticism and 

opposition, because the concept of infinity raised complex philosophical 

and mathematical paradoxes. However, subsequent developments proved 

the immense value of this theory and its role in establishing modern 

mathematics on clearer and more precise foundations . 

With the advancement of mathematical logic, set theory became an 

indispensable tool for analyzing mathematical and logical structures, 

making it possible to express numbers, relations, functions, and various 

mathematical systems within a unified framework . 

The Concept of a Set 

A set is defined as a collection of well-defined objects or elements, such 

that it is possible to determine clearly whether any given element belongs 

or does not belong to it. The objects that make up the set are called its 

elements . 

The concept of a set is characterized by a high degree of abstraction; a set 

can consist of material objects, mental concepts, numbers, symbols, 

individuals, or even other sets. When we speak of the set of students in a 

classroom, the set of even numbers, or the set of Muslim philosophers, 

we refer in each case to a collection of elements united by a specific 

description or property. 

The clarity of the criterion of membership is the fundamental condition 

for the existence of a set, since ambiguity in specifying the elements leads 

to a loss of the required logical precision . 

Methods of Defining Sets 



A set can be defined in more than one way, depending on the nature of its 

constituent elements : 

• The Roster (Listing) Method : This first method consists of listing 

the elements of the set directly when their number is finite and 

known . 

• The Set-Builder (Description) Method :  This second method 

relies on specifying the shared property that characterizes the 

elements of the set, without the need to list them all individually . 

The importance of the description method becomes particularly evident 

when dealing with large or infinite sets whose elements are impossible to 

count completely. These methods reveal the abstract nature of sets, 

showing that the true value of a set lies not in how it is written, but in the 

precise determination of its elements and relations . 

Classification of Sets 

The expansion of set theory led to several classifications that help 

understand their nature and the relations existing between them : 

• By Number of Elements : A distinction can be made between 

finite sets and infinite sets . 

• By Nature of Elements : A distinction can be made between 

numerical sets, symbolic sets, and conceptual sets . 

Sets can also be classified according to the relations of containment and 

membership, which has given rise to the concepts of subsets, universal 

sets, and other fundamental notions. Classification is a necessary step in 

logical analysis because it helps organize knowledge and uncover 

structural relationships between different concepts. 

Types of Sets 

Among the most critical types of sets addressed in mathematical logic 

and modern mathematics is the Empty Set ,which is the set that contains 

no elements at all. Despite being devoid of elements, it plays a structural 

role in building mathematical and logical theories . 



There is also the Universal Set ,which contains all possible elements 

within a specific field of discourse or investigation, serving as a baseline 

reference when studying relations and  operations between sets . 

Other important types include Equal Sets ,which possess exactly the 

same elements, and Equivalent Sets ,which have the same number of 

elements (cardinality) even if the nature of those elements differs. 

Additionally, the concept of a Subset  stands out, which is based on the 

containment of one set inside a larger one. This concept is one of the most 

widely utilized tools in mathematical and logical proofs. 

Relations Between Sets 

The study of sets is built upon a group of core relations that determine 

how sets connect with one another : 

• Membership   (∈:) This relation links an individual element to a set . 

• Containment   (⊆:) This relation links one set to another set. 

The clear distinction between these two relations has eliminated much of 

the historical confusion in mathematical and logical thinking. Other 

relations pertain to equality, equivalence, overlapping, and 

disjointedness—all representing different forms of association between 

sets. The importance of these relations lies in allowing complex 

mathematical structures to be analyzed and broken down into simpler, 

clearer components . 

Operations on Sets 

Operations on sets represent the dynamic dimension of set theory, as they 

allow for constructing entirely new sets from pre-existing ones : 

• Union (\(\cup \)) : One of the most common operations; it 

expresses the gathering of elements from two or more sets into a 

single set that contains all elements belonging to any of them . 

• Intersection (\(\cap \)) : Expresses the elements shared in common 

between sets. Therefore, it plays a vital role in revealing the points 

of convergence between different concepts or categories . 



• Difference (\(\setminus \) or -) : Allows for isolating elements that 

exist in one set but do not exist in another, making it an effective 

tool in processes of distinction and classification . 

• Complement (A' or \(A^{c}\)) : Involves identifying the elements 

that do not belong to a specific set within the framework of the 

universal set. This operation is deeply intertwined with the concept 

of negation in logic . 

Together, these operations form a mathematical and logical foundation for 

understanding complex relationships between different groups. 

Laws of Set Operations 

Just as there are laws governing logical connectives in propositional 

logic, there are also laws regulating operations between sets : 

• Commutative Laws  : Show that the order of sets does not affect 

the outcome of a union or an intersection. 

• Associative Laws : Allow for regrouping operations without 

changing the final results . 

• Distributive Laws :  Link union and intersection together . 

• Identity and Absorption Laws : Play a major role in simplifying 

mathematical and logical expressions . 

• De Morgan's Laws :  These are among the most critical laws 

because they reveal the deep connection between set operations 

and logical connectives, demonstrating how complements can 

transform unions into intersections and vice versa . 

Logical and Philosophical Importance of Set Theory 

The significance of set theory is not restricted to mathematical 

mechanics; it extends directly into philosophy and logic. It represents a 

premier model for abstract thinking and the rational organization of 

knowledge, helping clarify concepts of classification, identity, difference, 

and belonging . 

Analytic philosophy has leveraged the concepts of set theory to study 

language and the logical relations between concepts. Many contemporary 



intellectual movements have also relied on it to analyze epistemological 

and structural frameworks. In mathematical logic, set theory has become 

an indispensable tool for building formal systems, formulating theorems, 

and analyzing relationships between propositions, predicates, and 

functions . 

Applications of Set Theory 

Today, set theory enters into a vast array of scientific and technical fields : 

• In Mathematics : It is used to ground almost all modern 

mathematical branches . 

• In Computer Science : It is utilized in designing relational 

databases, analyzing algorithms, and structuring programming 

languages . 

• In Artificial Intelligence : It plays an important role in knowledge 

representation, expert systems, and logical networks . 

• In the Humanities and Social Sciences :  Concepts of sets are used 

in classification processes, statistical analysis, and studying 

relationships between different phenomena. 

These applications demonstrate the universal character of the theory and 

its ability to cross the traditional boundaries between sciences . 

Conclusion 

Set theory represents one of the greatest intellectual achievements in the 

history of modern logic and mathematics, providing a precise language 

and an abstract methodology to organize knowledge and analyze 

relationships between things and concepts. Through the concepts of the 

set, the element, membership, containment, and various operations, it 

became possible to construct an expansive logical and mathematical 

framework that serves as the basis for much of contemporary science. 

Therefore, understanding set theory is not merely the study of a specific 

mathematical topic; rather, it is an essential entry point to grasping the 

deep structure of mathematical logic and its modern analytical tools. 

 


