
6 
 

 

We know that 𝜎௫
ଶ ≥ 0  

  ∴  𝐸(𝑋ଶ) ≥ (𝐸(𝑋))ଶ 

               𝜎௫
ଶ =  𝐸(𝑋ଶ) − (𝐸(𝑋))ଶ   

               𝐴 =  𝐸(𝑋ଶ) − (𝐸(𝑋))ଶ   

          ∴  𝐴 + (𝐸(𝑋))ଶ =  𝐸(𝑋ଶ)   

          ∴     𝐸(𝑋ଶ)  ≥  (𝐸(𝑋))ଶ   

And we can write   

           𝐸(𝑋ଶ) = 𝐸[𝑋(𝑋 − 1) + 𝑋] 

                       = 𝐸൫𝑋(𝑋 − 1)൯ − 𝐸(𝑋) 

 

Ex)  

                       𝑃(𝑋) =  ቊ
ଵ

଺
            𝑋 = 1,2,3  

0                𝑜. 𝑤.         
 

Find:   𝑉(𝑥)   ,    𝐸(𝑥) 

Sol) 

𝐸(𝑥) = ෍ 𝑋 𝑃(𝑋) =  1 ∗
1

6
+ 2 ∗

1

6
+ 3 ∗

1

6
=

1

6
(1 + 2 + 3) =

1

6
∗ 6 = 1 

∀௫

 

𝑉(𝑥) =  𝐸(𝑋ଶ) − (𝐸(𝑋))ଶ 

∴ 𝐸(𝑋ଶ) = ෍ 𝑋ଶ 𝑃(𝑋) =  1ଶ ∗
1

6
+ 2ଶ ∗

1

6
+ 3ଶ ∗

1

6
=

1

6
(1 + 4 + 9) =

14

6
 

∀௫

 

∴ 𝑉(𝑥) =
14

6
− (1)ଶ =

14

6
− 1 =

8

6
 

كمية ثابتة 
 موجبة 



7 
 

Ex)  

                    𝑓(𝑋) =  ቊ
ଵ

ଶ
            0 < 𝑋 < 1    

0                  𝑜. 𝑤.          
 

Find:         𝑉(𝑥) 

Sol) 

𝐸(𝑋) = න 𝑋 𝑓(𝑥)𝑑𝑥 = න 𝑋
1

2
 𝑑𝑥 =

1

2
(
𝑋ଶ

2
|଴
ଵ  =

1

2
൬

1

2
− 0൰ =

1

4

ଵ

଴

  

ஶ

ିஶ

 

𝐸(𝑋ଶ) = න 𝑋ଶ 𝑓(𝑥)𝑑𝑥 = න 𝑋ଶ
1

2
 𝑑𝑥 =

1

2
(
𝑋ଷ

3
|଴
ଵ  =

1

2
൬

1

3
− 0൰ =

1

6

ଵ

଴

  

ஶ

ିஶ

 

∴ 𝑉(𝑥) =  𝐸(𝑋ଶ) − (𝐸(𝑋))ଶ =
1

6
− (

1

4
)ଶ =

1

6
−

1

16
=

10

96
 

 

 

Properties of variance  

1-   𝑉(𝑐) = 0     where    c = constant  

2-   𝑉(𝑐𝑥) = 𝑐ଶ𝑉(𝑥) 

3-   𝑉(𝑥 ∓ 𝑐) =  𝑉(𝑥) 

4-   𝑉(𝑐𝑥 ∓ 𝑏) = 𝑐ଶ𝑉(𝑥) 

5-   𝑉(𝑧) = 1     where  

                 𝑧 =
௫ିఓ

ఙ
   →   𝑉(𝑧) = 𝑉(

௫ିఓ

ఙ
) 

                                                     =
ଵ

ఙమ
𝑉(𝑥 − 𝜇) =

ଵ

ఙమ
𝑉(𝑥)  

                                                      =
ଵ

ఙమ
∗ 𝜎ଶ = 1  

 

 



 
 

4.3) Moments:                                                

   The r-th moment about the origin is denoted 𝑚௥ , if it exists it is defined as:  

Discrete:  

𝑚௥ = 𝐸(𝑋௥) = ෍ 𝑋௥𝑃(𝑋) ;                 𝑟 = 1,2,3, …  

∀௫

 

Or  

Continuous:     

𝑚௥ = 𝐸(𝑋௥) = න 𝑋௥  𝑓(𝑥)𝑑𝑥  

ஶ

ିஶ

 

   The r-th central moment about the mean 𝑚 = 𝐸(𝑋) , is denoted by  𝜇௥ , if it exists 
it is defined as:  

Discrete:  

𝜇௥ = 𝐸(𝑋 − 𝑚)௥ = ෍(𝑋 − 𝑚)௥𝑃(𝑋) ;                 𝑟 = 1,2,3, …  

∀௫

 

Or  

Continuous:     

𝜇௥ = 𝐸(𝑋 − 𝑚)௥ = න (𝑋 − 𝑚)௥  𝑓(𝑥)𝑑𝑥  

ஶ

ିஶ

 

Note that:  

                If    𝑟 = 2 ,   𝑡ℎ𝑒𝑛  𝜇ଶ = 𝐸(𝑋 − 𝑚)ଶ =  𝐸(𝑋 − 𝐸(𝑋))ଶ = 𝑉𝑎𝑟(𝑋) 

The standard deviation of X is denoted by 𝜎 , and is defined as:     𝜎 = ඥ𝑉𝑎𝑟(𝑋)  

 

Ex) Let  X  be a r.v. with  a p.m.f. given by: 

𝒙 0 1 2 3 

𝑷(𝑿 = 𝒙) 1/10  2/10  3/10  4/10  

 

Find:  𝑚ଵ , 𝑚ଶ , 𝑚ସ , 4 − 𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑚𝑜𝑚𝑒𝑛𝑡  𝜇ସ = 𝐸(𝑋 − 𝑚)ସ 

 



 
 

Sol) 

𝑟 = 1   ,   𝑚ଵ = 𝐸(𝑋) = ෍ 𝑋𝑃(𝑋) = ൬0 ∗
1

10
൰ + ൬1 ∗

2

10
൰ + ൬2 ∗

3

10
൰ +

ଷ

௫ୀ଴

൬3 ∗
4

10
൰ 

                       =
ଶ଴

ଵ଴
= 2  

𝑟 = 2   ,   𝑚ଶ = 𝐸(𝑋ଶ)

= ෍ 𝑋ଶ𝑃(𝑋) = ൬0ଶ ∗
1

10
൰ + ൬1ଶ ∗

2

10
൰ + ൬2ଶ ∗

3

10
൰ +

ଷ

௫ୀ଴

൬3ଶ ∗
4

10
൰ 

                       =
ହ଴

ଵ଴
= 5  

𝑟 = 4   ,   𝑚ସ = 𝐸(𝑋ସ)

= ෍ 𝑋ସ𝑃(𝑋) = ൬0ସ ∗
1

10
൰ + ൬1ସ ∗

2

10
൰ + ൬2ସ ∗

3

10
൰ +

ଷ

௫ୀ଴

൬3ସ ∗
4

10
൰ 

                       =
ଷ଻ସ

ଵ଴
= 37.4  

 

∴ 𝑡ℎ𝑒 4 − 𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑚𝑜𝑚𝑒𝑛𝑡  𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝑚𝑒𝑎𝑛 𝑚ଵ = 2 = 𝑚  

∴  𝜇ସ = 𝐸(𝑋 − 𝑚)ସ =  𝐸(𝑋 − 2)ସ = ෍(𝑋 − 2)ସ𝑃(𝑋)

ଷ

௫ୀ଴

 

        = (0 − 2)ସ ቀ
ଵ

ଵ଴
ቁ +(1 − 2)ସ ቀ

ଶ

ଵ଴
ቁ +(2 − 2)ସ ቀ

ଷ

ଵ଴
ቁ +(3 − 2)ସ ቀ

ସ

ଵ଴
ቁ =

ଶଶ

ଵ଴
= 2.2  

 

Ex) Let  X  be a r.v. with a density function:  

                    𝑓(𝑋) =  ቊ
ଵ

௕
         0 < 𝑋 < 𝑏 

0              𝑜. 𝑤.        
 

Find:  𝑚ଵ , 𝑚ଶ , 𝑉𝑎𝑟(𝑋) , the 3-rd central moment and the 3-rd moment.  

𝑟 = 1   ,   𝑚ଵ = 𝐸(𝑋) = න 𝑋𝑓(𝑥)𝑑𝑥 =

ஶ

ିஶ

න 𝑋 ∗
1

𝑏

௕

଴

 𝑑𝑥 =
1

𝑏
(
𝑋ଶ

2
|଴

௕ 

                       =
ଵ

௕
(

௕మ

ଶ
− 0) =

௕

ଶ
  



 
 

𝑟 = 2   ,   𝑚ଶ = 𝐸(𝑋ଶ) = න 𝑋ଶ𝑓(𝑥)𝑑𝑥 =

ஶ

ିஶ

න 𝑋ଶ ∗
1

𝑏

௕

଴

 𝑑𝑥 =
1

𝑏
(
𝑋ଷ

3
|଴

௕ 

                       =
ଵ

௕
(

௕య

ଷ
− 0) =

௕మ

ଷ
  

  𝑉𝑎𝑟(𝑋) = 𝐸൫𝑋 − 𝐸(𝑋)൯
ଶ

= 𝐸(𝑋ଶ) − (𝐸(𝑋))ଶ = 𝑚ଶ − 𝑚ଵ
ଶ 

                =
௕మ

ଷ
− (

௕

ଶ
)ଶ =  

௕మ

ଷ
−

௕మ

ସ
=

ସ௕మିଷ௕మ

ଵଶ
=

௕మ

ଵଶ
  

 

  𝜇ଷ = 𝐸(𝑋 − 𝑚)ଷ = 𝐸 ൬𝑋 −
𝑏

2
൰

ଷ

= න ൬𝑋 −
𝑏

2
൰

ଷ

∗
1

𝑏

௕

଴

 𝑑𝑥 =
ቀ𝑋 −

𝑏
2ቁ

ସ

4𝑏
|଴

௕ 

                =
ଵ

ସ௕
ቂ 

௕ర

ଵ଺
−  

௕ర

ଵ଺
 ቃ = 0 

 

𝑟 = 3   ,   𝑚ଷ = 𝐸(𝑋ଷ) = න 𝑋ଷ𝑓(𝑥)𝑑𝑥 =

ஶ

ିஶ

න 𝑋ଷ ∗
1

𝑏

௕

଴

 𝑑𝑥 =
1

𝑏
(
𝑋ସ

4
|଴

௕ 

                       =
ଵ

௕
(

௕ర

ସ
− 0) =

௕య

ସ
  

            
 

 

4.4) Moment Generating function: الدالة المولدة للعزوم                                                    

       The moment generating function (m.g.f.) denoted by 𝑚௫(𝑡) for a r.v.  X  is 
defined to be the expectation of the exponential function 𝑒௧௫ , where 𝑡 = all real 
numbers.  

Where      

𝑚௫(𝑡) = 𝐸(𝑒௧௫) =  ෍ 𝑒௧௫𝑃(𝑋)

∀௫

 

If  X  is discrete r.v. with  p.m.f.  𝑃(𝑋)  



 
 

Or         

𝑚௫(𝑡) = 𝐸(𝑒௧௫) =  න 𝑒௧௫𝑓(𝑥)𝑑𝑥

ஶ

ିஶ

 

    

If  X  is continuous r.v. with  p.d.f.  𝑓(𝑋)  

 

  We call 𝑚௫(𝑡) the moment generating function because all of the moments of  X  
can be obtained by successively على التوالي differentiating اشتقاق جزئي 𝑚௫(𝑡) and 
evaluating the result at (𝑡 = 0). 

Theorem: 

    If  𝑚௫(𝑡) is (m.g.f.) of   X   and if   𝑚௞   is will be defined:  

𝑚௫
௞(0) =

𝑑௞

𝑑௧
௞  𝑚௞(𝑡)|௧ୀ଴ =   𝑚௞ 

Or the relation between ( m.g.f ) and moment , we know that  

  𝑚௫(𝑡) = 𝐸(𝑒௧௫) 

  𝑚௫
ˊ (𝑡) = 𝐸(𝑥𝑒௧௫) 

  𝑚௫
ˊ (0) = 𝐸(𝑥𝑒଴) ,      𝑡 = 0  

Hence  

           𝑚௫
ˊ (0) = 𝐸(𝑥 ∗ 1) = 𝐸(𝑥) =  𝑚ଵ = 𝑚𝑒𝑎𝑛  

-   𝑚௫
ˊˊ(𝑡) = 𝐸(𝑥ଶ𝑒௧௫) 

    𝑚௫
ˊˊ(0) = 𝐸(𝑥ଶ𝑒଴) =  𝐸(𝑥ଶ) = 𝑚ଶ  

-   𝑚௫
ˊˊˊ(𝑡) = 𝐸(𝑥ଷ𝑒௧௫) 

    𝑚௫
ˊˊˊ(0) = 𝐸(𝑥ଷ𝑒଴) =  𝐸(𝑥ଷ) = 𝑚ଷ  

In general, the k-th derivative of  𝑚௫(𝑡) is given by:  

  𝑚௫
௞(𝑡) = 𝐸(𝑥௞𝑒௧௫)  

  𝑚௫
௞(0) = 𝐸(𝑥௞) =  𝑚௞  ,  k-th  moment.  

 

 



 
 

   Another way to see the derivative of  𝑚௫(𝑡) is by taylor series expansion of 𝑒௧௫:  

  

𝑚௫(𝑡) = 𝐸(𝑒௧௫) = 𝐸 ൭෍
(𝑡𝑥)௜

𝑖!

ஶ

௜ୀ଴

൱ 

          = 𝐸 ቀ1 + 𝑡𝑥 +  
(௧௫)మ

ଶ!
+  

(௧௫)య

ଷ!
+  

(௧௫)ర

ସ!
+ ⋯ ቁ 

          = ቂ1 + 𝑡𝐸(𝑥) + 𝑡ଶ  
ா(௫మ)

ଶ!
+  𝑡ଷ  

ா(௫య)

ଷ!
+  𝑡ସ  

ா(௫ర)

ସ!
+ ⋯ ቃ 

          = ቂ1 + 𝑡𝑚ଵ + 𝑡ଶ  
௠మ

ଶ!
+  𝑡ଷ  

௠య

ଷ!
+  𝑡ସ  

௠ర

ସ!
+ ⋯ ቃ 

 

 ∴ 𝑚௫
ˊ (𝑡) =  𝑚ଵ +  

ଶ௧ ௠మ

ଶ!
+   

ଷ௧మ ௠య

ଷ!
+   

ସ௧య௠ర

ସ!
+ ⋯  

    𝑚௫
ˊ (0) =  𝑚ଵ +  0 +   0 +   0 + ⋯  

   ∴  𝑚௫
ˊ (0) =  𝑚ଵ  first moment.  

   𝑚௫
ˊˊ(𝑡) =  𝑚ଶ +  

଺௧ ௠య

ଷ!
+   

ଵଶ௧మ ௠ర

ସ!
+   

ଶ଴௧య௠ఱ

ହ!
+ ⋯  

   𝑚௫
ˊˊ(0) =  𝑚ଶ +  0 +   0 +   0 + ⋯  

   ∴ 𝑚௫
ˊˊ(0) =  𝑚ଶ    Second moment  

  It is easy to see that: 

 𝑚௫
௞(0) = 𝑚௞  ,  k-th  moment.  

 

Ex) Find the m.g.f. of  X  when  

                    𝑓(𝑋) =  ቊ
ଵ

ఏ
         0 < 𝑋 < 𝜃 

0              𝑜. 𝑤.        
 

Sol)  

𝑚௫(𝑡) = 𝐸(𝑒௧௫) =  න 𝑒௧௫𝑓(𝑥)𝑑𝑥

ஶ

ିஶ

=  න 𝑒௧௫
1

𝜃
𝑑𝑥

ఏ

଴

=
1

𝜃𝑡
න 𝑡𝑒௧௫𝑑𝑥 =

1

𝜃𝑡
(

ఏ

଴

𝑒௧௫|଴
ఏ  

                 =
ଵ

ఏ௧
൫𝑒௧ఏ − 𝑒଴൯ =  

ଵ

ఏ௧
൫𝑒௧ఏ − 1൯   m.g.f.  

  𝑚௫
ˊ (𝑡) =  𝑚ଵ = 𝐸(𝑥)   ;  𝑚௫

ˊˊ(𝑡) =  𝑚ଶ = 𝐸(𝑥ଶ)   



 
 

  ∴ 𝑉𝑎𝑟(𝑋) = 𝐸൫𝑋 − 𝐸(𝑋)൯
ଶ

= 𝐸(𝑋ଶ) − (𝐸(𝑋))ଶ = 𝑚ଶ − 𝑚ଵ
ଶ 

 

Ex) A fair coin is flipped twice, let  X  be the number of head that occur, then:  

    𝑆 = {𝐻𝐻, 𝐻𝑇, 𝑇𝐻, 𝑇𝑇}  and: 

 𝒙 0 1 2 

𝑷(𝑿 = 𝒙) 1/4  2/4  1/4  

 

1-find the moment generating function of X .  

2- find the 𝜇௫   𝑎𝑛𝑑 𝜎௫
ଶ 

Sol) 

         1-   𝑚௫(𝑡) = 𝐸(𝑒௧௫) =  ∑ 𝑒௧௫𝑃(𝑋)∀௫  

                           = 𝑒௧଴ ∗
ଵ

ସ
+ 𝑒௧ଵ ∗

ଶ

ସ
+ 𝑒௧ଶ ∗

ଵ

ସ
  

    ∴ 𝑚௫(𝑡) =
ଵ

ସ
+

ଵ

ଶ
𝑒௧ +

ଵ

ସ
𝑒ଶ௧ 

2-  𝑚௫
ˊ (𝑡) = 0 +

ଵ

ଶ
𝑒௧ +

ଶ

ସ
𝑒ଶ௧ =  

ଵ

ଶ
𝑒௧ +

ଵ

ଶ
𝑒ଶ௧ 

    𝑚௫
ˊ (0) =  

ଵ

ଶ
𝑒଴ +

ଵ

ଶ
𝑒ଶ∗଴ =

ଵ

ଶ
+

ଵ

ଶ
= 1  

   ∴  𝑚௫
ˊ (0) = 1 =  𝑚ଵ = 𝐸(𝑥) =  𝜇௫ 

     𝑚௫
ˊˊ(𝑡) =  

ଵ

ଶ
𝑒௧ +

ଶ

ଶ
𝑒ଶ௧ =

ଵ

ଶ
𝑒௧ + 𝑒ଶ௧  

     ∴ 𝑚௫
ˊˊ(0) =  

ଵ

ଶ
𝑒଴ + 𝑒ଶ∗଴ =

ଵ

ଶ
+ 1 =

ଷ

ଶ
  

      ∴ 𝑚௫
ˊˊ(0) =

ଷ

ଶ
=  𝑚ଶ = 𝐸(𝑥ଶ) 

    ∴ 𝜎௫
ଶ =  𝐸(𝑥ଶ) − (𝐸(𝑥))ଶ =  𝑚ଶ −  𝑚ଵ

ଶ  

    ∴ 𝜎௫
ଶ =

ଷ

ଶ
− 1ଶ =

ଷ

ଶ
− 1 =

ଵ

ଶ
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