Foo= L_xpw)| ExM =)0 x*eu)
% X ‘ v X
oo

£ 1x) - f-x fuy dx A, -_-fxzﬁtx)o/x

— 0o

We know that 62 > 0

~ E(X?) = (E(X))?

it s of = E(X?) — (E(X))?
= <A = E(X?) — (E(X))?
“ A+ (E(X)?2 = E(X?)

E(X?) = (E(X))?

And we can write
E(X?) = E[X(X — 1) + X]
=E(XX-1)-EX)

Ex)
1 X=1,23
P(X)={6 - )&y
0 0.W.
Find: V(x) , E(x)
Sol)
E(x) ZXP(X) b b2 e 3sn e (1 42+3) = ss6=1
= = * — * — ¥ — == =—=%0=
x 4 6 6 6 6 6
X

V(x) = E(X?) — (E(X))*

EX®) = ) X P(X) = 17 22l 43t = (1 44+9) = =
S = = * — * — ¥ == — = —
6“6 "6 & 6
Vx
g1 8
V=g -T=g-1=g



Ex)

FX) = {% 0<Xx<1
0 0.w.
Find: V(x)
Sol)
o 1
1 X? 1/1
o o
0o 1
E(X?) = szf(x)dx—szl dx—%(X?hl, =%
o 4
V) = BU) — B =5 — ()P = x— = = o
6 4 6 16 96

Properties of variance
1- V(c) =0 where c=constant
2- V(cx) = c?V(x)
3- Vix+¢) = V(x)
4- V(cx ¥ b) = c?V(x)
5- V(z) =1 where

z=% - V(Z)=V(%

= SV —w) =5V

1. 2 _
=—*0 =1



4.3) Moments:

The r-th moment about the origin is denoted m,. , if it exists it is defined as:

Discrete:
m, = E(XT) = ZXrP(X) ; r=123,..
Vx
Or
Continuous:

m, =EX") = j X" f(x)dx

The r-th central moment about the mean m = E(X) , is denoted by p,. , if it exists
it is defined as:

Discrete:
u = E(X —m)" = Z(X —m)"PX); r=123, ..
Vx
Or
Continuous:
b =BG =m)T = [ (X =m)” fydx
Note that:

If r=2, then uy, =EX—m)? = E(X —E(X))? =Var(X)
The standard deviation of X is denoted by o , and is defined as: o = /Var(X)

Ex) Let X be ar.v. with a p.m.f. given by:
x | 0 1 2 3|
P(X =x) ‘ 1/10 2/10 3/10 4/10 ‘

Find: m,,m,,m,,4 — th central moment u, = E(X —m)*



Sol)

ot m 50 =3 000 = (00 8+ (12 2 2)+ 5+

=20 _9

10

r=2, E(XZ)

S (o (B2

= the 4 — th central moment about the meanm; =2 =m
f oy = EX —m)* = E(X —2)* = z(x _2)P(X)

= (0 - 2)4( )+(1—2)4( )+(2 2)4( )+(3—2)4( ) 2 _22

10

Ex) Let X be ar.v. with a density function:

FX) = {% 0<X<bh
0 0.W.

Find: my,m,, Var(X) , the 3-rd central moment and the 3-rd moment.

o b

1 1 X? b

r=1, m=E0 = [ Xf@dx= [ X+5 dr=5 1
J )

1 b? b
=, GT0=;



0o b

11X
r=2 ., m=EX) = [ Xf@dx =[x dx= 7GR
oo 0
1 b3 2
=, GT0=5
Var(X) = E(X - E(X))" = E(X?) — (E(X))? = m, — m?
_b®_ (byz _ b®_ b%_ 4b®-3b% _ b*
B (2)_3 4~ 12 12
b h*
E(X —m)3 E(X b)3 j(x b>3 L —(X_i) b
= — = —_— = —_— * — =
M m 2 2) b b o
0
Y LA
apl16 16
o b
1 1 X4 b
=3, my =B = [ Xfedx = [ X0 xg dr=p G R
b b4
oo 0
1 ,b* b3
=G 0=
4.4) Moment Generating function: a9 el 34 gal) A1l

The moment generating function (m.g.f.) denoted by m,.(t) forar.v. X is
defined to be the expectation of the exponential function e'* |, where t = all real
numbers.

Where
me() = E(e™) = ) e™P(X)

Vx

If X is discrete r.v. with p.m.f. P(X)



Or

[0.0)

m,(t) = E(e™) = j e f(x)dx

— 00

If X is continuous r.v. with p.d.f f(X)

We call m,.(t) the moment generating function because all of the moments of X
can be obtained by successively s e differentiating > 383 m, (t) and
evaluating the result at (¢t = 0).

Theorem:

If m,(t)is(m.gf)of X andif m; is will be defined:

k

m¥(0) = Pr: My (t) =0 = My
t

Or the relation between ( m.g.f) and moment , we know that
m,(t) = E(e™)
m,(t) = E(xe"™)
m,(0) = E(xe®), t=0
Hence
m,(0) =E(x 1) = E(x) = m; = mean
- my(t) = E(x?e')
m,(0) = E(x?e®) = E(x?) =m,
- my () = E(x*e™)
m,, (0) = E(x3e%) = E(x3) = ms,
In general, the k-th derivative of m, (t) is given by:
mk(t) = E(x*et™)

mk(0) = E(x*) = m,,, k-th moment.



Another way to see the derivative of m,(t) is by taylor series expansion of e'*:

my(t) = E(et) = E (Z (tf!)l)
i=0

2 3 4
=E(1++ &+ 84 By )

= [ 2! 3! 4!
= [1+tm1+t2 T2 pog3 2y gt ﬁ+---]
2! 3! 4!
, 2 3 2 4 3
Emy(e) = my+ Ry TRy g

my(0)=m;+ 0+ 0+ 0+

» m,(0) = m, first moment.

. . 6t ms 12t%2m, 20t3msg
me(t) = my + =24 Tt T

my(0)=my;+ 0+ 0+ 0+
~m,(0) = m, Second moment
It is easy to see that:

m¥(0) = m,, , k-th moment.

Ex) Find the m.g.f. of X when

0<X<6¥6
0.W.

fm=F
0

Sol)
6

oo

1 1
me(t) = E(et) = j et (x)dx = j e dx =

0

— 00

1 (etQ _eo) _ %(ete _1) m.g.f

Y
my(t) = my = E(x) ; my(t) = m, = E(x?)

2 3 4
1+ tE(x) +¢2 Z80 4 ¢3 E&D 4 e B

]



2 Var(X) = E(X — E(X))" = E(X?) — (E(X))? = m, — m?

Ex) A fair coin is flipped twice, let X be the number of head that occur, then:
S ={HH,HT,TH,TT} and:
x | 0 1 2 |
P(X =x) ‘ 1/4 2/4 1/4 ‘

1-find the moment generating function of X .
2- find the u,, and o?
Sol)
1- mu(6) = E(e™) = Zyxe™PX)
—et0 Ly ot 2y pt2, 1
4 4 4
wmy(t) = i + %et + ieZt

1
2

2t

2- my(t) = 0+ et +2e2 = Zeb 4 =e

i
2
m,(0) = %eo +%ez*0 =%+% =1
s me(0) =1=my =EQ) = py
m,(t) = %et +§eZt = %et + e?t

3

-~ m,(0) = %eo+ez*0 :%4—1 =

' 3
mx(O) = E = m, = E(xz)

w0l = E(x?) — (E())? = my — m?

. 2 _3 2 _ 3 _1
..o'x_——l =_1==
2 2 2
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